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LCJI GI()I THIEU 


T ™ n skhi tu tudng va phuong phap to? Uu hoa tinh da duoc gidi thieu mot 

each CO he thong va duoc tfng dung vao viec phSn tich kinh te' A nude ta thi tu tudng 

va phudng phap toi uu hoa dong chua duoc chu y S mfle ckn thiet. Trong he thong 

“ Dg ‘ h?C ^ nh *«"* «*»- ^ao trinh Quy hoach S 

Bcllm ?U m? T B ” 3ng ,0i ng5 UU hnA nhd?u fflal d °^ d ° 14 nguyen ly 
Bellman, va cac phudng phap dua tren nguyen ly nay. y 

6 cac nude phat tndn, thdi gian gin day, trong phan tich kinh le' va nghien 
cuu bnh te cac phuong phap cua MS Uu hoa dong da dude su dung rat ring rai. Nhieu 

^hu ll h t thT T ^ ^ ^ C ° C ^ cdu cac van de 

nhu lam phat, that nghiep, hieu qua cua cac chinh sach kinh te', van de moi trudng lua 

ddng r Vh ■' C “k - mS h!nh * *** ** nh6 phUC(ng phap hoa 

dong nhu. phep tinh bien phan, quy hoach dong hoac ly thuyet dieu khiin toi Uu. 

SPCh ' T61 Uu ht>A d ? n S tron K phan Mch kinh te” do Tien si Nguyin 
Khae Minh b.en soan nham gidi thieu nhQng thanh tUu hien dai ve phudng phap 
phan tich va xay dung chuong trinh phat triin kinh te nhieu gia, doan Vain de xay 

d 5 n f Cd /- nn t , th " ? ■ ‘ Ci " h t6 ‘ nh * du< * d ?‘ ™ d <*« dang bai toan goi Id 
tm uu hoa dong^Nen tang de di den phuong phap giai bai toan la su ke't hop nhieu 
tu tuong trong do giao trinh duoc bien scan neu bat ba hudng chu yeu la nguyen ly 
Bellman trong quy hoach dong, phudng trinh Euler trong phep tinh bien phan co 
dien va nguyen ly cue dai Pontnagm trong ly thuyet d.eu khien td'i Uu. 

.. . M , ?C d " " 6l P hUtta p P h4 P de giai bai toan dat ra dudi dang tong quit 
hong phu thuoc noi dung cua qua trinh hien thuc, cuon sach nay trong each trinh 
ay, da dua bai t° an vk phuong phap guii vao khung canh ciia su phan tich kinh te 
do la van de ke hoach phat trien mot cong ty, mot nganh hoac ca nude, van de lam 
phat, that nghiep, van de 6 nhiem moi truing, khai thac tin nguydn, hanh vi cua 
doc quyen dong. .. (do la nhflng vkn d£ het site can bdn ciia kinh te' v, mo va kinh te 
vi mo) trong mat khoang thdi gian nao do. V,ec trinh bay phudng phap toan theo 
ngon ngu kmh te khien cho dau hieu nhan biet phuong an td'i Uu co the trd nen gan 
gui va su suy luan co the trcf nen tu nhien do'i vcli nhUng ngudi lam kinh te. 


, . ^ han tfc h kmh te co the I&m theo hai goc do khac nhau: Tinh va dong. Theo 

T* ^ ha , n tlch L tinh ’ cdc sx * kl p n dxi ^ hi ® u la co the xay ra trong khoang thch gian 
nhat dinh, va bo qua thm diem xay ra chung, cung nhu khong dg' y mot nguyen nhan 

Phai f ra, . ( J ua thdl & An bao lau m6i d ^ a ket qua mong muon. Phan tich tinh khong 
co ngma la moi cai duoc xem la khong thay d6i, ma chi la bo qua yeu to thdi gian Nhu 
vay, phan tich dong trd nen cin thiet do'i vdi nhufng van dl ma yeu to^thdi gian dong vai 
tro quan trong nhu van de tang trudng va phat tnen kinh te, hone trong viec vaoh 
ke hoach cu the de thuc hien mot phudng an nao do. 


Tac gia da trinh bay viec giai bai toan "Toi Uu dong" mot each co he thong, 
cac phudng phap giai ducfc nhin nhan tren mot quan diem thong nhat. Theo each 
phan tich dong, moi bien so dupe xet se la ham cua thdi gian. Tuy theo each do thdi 
gian ma ta co bai toan dong rdi rac hay lien tuc, ching han khi chon don vi do thdi 
gian la khoang ta se co bai toan rdi rac. Trong phan tich kinh te ngudi ta thudng 



dung each chia thdi gian ra cac khoang va xem xet hai loai bien so: kho va luong. 
Bien so phu thuoc vao thdi diem goi la kho; bien so phu thuoc vao khoang goi la 
luong. Khi do dai cua khoang thdi gian dUde rut ngdn vo han thi moi bien so se trd 
thanh bien kho. Vi the. de nhin nhan mot each thong nhat, ngay t xi ddu, cuon sach 
da mo ta bai toan to! Uu hoa dong la b&i toan nhieu bude (hoac nhieu giai doan) ma 
so bude co the hiiu han hoac vo han. 

Tuf tudng chung de giai bai toan dude neu d chUdng I cua cuon sach la dua bai 
toan nhidu bude ve b&i toan mot budc ma ta co the giai mot each ddn gian. Bai toan 
mot budc diidc giai dua tren d&u hieu cua ldi giai, tile la nhtfng dieu kien c&n ma ldi 
giai phai thoa man va diidc goi la dieu kien toi Uu. 0 b&i toan trong trUdng hop rdi 
rac, dudi dang Quy hoach dong, dieu ki£n toi Uu la nguyen ly Bellman. TrUdng hdp 
bai toan lien tuc co dang bai toan tinh bien phan, dieu kien t6i Uu la phUdng trinh 
Euler. TrUdng hop bai toan lien tuc cd dang bai toan Dieu khien toi Uu, di£u kien to! 
Uu la Nguyen ly Cue dai Pontriagm. Cac dieu kien toi Uu co dude giai thich la 
nhutng dang khac nhau cua didu kien t6i Uu chung. 

Cac dieu kien c£n nay co y nghla quan trong trong thuc hanh - d m6i luc 
dang trong mot qua trinh kinh te n&o do, ta co the dang thd xem cac dieu kien 
can co dude thoa man hay khong, neu khong thoa man ta ch&c ch§n rkng qua trinh 
chua toi Uu. 

Ve moi lien he gitia phUdng phap phan tfch dong va phUdng phap phan tfch 
tinh, dang chu y la sU giai thich y nghla kinh te cua trUdng hop bai toan suy bien. 
Trong trUdng hdp nhu the, each nhin dong khong dem lai ket luan gi mdi hdn each 
nhin tinh. 

Khang dinh ve sU ton tai con dudng ldn trong phat trien kinh te la mot thanh 
tiru quan trong trong ly thuydt kinh tif hien dai. Qua viec phan tfch ldi giai bai toan 
toi Uu hoa dong, tac gia chi ra sU t6n tai va each tim con dudng 16n, viec tim no ro 
rang co y nghia ting dung thUc hanh khong nho, 

De viet cuon sach nay, chung toi nhhn thay, tac gia da tham khao rat nhieu 
sach bao ntidc ngoai va tiep thu nhting ket qua nghien ctiu mdi nhat trong thdi gian 
gdn day. 

Co the noi r^ng day la cuon sach ve phUdng phap toan dude viet tren quan 
diem kinh te mot each thanh cong. Cuon sach co the dung lam tai lieu giang day, 
cung nhu dung lam tai lieu tham khao cho sinh vien va nghien ctiu sinh kinh te. 
De nam vting va ting dung cac kien thtic trong giao trinh nay, ngUdi doc edn co kien 
thtic ve phUdng trinh vi phan tuyen tinh. 

Cuon sach nay chdng nhting bo ich ma con la dac s&c. 


PGS.TS. Nguyen Van Sinh 
Khoa Toan Kinh te - Da,i hoc KTQD 
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LCfl NOIDAU 


Nghien cufu, phan tfch sir van dong theo thcri gian, sir phan urng vdi cac t'rnh 
huong trong hanh vi cua cac thirc the kinh te' (hang, he gia dinh, Nha nude, nin 
kmh te ...) de tur do tim hieu cac quy luat chi phoi sir van dong, xac dinh each thirc 
hanh dong phu hop vdi quy iuat nham dat muc tieu la c6ng viec hit sire quan trong 
khong nhung cua cac nha nghien cixu kinh t£ ma con cua ca nhung ngudi lam cOng 
viec quan ly, diiu hanh kinh doanh trong dieu kien hien nay. 

Muc tieu cua cuon sach nay la nham gidi thieu phuang phap phan tfch dong 
va ung dung cua no trong phan tfch kinh ti. Vi vay ndi dung loan hoc dirqc trinh 
bay trong cuon sach nay khong qua phurc tap ma chi la trinh bay ca sa loan hoc di 
ph4n tich dOng cac van de kinh te vi m6 cGng nhu vi md a mdc do khac nhau. 
Nhieu thf du kmh it duqc lap di lap lai chi nham neu bat cac diem then chdt cua 
dng dung cac phuang phap trinh bay. 

CuC,n S ^ Ch du<?C b[€n so ^ dl ^ a tren ca sd tki lieu "Tdi iru hoa trong kinh 
te ma tdi duqc Khoa Toan kinh te' giao cho bien soan va tap bai giang vi "Toi uu 
dOng trong phan tfch kinh te” de b6i dudng cho giao vien kinh ti hoc cua Dai hoc 
kinh te quoc dan nSm 2003 cung nhu cac bai giang ve "Mo hinh loan kinh te'" cho 
I6p cao hoc thf diem cua Dai hoc kinh te qude dan. Tuy nhien cuon sach nay co 
muc tieu r6ng han, no bao gom viec gidi thieu phuang phap phan tfch dong va 
dng dung nen ca bai toan bien phan, dieu khie’n tdi uu va quy hoach d6ng trong 
phan tfch kinh te' deu duqc gidi thieu. 

Chucrng I tap trung vao viec mo ta ban chat cua td'i uu ddng va gidi thieu cac 
mo hinh t6'i uu dong thudng gap trong kinh te nhu : cac mo hinh tang trudng kinh 
te, mo hinh tieu dung, mo hinh dau tu, ly thuye't cap ddu tu dong, mo hinh tiet 
kiem xa hqi, m6 hinh ngudi d?i dien, cac mo hinh vi phan tfch chfnh sach tien te, 
tai chfnh, md hinh toi uu dong cua doc quydn, m6 hinh lira chon giua lam phat va 
that nghiep, cac van de ve m6i trudng, khai thac tai nguyen, chfnh sach chong 6 
nhiem, md hinh can bang t6ng quat ddng, tie'n bd cong nghe... 

Trong chuang II chung tdi gianh cho viec gidi thieu phep tfnh bie'n phan va 
cac ung dung cua no trong phan tfch kinh te. 
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Chuang III gidi thieu ve dieu khien toi uu va ting dung cua no trong kinh te 
nham cung cap mot cong cu hidn dai hon phep tmh bien phan de co the giai quyet 
nhimg van de kinh te phtic tap hon co lidn quan . Chirotig IV gidi thieu quy hoach 
dong. Chuang nay chung toi khong giai thieu lai cac phirong phap ma trong cac 
ciion sach hicn lai dang co ma true tiep gidri thieu each thtic ting dung no trong 
linh vuc phan tfch dong cac chinh sach kinh te. 

Chung toi da co gang trinh bay each tic'p can de phan n'ch d6ng thong qua 
viec gioi thieu phep tmh bien phan, dieu khien td'i uu va quy hoach dAng, phuang 
phap phan tfch nhung van de kinh t£ cu th i duac trinh bay qua cac mo hinh kinh 
te. Tuy nhien can nhan manh rang ban than ly thuyet phep tmh bidn phan, dieu 
khien toi uu va quy hoach dong sau sac va phtic tap, nhung vi muc dfch cuon sach 
la nharn gitip cho cac nha kinh te mot cong cu di phan tfch ddng cho ndn khong 
doi hoi trinh bay phtic tap v6 mat toan hoc ma co gang lam sao cho d6 doc va dd 
hieu va gan duac vdi cac van de kinh t£ cu thd. 

Toi xin bay to long biet a sau sac tdi PGS. TS. Nguydn Van Sinh, Ngucri da 
kien tri, bo cong ra doc loan bo ban thao, da sua chtia va dong gop nhung y ki£n 
vo cung quy gia cho cuon sach nay. Toi xin chan thanh cam an PGS.TS, Hoang 
Dinh Tuan, PGS.TS. Nguydn Quang Dong va tat ca cac thay c6 b khoa Toan kinh 
te, DHKTQD da dong gop nhieu y kien quy bau cho vide bidn soan cubn sach 
nay. Toi ra't cam an doi vdi cac ban hoc vidn cua lorp bdi dudng kinh te hoc cua 
khoa Kinh td' hoc va hoc vien cua ldp cao hoc thi di£m cua truemg DHKTQD vi 
nhung y kien ddng gop quy bau cua cac ban. 

Cuoi cung toi xin chan thanh cam b cac th3y cac cb a khoa Kinh te hoc, 
DHK1QD va tat ca ban be da tao dieu kien de tdi co the hoan thanh cong vide nay. 

Day la cuon sach duac bien soan l^n d2u tien nen chan chan khdng khoi co 
nhidu thieu sot mong doc gia khdng phai la thdng cam, bo qua ma la duac chi bao 
va phe phan./. 


Tac gia 
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TOHOJ HOA PONG TRONG PHAN TICH KINH TE 
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CHITONG / 

Gift THIEU TOI (TU DONG 


Toi Uu hoa la chu de noi bat trong phan lieh kmh te. Cac phudng 
phap tinh co dien tim ctfc tri tit do va co rang buoc cung nhu cac ky thuat 
cua quy hoach loan hoc chiem mot vi trf quan trong trong cac cong cu hang 
ngay cua cac nha kmh te. Cac cong cu nhu vay co the ap dung chi cho cac 
bai toan toi Uu tinh. Ldi giai tim dUdc trong cac bai toan nhu vay LhUdng la 
gia tri toi Uu detn cua moi bien chon, nhU mtic toi Uu cua dau ra d mot thdi 
diem va gia toi Uu cho san pham. No khong noi den mot ke hoach cua chuoi 
hanh dong toi Uu. 

Trong khi do, mot bai toan toi Uu dong dat cau hoi ve gia tri toi Uu 
cua bien chon la gi tai moi giai doan cua thdi ky ke hoach (trUdng hop thdi 
gian rdi rac) hoac tai moi thdi diem trong mot khoang thdi gian da cho, 
chang han [0, T] (trUdng hop thdi gian lien tuc). Tham chi co the xel mot 
Urn ke hoach vo han, do do khoang thdi gian tUdng ting la [0, x). Ldi giai 
cua mot bai toan toi Uu dong nhu vay co dang mot quy dao (dieting di) theo 
thtii gian toi i/u doi v6i moi bien chon, chi tiet hoa cac gia tri tot nhat cua 
bien chon d ngay hom nay, ngay mai..., cho den bet thdi ky ke hoach. 

ChUdng nay se gitii thieu ban chat cua toi Uu dong va mot so bai toan 
toi Uu dong thudng gap trong kinh te. 

A. BAN CHAT CUA TOI UU DONG 

I. bAc trong cOa cac bAi toAn t6i ou bOng 

Mac du toi Uu dong hau bet dude dien ta theo thuat ngti cua mot day 
thtii gian , nhUng no cung co the dti tinh tAm ke hoach nhu mot day cac giai 
doan trong mot qua Lrinh kinh te. Trong trUdng hdp do, toi Uu dong co the 
xem nhu mot bai toan ra quyet dinh nhieu giai doan. 
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Chi/Ong I. Giai thieu Toi uu dong 


1.1. Vi du 

1.1.1. Viec ra quyet dinh nhieu giai doqn 

Dac trang nhieu giai doan cua toi Uu dqng co the dddc minh hoa bang 
mot thi du rdi rac ddn gian. Gia set rang mot cong ty chuyen ve che bien mot 
chat nao do t x( trang thai ban dau A (trang thai nguyen lieu) thanh trang 
thai cuoi cung Z (trang thai thanh pham) qua mot qua trinh san xuat co 
nam giai doan. Trong moi giai doan, cong ty dhng trade bai toan chon trong 
so m6t vai qua trinh con khac nhau co the co, moi qua trinh con doi hoi chi 
phi nhat dinh. Van de la: cong ty nay chon day cac qua trinh con qua nam 
giai doan nhu the nao de cilc tiiu hoa tong chi phi? 

Trong Hinh 1.1, chung ta minh hoa bai toan nhtf vay bang viec ve do 
thi cac giai doan tren true hoanh va cac trang thai tren true tung. Trang 
thai khdi d£u A dUdc chi ra hkng diem cuoi cung ben trai (tai di u giai doan 
1); trang thai cuoi Z dUdc chi ra b&ng di£m cuoi cung ben phai (tai cuoi giai 
doan 5). Cac di^m khac B, C, K chi ra cac trang thai trung gian ma chat 
noi tren co the ditdc bien doi trong qua trinh che bien. Cac diem nay (A, B, 
Z) difdc goi la cac dinh. Bi chi kha nang bien doi tvf trang thai A sang 
trang thai B, ta ve mot cung th diem A d6n diem B. Cung khac AC chi ra 
rang chat nay cung co the bi£n doi sang trang thai C thay cho trang thai B. 
Moi cung dtfdc gan mot gia tri dac bi§t - d day la chi phi (n&m trong vong 
tron) trong Hinh 1.1. Quyet dinh d giai doan thi* nhat la bien doi nguyen 
lieu sang trang thai B (vdi chi phi 2 ddn vi tien te) hay trang thai C (vdi chi 
phi 4 ddn vi tien t£), nghla la, chon cung AB hay cung AC. Mot khi quyet 
dinh da dUdc chon, se nay sinh mot bai toan lua chon khac d giai doan 2, qua 
trinh do cti tiep tuc nhu vay cho den khi dat tdi trang thai Z. Bai toan d day 
la chon mot day cac cung noi nhau di ta trai sang phai, bat dau tai A va ket 
thuc tai Z, sao cho tong cac gia tri cua cac cung thanh phan la ctfc tieu. Day 
cac cung nha v&y se tao thanh mot quy dao toi du. 



lOUAJ HOABONG TRO NG PHAN TICH KINH 


TE 



cac K1 ™ 'n tTOng U C **** giai d °^ ra c, chi lay 

® ,' ng " yen ' B ‘ en tran S tMi ^ng dddc gia dinh lay cac gia tri thuoc 
! ' P hUu h@n nh0 - <A, B.Z). Neu cac bien nay lien tuo ta co'thi? 

xr h - 6 ' n r hu biiu diin tr§n Hinh ^—i « ih i: tz 

. e dlWng dl c6 the «* Mr A den Z. Moi dddng d, co the’ co di „ U1 

^ kho ^ g [0 . n C u„ g c6 ** * v6 han u 

ri . " b ' e ? m ° ,dMn * di - m ° ] ***** thAi la ket qua cua mot sd Ida chon 
neng trong mot giai doan dac biet. ' 9 

CTai 7°' V6 ' hiu h f “ C toan c hung ta se de’ cap den sad-nay bien 
P doan so bieu thi thin gian. Chang han, xet mot cong ty vdi so' von ban 

thTd !‘, . ?Ch daU tU khaC nhau tro "g kboang thdi g> an [0 T] co 

h d,t dupe so vdn mpe tmu t* thdi «K| m T, va, mdi M hoach dhu td lZ 

tec bt 8 d7 d 7 ^ CU T V " d9C * dSn d§n mbt 1<?i " hu ^ **" -ng 

dac b.et do, vdi cong ty. Trong trdbng hop nay ta co the’ diin giai cac dddng 
Zh 1 S dlibnSdi ™ ^ C6 thl * ^ <*« * tn cia dudng di nhd 

do ' 7 h T S tfng 531 t0an CUa C6ng ty Ia Xac d ’ nh k§ hoach dSu w - td 

xac dinh dddng dl cua vo'n - mang la, loti nhuan tiem nang ede dai. Tat 
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*» di<„“!a“ P " w c4c ■" <« M -Mp *. a.,. « JSu 

** mZ z zsss r rr * •*» *» - .«■ 

nhau; ' ? ( ' Phl * 191 nhu ? n - -) gSn vdi cac dtfdng di khac 

* vZZTJtZ *^ CVC d " h - *» - *■ 

«* di (quy di ;*Z 80 danh "* ** ^ ^ **■ M-d each ch 9 „ 


Trane thai 



12 * Kh ** ni phiem ham 


J loi quail he gifla cac quy dao (ditbne di\ ' ' -. 

dd ch ^ng ta chu y v i no bieu thi ‘t 1 ■ * V * Cac gIa tr * qu * d ^° <fcng 

-th*“T - ‘“--Mi *pp *,tacit 

daing di i ,ic Crc: g ,v Jn; ,, , ". ni thUnS thlWng - mi> >■“ ti eat 

.. «, «., 6 iz s ; £ “■ *»' «* * «> pp« 

■ ‘ dt,g * j "p «"•» up. ..ha ia cat d„i„ g a, 




TQI UU HOA D ONG TRQNG PHAN TICH KINH TE j { 

theo thdi gian, va ky hieu chung la y,(t), y„(t) t ... Khi do anh xa nay nhif chi 
ra tren Hinh 1.3, trong do Vj, V,, hieu Lbi cac gia tri cua difdng di lion thuoc. 
Do do, ky hieu chung do'i vdi anh xa phai la V[y(t)]. Nhifng phai nhan manh 
rhng ky hieu nay khac vc can ban vdi ky hieu ham hop g|f(x)|. Trong ham 
hop, g la mot ham so cua f, va f don loot no la mol ham so cua x; nhif vay, g 
trong phan ticli cuoi cung la mot ham so cua x. Cai khac trong kv hieu 
V[y(t)J, la 0 cho thanh phan y(t) trd thanh nhif mot don vi co tinh toan 1)6 - 
dc chi difdng di theo thdi gian va do do ta khong nen cho V la ham so cua 
t. Thay vi nluf vav, V can hieu la mot ham cua “y(t)”. 

De phan biet ro sif khac nhau do, kieu anh xn nay ta goi la: phiem 
ham. De tranh lam 16n, co the viet phiem ham la V[y] hoac V]y|, hang each 
do nhan manh sU kien la: chmh thay doi trong vi tri cua toan difdng di v - 
thay doi trong difdng di y - chfl khong phai thay doi trong t, mang lai thay 
doi trong gia tri cua difdng di V. Ky hieu ma ta su dung la V[y]. Luu y rang 
khi ky hieu y chfdc dung de' chi mot trang thai nao do, no la du va the' hien 
ra chang ban nhif y(0) ( hoac y(t. f ) ) doi vdi trang thai dau vA y(T) (hoac 
y(t])) doi vdi trang thai cuoi. Trai lai, theo nghia quy dao (difdng di). t 
trong y(t) khong dude gan mot- gia tri dac biet.. Sau day, khi ta muon nhan 
manh khoang thdi gian dac biet lien quan tdi mot difdng di hay mot doan 
cua no, ta se ddn gian dung ky hieu y[0.T] hoac y[0,x). Tuy nhien, thifdng 
thi chung ta ddn gian dung ky hieu y(t), hoac stf dung thuat ngO “difdng di 
y”. Dudng di theo thdi gian to'i ifu khi do clifdc ky hieu bdi y*(t), hay quy 
dao (difdng di) y*. 
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Chuung I. Gioi thieu Toi uv dong 


T^p hop cac quy ctao chap 
nhan dude (Ditong cong) 



Tap hop cac gia tri quy dao 
(Duong thing thiic) 




Hinh 1.3 


ii. bAi toAn vcji cAc di£m cudi bi£n 061 vA cAc ei£u ki£n hoAnh 


Trong phat bieu trade day cua ta ve bai toan toi Uu dong, chung ta da 
ddn gian hoa cac van de bang viec gia dinh mot diem dau da cho [mot cap co 
thd ta (0, A}] va mot diem cuoi da cho [mot cap co thii tU (T, Z)]. Gia thiet 
ve mot diem dau da cho co the khong la gidi han qua mdc, bdi vi, trong bai 
toan thong thUdng, ke hoach toi Uu phai bdt dau tit mot vi trf xuat phat dac 
biet nao do, chang han vi trf hien thdi. Do do, chung ta se gift lai gia thiet 
nay trong hSu het cac phan sau. Mat khac, vi trf cuoi rat co the trd thanh 
rriot van de mem deo, ma khong co sU can thiet nao de no phai dUdc xac 
dinh trade, Thf du, chung ta co the gap bai toan trong do chi thdi gian cuoi 
co dinh, nhang hoan toan ta do chon trang thai cuoi (ch£ng han, von tai 
thdi diem cuoi). Mat khac, chiing ta cung co the gan mot trang thai cuoi da 
dUdc chi’ dinh chat che (ch&ng han, toe do lam phat muc tieu), nhang ta do 
chon thdi gian cuoi (thdi gian dat muc tieu). Trong trUdng hdp nhU vay, 
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:t,:f “ “" h "" '»■ '»<” « “■ »,c nay „ * 

thao hian van tat ve mot vai kieu di§m cuoi bien doi. 

, Chung ta se cho bien giai doan la thcfi gian l,en tuc. Ta cung se g,u !ai 
eac ky hieu 0 va T cho thin gian dau va then gian cuoi, va cac ky hieu A va 2 
Cho cac trang thdi dlu va cuoi. Khi khong co lim l|„ ni o cd the' nay si „h 

ta cung co the dung A va 2 do' ky hieu cac dOn Mu va cudi (cap co tint tu)’ 
dac met trong cac bieu do. 

2.1. Cac loai diem cuoi bien doi 

Loa, diem cuoi bie'n del thu nhat, co the’ cho mot thfc gian cuoi co dinh 
nhung mot trang thai cuoi tu do. Trong Hinh 1.4 a, trong khi tim ke' 
oac a to inh d then gi an T, bat ky diem nao tren dUdng thing diing t = T 
eu co the chap nhan nhu mot die!m cuoi, nhu Z„ Z 2 va Z, Trong mot bai 
can nhu vay, nha ke hoach ro rang tu do hdn nhieu trong viec chon 

"f * t UU ’ ™ d ° d6 ’ C6 th6 ’ «** d ^' -ht gia tri cua dudng di tdi 
" V tot hdn - hay ft nhat khong xdu hdn - so v6i neu diem cuoi dude 
chi dinh chat che. 

Loai bai loan nay thudng dude gpi la bai toan tdm thin gian cd dinh, 
hay ta. toon then gian cd dinh, nghfa la thdi gian cuoi ala bai toan la cd’ 
mh, khong tu do. Mac du ndi ro ve tim thdi gian, ten goi nay khong cho 
mo ta day du cua bai toan, hoi vi khong „6i gi ve' trang thai cudi. Chi bing 
an y ma chung ta hieu rang trang thai cud. la tu do. Mot dac trUng co nhie'u 
thong tin hdn cua bai toan nay la hinh anh true quan trong Hinh 1 4a De' 

C o Phu hop Vdi hinh anh nay, ta se goi bai toan thdi ^ an co'dinh la bai 
toan diidng tkang cuoi thdng diing. 

Ta xel m • 1 thl ' dv kmh 1(1 c,ia bai toan nay, gia su mot cong ty doc 
quyen muon thiet lap mot dudng di gia ca td'i Uu (trdn) tren mot thdi ky ke 

hoach da cho, chdng hpn 12 thang, vdi muc dich cue dai loi nhuan. Gia hien 

, ^ Va ° bai to6n nhu tr ^g tha, diu. Neu khong cd han che' blng 

phap ly nao ve g,a ca dang co hieu lUc, gia cuoi se hoan toan do cong ty 
quyet dinh. Tuy nhien, vi gia am la khong the' thita nhan, ta phai loai kho, 

Z Xem a 6t , tat Ca nhan? P " °- m qua i3 ta c6 mbt cudi thing 

8 ^ d ° 14 dl6u m4 Hinh 1 4a da chi ra. Ngoai ra, neu ky vong mot gia 
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Chirctng i Gid f thieu T6i uu dong 

trail chi'nh thiic co hieu life tai then gian cuoi t. = T thi mot sd cit cut them 
doi vdi dddng thang dufng nay la can thiet. 




Hlnh 1.4 

Kieu bi\i toan diem cuo'i bien doi thti hai dao ngddc vai tro cua thdi 
gian cuoi va trang thai cuoi; bay gid trang thai cuoi la cho trddc nhdng thdi 
gian cuoi la td do. Trong Hinh 1.4b, dddng nkm ngang y = Z tao thanh tap 
cac diem cuoi chap nhan ddde. Moi didm nay, tuy thuoc vao dddng di dddc 
chon, co the gSn vdi mot thdi gian cuoi khac nhau, thi du T„ T 2 , va T ;J . Lai 
mot lan nda, do td do Ida chon ldn hdn so vdi Irddng hdp diem cuoi co* dinh. 
Nhiem vu cua nha lap ke hoach co the la, ch&ng han, san xuat mot hang 
hoa vdi dac trdng chat lddng rieng (thep vdi stic ben da cho) vdi chi phi thap 
nhat, nhdng lai hoan toan tuy y ve do dai cua chu ky san xuat. Dieu nay 
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- -^ i Lz.^ h r h x P tS'' h “ 

Kieu bai toan nay dittc goi chun? H hr,; ^ ' *>* « , 

"* W «* <U <*, .mb „6, .a ia „‘fa M T “ 

stf dung Gf day chi de‘ chi tnna th' ■ - v * C * 16m CU01 cun £ ^c 

ba, wan 1 d ™ “ “ qt»n ni. 

“*•«'» *«■ **,«« .1 “1°“ «-*»** »« «b 

tieu «"„“ It “tat * ** - - «. 'a =* 

-«. «*», -»bb/t “\ ih ' t rmt *** - 

* r, bat nan u* bat wan „ 4y a„, c „ » M , t % 

rSHSSsv: 

r;=:?iiiiSSr= 

V0 ! tr - ng thai cu6 ‘ tUdn * (Z,). Mac du bai toan dlcho cVr^Z 

-t - •* * * * *™« cz. x 

goi loai bd, toan nay la bai toan dudng cuoi (hay mat cuoi). 

2.2. Dieu kien hoanh 

Bs=mm 

SSSSSHS 


y(0) - A va y(T) = Z (,T, A, va Z cho trtffc) 



16 


Chu&ng I. Gioi thieu Toi uti dong 


Trong trudng hdp die’m cuoi bien doi, dieu kien dau y(0) = A vkn phu 
hdp vdi gia thiet. Nhung vi T va/hoac Z bay gid bien doi, dieu kien cuoi y(T) 
= Z khong the chi ro cho ta quy dao (dudng di) toi Uu nda. Nhu Hinh 1.4 chi 
ra, tat ca cac dudng di chap nhan dupe ket thuc tai Z lt Z 2 hoac cac vi tri cuoi 
khac co the co, deu thoa man dieu kien y(T) = Z. Do do, chung ta can mot 
dieu kien cuoi co the phan biet dupe ch&c chan quy dao (dudng di) toi Uu vdi 
cac quy dao (dudng di) chlfp nhan dupe khac, Dieu kien nhu vay dupe goi la 
dieu kien hoanh, bdi vi no thudng the hien nhu mo ta ve quy dao (dudng di) 
toi Uu cat ngang dudng thSng cuoi hay dudng cong cuoi nhu the nao. 

2.3. Diem dau bien doi 

Mac du ta da gia dinh r^ng chi diem cuoi co the' bien doi, noi dung da 
thao luan d tren cung co the cung dupe sti dung vao trudng hop diem dau 
bien doi. Nhu vay, co the co mot dudng cong dau bieu thi cac to hop chap 
nhan dupe cua thdi gian khdi d&u va trang thai khdi dau. Hoac co the co 
mot dudng thang khdi dau th&ng dUng t = 0, chi ra rang thdi gian khdi dau 
0 la cho trude, nhung trang thai khdi diu khong han che. Neu diem diu la 
bien doi, dac trUng cua dudng di toi Uu cung phai co mot dieu kien hoanh 
khac d vi tri cua phUOng trinh y(0) - A di mo ta dudng di t6i uu cat ngang 
cac dudng thing dau hay dudng cong dau nhu the nao. 

III. phi£m hAm MUC Tl£ll 

3,1. Dang tich phan cua phiem ham 

Mot quy dao (dudng di) toi Uu theo dinh nghia la quy dao (dudng di) 
lam cue dai hoac cUc tieu gia tri cua quy dao (dudng di) V[y]. Vi bat cti quy 
dao (dudng di) y phai tat yeu di qua mot khoang thdi gian, gia tri tong cong 
cua no phai la mot tong. Trong dieu ki£n rdi rac, gia tri cua dudng di la tong 
cac gia tri cua cac cung thanh phan cua no. Cai tUdng xUng cua mot tong 
nhu vay trong trudng hpp thdi gian lien tuc la mot tfch phan xac dinh 

j (gia tr ? cun g) dt. Nhung ta bieu diin “gia tri cung” doi vdi trilcing hdp 
0 

lien tuc nhu the nao? 

De tra Idi cau hoi nay, trUdc het ta phai nh&n dang dupe mot “cung” 
tren quy dao (dudng di) theo thdi gian lien tuc. Co ba kieu thong tin din 
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TOI LfU HOA DONG TRONG PHAN TICH KINH TE 


thiet do! vdi viec nhan dang cung: (1) giai doan bdt dto (thdi gian), (2) trang 
thai bat dau, va (3) hndng ma cung do di theo. Vdi thdi gian lien tuc, vi raSi 
cung la vo cung be ve chieu dai, ba diem nay tuong tog dUdc thay bdng: (1) 
t. (2) y(t), va (3) y’(t) s dy/dt. Thi du, tren quy dao (dudng di) y, da cho, cung 
gan vdi mot thdi dilm dac bigt t 0 duoc dac trung bdi mot gia tri duy nha't 
y,(t 0 ) v& mot do doc duy nha't y’,(t„). Neu tdn tai mot ham F nao do gan gia 
tri cung cho cac cung, thi gia tri cua cung noi tren co the dude viet la F[t 0 , 
yi(to), y’.(to)]. Tuc/ng tu, tren mot dudng di khac, y„, do cao va do doc cua 
cung tai t - t„ lan lUdt la y It (t 0 ) va y’nit,,), va cac gia tri cung la F[t c , y„(t 0 ) 
y',,(to)]. Suy ra rtog bie’u thhc tb'ng quat dm vdi cac gia tri cung la F(t, y(t)’ 
y'(t)], va phiem ham gia tri cua quy dao (dudng di) - to’ng cua cac gia tri 
cung - CO the duoc viet mot each td’ng quat btog tlch phan xac dinh 

V[y]= jF[t,y(t),y'(t)]dt (1 d 

V[y] nhan manh rtog chmh sU thay do’i trong quy dao (dudng di) y (y, 

S ° V6 ' y,,) lam thay d6] dd ldn c " a v - M «i quy dao (dudng di) y khac nhau 
gom tap hop cac cung khac nhau trong khoang thdi gian [0,T], ma thong 
qua ham gan gia tr, cung ma no nhto cac tap hop gia tri cung khac nhau 
r.ch Phan xac dinh cong cac gia tri cung nay tren mdi quy dao (dudng di) y 
tnanh mot gia tri cua quy dao (dudng di). 

Neu co hai bien trang thai y va z trong bai toan, thi ta phai tinh den 

cac gia tn cung tren ca quy dao (dudng di) y Ito 2 . Klii do ham muc tieu 
phai duoc bieu dien la; 


V[y,z] = j^F[t, y(t),z(t),y'(t),z'(t)]dt 1 


( 1 . 2 ) 


Mot bai toan vdi phiem ham muc tieu nhu trong dang ( 1 . 1 ) hoac (I 2) 
tao thanh bai toan chua’n. De’ don gian, ta se thudng bo doi so'thdi gian (t) 

“ ^ ™ ble " f - ng lMl Va Vift ham d “* tich phan ngto gon hon la 
F(t, y, y’) hoac F(t, y, z, y’, z’). 


I 


Trong cuon sach nay ta ky ki£u y' = 


dy 

dt tron ^ chuon g ve phep tinh bi§n phan va de khoi 


nh4m. ta ky higu y = — 
dt 


trong ly ihuyg't dieu khien tfil t/u. 


2- TUHC 
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3.2. Cac dang phiem ham khac 

Doi khi, tieu chuan toi Uu trong bai toan co the khong phu thuoc vao 
cac vi tri trung gian nao ma dUdng di di qua, ma co the chi phu thuoc vao vi 
tri cua diem cuoi dat tdi. Trong trUdng hop do, khong co tlch phan xac dinh 
nao nay sinh, vi khong can lay tong cac gia tri cung tren mot khoang. Dung 
hdn, phiem ham muc tieu la: 

V[y] = G[T,y(T)l (1.3) 

0 day ham G phu thuoc vao nhdng gi xay ra d thdi gian cuoi T. 

Cung co th§ xay ra la ca ti'ch phan xac djnh trong (1.1) lan tieu chuan 
diem cuoi trong (1.3) dong thdi dua vao trong phiem ham muc tieu. Khi do 
ta co: 

V[y] = J^F[t,y(t),y'(t)]dt + G[T,y(T)| (1.4) 

d day ham G goi la ham gia tri de lai. Hdn ntfa, cac phiem ham trong (1.3) 
va (1.4) lai co the dUdc md rong de dua vao nhieu hdn mot bien trang thai. 
Thi du, vdi hai bien trang thai y va z, (1.3) trd thanh: 

V[y,z] = G[T,y(T),z(T)] (1.5) 

Mot bai toan vdi kieu phiem ham muc tieu trong (1.3) dUdc goi la bai 
toan Mayer. Vi chi co vi tri cuoi la co y nghia trong V, no cung dUdc goi la 
bai toan dieu khien cuoi. Neu (1.4) la dang phiem ham muc tieu cua bai 
toan, thi ta co bai toan Balza. 

Mac ciu bai toan Bolza co ve la bi6u dien tong quat hdn, sU that la ha 
loai bai loan - chuan, Mayer va Bolza - tat ca co the chuy£n doi dude vdi 
nhau. 

IV. NHUMG CACH TlgP CAN KHAC NHAU DOI VCJI T6l UU B0NG 

De giai quyet bai toan da phat bieu tren day, co ba each tiep can cliu 
yeu. CJ tren chung ta da noi den phep tmh bien phan va quy hoach dong. 
Tuy. nhien con mot each tiep can la tong quat hoa manh cua phep tmh bien 
phan, mang ten ly thuyet dieu khien toi Uu. Ta sc gidi thieu van t5t tifng 
phudng phap. 
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4.1. Phep tinh bien phan 

^ Bdt nguon tut cuoi the' ky 17, phep tinh bien phan la each tiep can eg 
dien doi vdi bai toan toi Uu dong. Bai loan sdm nhat la bin loan xac dinh 
hmh dan K cua rapt be mat xoay vong de’ gap luc can it nhat khi di qua mot 
chat can nao do (be mat xoay vdi dien tich cite tidu). Isaac Newton da gidi 
ba. toan nay va phat bilu cac ket qua trong cac nguyen ly cua ong, cong bo' 
nam 1687. Car nha toan hoc khac cua Knh vUc do rung da nghien cuu cac 

bat loan co ban chat tudng tu. Cac bai toan nay co thj duoc bie’u thi bdi 
dang tong quat sau day: 


Cilc dai (cite tieu) 

V[y]= |F[t,y(t), y'(t)]dt 

(1-6) 

Vdi rang buoc 

y(0) = A (A cho triidc) 

(1.7) 

va 

y(T) — Z (T, Z cho trtfdc) 

(1.8) 


Bai toan(L6M 1.8), vdi mot phiem ham tich phan theo mot bien trang 
thai don, vdi cac diem ddu va cuo'i hoan toan xac dinh, va khong cd rang 

buoc nao, duoc goi la bai toan cd ban (hay bai toan dm gidn nhat) cua phep 
tmh bien phan. 

De cac bai toan nhu vay cd y nghia, can thiet la phiem ham phai kha 
tich. Chung ta se gia dinh dieu kien nay thoa man bat cd khi nao ta viet 
mot tich phan dang tong quat nhit trong (1.6)-(1.8), Them nfla, chung ta se 
gia dinh rang tat ca cac ham xua't hien trong bai toan la lien tuc va kha vi 
hen tuc. Gia thiet nay la cin thiet, bdi vi cd sfl phuong phap luan dSng sau 
phep tinh bien phan ra't gan vdi phudng phap luan cua phep tinh vi phan eg 
dien. Su khac nhau chu ye'u la, thay vi lam viec vdi vi phan dx thay doi gia 
tri cua y = f(x), bay gid ta se lam viec vdi “bien phan” cua toan bo dUdng 
cong y(t) tac dong ten gia tri cua phiem ham V(y]. 

4.2. Ly thuyet dieu khien toi utu 

Nghien ctfu tiep theo cua cac bai toan bien phan da d&n tdi su phat 
tnen phudng phap hien da. hdn la ly thuyet dieu khic‘n toi itu. Trong ly 
thuyet dieu khidn to'i Uu, bai toan toi Uu dong duoc xem nhu bao gdm ba 
(chu khong phai hai) loai bien. Ngoai bien thdi gian t va bie'n trang thai 
y(t), ta con xem xet bien dieu khien u(t). ThUc te, chinh loai high sau da cho 
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ly thuyet dieu khien toi Uu ten goi cua no va chiem vi tri trung tarn trong 
each tiep can mdi doi vdi toi uu dong. 

Viec tap trung sU chu y vao bien dieu khien lam cho bien trang thai bi 
ha xuong hang thti hai. Dieu do la chap nhan dUdc chi neu quyet dinh do! 
v6i dubng di dieu khien u(t), mot khi da cho dieu kien diu doi vdi y, se xac 
dinh hoan loan dubng di ciia bien trang thai y(t) nhu mot san pham kem 
theo. Ta di den dinh nghia sau: 

4.2.1. Dinh nghia phuong trinh chuyen dong (hay phudng trinh 
chuyen tiep hay phudng trinh trang thai) 

Trong bai toan dieu khien toi Uu, phudng trinh lien he y vdi u dang 
dv 

-j- = f[t,y(t),u(t)] dude goi la phudng trinh chuyen dong (hay phifdng trinh 

chuyen tiep hay phudng trinh trang thai). 

Phudng trinh nay noi ring: tai mot thdi diem bat ky, khi da cho gia 
tri cua bien trang thai, lua chon dieu khien u cua ngubi lap ke hoach se lai 
bien trang thai y nhU the nao qua thdi gian. Khi ta da tim dude dubng di toi 
Uu cua bien dieu khien u*(t). ti* phudng trinh chuyen dong co the xay dUng 
dubng di toi Uu cua bien trang thai lien quan y*(t). 

4.2.2. Bai todn dieu khien toi Uu 

Bai loan dieu khien toi Uu (1.9)-(1.12) tUdng dng vdi bai toan cua 
phep tmh bien phan (l.B)-(1.8) nhu sau: 


Cue dai (hay cUc tieu) 

V[u] = |F[t,y{t),u(t)]dt 

(1.9) 

vdi rang buoc 

y(t) = fft.y(t), u(t)] 

(1.10) 


y(0) = A (A cho trade) 

(1.11) 

va 

y(T) = 2 (T, Z cho trade) 

0.12) 

trong do 

y(t) = 



dt 

LiJu y rang, trong (1.9)-(1.12), ham muc tieu khong chi chiia u nhu 
mot doi so' ma no cung thay dm tir V(y) thanh V(u). Dieu nay phan anh ring 
u bay gid la eong cu cd bhn cua toi Uu hoa. Tuy nhien, bai toan dieu khien 
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nay hen quan m£t thiet vtii bai toan cua phep tmh bien phan (1.6)-(1.8). 
Thdc te, bang each thay y(t)bang u(t) trong bieu thtic dutii dau tfch phan 
trong (1 .6)-(1.8), va lay phuong trinh vi phan y (t) = u(t) lam phadng trinh 
chuyen dong, ta thu dadc ngay (1.9)-(1.12). 

Mot su phat trien co y nghla nhat trong ly thuyet dieu khien toi Uu la 
nguyen ly ctfc dai. Nguyen ly nay thifdng daoc gdn vtii nha toan hqc Nga L. 
S. Pontryagin. Stic manh cua nguyen ly do la 0 kha nang ma no giai quyet 
trife tiep nhting rang buoc nhat dinh doi vtii bien dieu khi§n. Dac biet, no 
cho phep nghien ctiu cac bai loan trong do cac gia tri chap nhan duoc cua 
bien dieu khien u bi gitii han trong mot tap loi dong, bj chan *U nao do. Thi 
du, tap hdp 'll co the la khoang dong [0, 1], neu doi hoi 0 < u(t) < 1 qua suot 
ky ke hoach. Neu chang han khuynh hating tiet kiem bien la bien dieu 
khien thi mot rang buoc nha vay, 0 < s(t) < 1, co the rat thich hop. Tom lai, 
bai toan cua ly thuyet dieu khien toi Mu nhu: (1.9)-(1.12), ngoai trti la co the 
them vao no mot rang buoc nhu: 

u(t) e 'll vtii 0 < t < T 

4.3. Quy hoach dong 

Nha loan hoc My Richard Bellman coi quy hoach dong la mot each 
tiep can khac doi vtii bai toan dieu khien phat bieu trong (1.9)-(1.12). Cac 
tmh chat tieu bieu quan trong nhat cua each tiep can nay la: Thti nhat, no 
long ghep bai toan dieu khien da cho vao ho cac bai toan dieu khien, vtii he 
qua la trong viec giai bai toan da cho, ta thtic su dang giai Loan bo ho cac 
bai toan nay. Thti hai, doi vtii moi thanh vien trong ho bai toan nay, ta tap 
trung sti chu y chu yeu vao gia tri toi Uu cua phiem ham V* chti khong vao 
cac thuoc tmh cua dating di cua trang thai toi au y*(t) (nha trong phep tmh 
bien phan) hoac quy dao dieu khien toi au u*(t) (nhu trong ly thuyet dieu 
khien toi au). Thuc te, mot ham gia tri toi itu — gan mot gia tri toi au cho 
mtii thanh vien cua ho bai toan nay - dude sti dung nha mot dac trang cua 
Itii giai. 

B. MOT SO MO HiNH TOI UU BONG TRONG KINH TE 

I rong muc nay chung ta de cap den mot so* mo hinh dong trong mot 
so linh vac cua nen kinh te nha: ddu ta, tiet kiem, tieu dung, hanh vi cua 
doc quyen, thUdng mai va phat trien, vdn de dinh gia tai san va tieu dung; 



—---------- Chuwtg f. Gidi thieu TSi uu dong 

Mo hmh lao dong khong the phan ehia dhpc va chu ky kinh doanh; Mo hinh 
xac dinh chfnh sach chong 6 nhiem; Can hang trong nen kinh te phi tap 
trung vdi lam phat va thue; Kinh te hoc ve cac tai nguyen co the can; Mo 
hinh ngirdi dai dien; Ly thuyet cap dau tu dong; Cac mo hinh tang tracing 
hai khu vuc; Va'n de ddu Uf co chi phi dieu chinh. Cac mo hinh nay diMc trinh 
bay mot each vim tat nhihn gidi thieu tj'nh da dang cua bai toan toi Uu dong. 

Trong cac chudng tiep theo, chung ta se dua ra each thtic giai hdu het 
cac mo hinh do. 

I. MO HiNH TANG TRUING KINH Tf 

1.1. Mo hinh tang tritefng kinh te phi ngau nhien cua Brock va 
Mirman 


Ta xet qua trinh tang trtfdng kinh te trai qua mot day vo han cac thdi 
ky t = 0, 1, 2,... O thdi ky t, dau vao cua qua trinh la so' tai san von K, va so 
lao dong L t , d&u ra cua qua trinh la bao gom san ph^m lam ra trong thdi 
k y va so tai san von con lai d cuoi thdi ky (K t - D t ); 

Q« = Y« + (K t - D t ) (1.13) 

d day D, la so tai san da thiic sU dufdc dua vao san xuat. 

Dau ra cua thdi ky t. Q, dude danh cho tieu dung C t va ph£n con lai 
dude dung lam von san xuat d thdi ky t + 1, K (+1 , nghia la: 

Q t = C t + K, M (1.14) 

Gia thiet moi lien he gitia dau ra va dlu vao cua qua trinh dUdc mi§u 
ta bang ham san xuat dang Cobb - Douglas: 

Q t = AK“L 1 * a , 0<a<l,A>0 (1.15) 

Tit (1.14) va (1.15) ta co bieu thiic: 


C t + K tll = AK“L l 


U.ibj 


Dat k t - K,/L„ c, - C t /L t la von va tieu dung tfnh tren mot ddn vi lao 
dong, he thde (1.16) co the bieu diin dudi dang: 


c t + k l+1 = Ak, u 


(1.17) 
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Gia sii ldi fch lieu dung d thdi ky t difdc do bhn g ham ldi fch = 
P’lnc,, trong do P‘ vdi 0 < p < 1 la ho so qui doi ve gia tri tUdng dddng d thdi 
ky t = 0, no cung ditdc goi la he so chiet khau. 

Brock va Mirman (1972) dat va xet bai toan tang tracing kinh te" sau: 
Chon cat day {cj t = 0, 1, 2,... lam cue dai ldi fch lieu dung 

S f} ' lnr ' ( 1 . 18 ) 

l-l) 

vdi so' von k ( , cho trade va tuan theo rang buoc: 

k, +1 +c t = Ak w „ (1.19) 

Trong do A > 0, 0 < a < 1, 0 < p < 1. 

De giai bai Loan Iren ta xem k, la bien trang thai va (1.19) la phifdng 
trinh chuyen trang lhai. 

1.2. Mo hinh tang trtftfng ngau nhien 

Hay xet mo hinh cua Brock-Mirman dudi dang bai toan tang tradng 
ngau nhien sau: 

7 : 

maxE (> ^p l lnc ( , (1.20) 

t=o 

thoaman c t + k ()1 < Ak"G, (1.21) 

Gia tri d£u von tai t = 0 k ( , cho trade, A > 0, 0 < a < 1, 

a day {0,1 la day cac bicn ngau nhien co phan phoi doc lap va dong nhat, vdi 
In 0 t tuan theo phan phoi chuan vdi trung binh bang 0 va phtfdng sai khdng 

doi bang ai E () la ky vong toan co dieu kien tren tap thong tin da biet d dau 
thdi ky 0. 

1.3. Mo hinh tang trading hai khu vi ic 

l a xet mo hinh hai khu vitc. C) thdi gian t, khu viic 1 san xuat ra hang 
hoa c, nhd viec sU dung von k, 1 ma dtfde san xuat. trong khu vUc 2. Trong 
thdi gian t, khu vtfc 2 san xuat lifting von k LtJ ma se dtitic s\i dung trong.thdi 
ky t + 1 cua 2 khu vUc. De san xuat ra k t+1; khu vUc 2 can mot lifting k,- hang 
hoa von. Ngifbi lap ke hoach hoa xa hoi giai bai toan sau day d thdi ky 0: 
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max zr-o pt u(£ j*p g [ ° ji1 


( 1 . 22 ) 


Vcli cac rang buoc: 


Vt ,0 < c t < f t c (k/) . 

(1.23) 

0<k l+1 <f t k (k t 2 ) 

(1.24) 

k t ! + k t 2 < k t 

(1.25) 

V?>0, k t 2 > 0 

(1.26) 

k 0 > 0 da cho. 



Cac ham f*, f* la cac ham san xuat cua khu vUc san xuat hang tieu 
dung va khu vvic san xuat tU lieu san xuat, chung dude gia thiet kha vi hai 
lin, lom ngat. 

II. MO HiNH TltU DUNG 

2.1. Mo hinh tieu dung vong ddi dtfdi dieu kien bat dinh cua Hall 

Chung ta xet mo hinh chu ky song dtfdi dieu kien belt dinh sau day: 

T-t -i 

maxE t y^(l + 5) U(c r+i ) 

i=0 


V6i rang buoc: 

T- I 

£(1 + r) '(c t *i * w t+1 ) - A t 

i-fl 

trong do: 

E t la ky vong co dieu kien tren tip hop cac thong tin co the co d thdi 

ky t, 

U()la ham ldi fch mot thdi ky vdi gia thiet la lom ngat, kha vi hai lan, 
8 la sui't phi tfa thich tieu dung chu quan, 
r la ty le ldi tutc thtfc dtfdc gia thiet la hing so theo thdi gian, 

T la do dai tuoi tho kinh te, 

c la tieu dung, 

w t la thu nhap ngau nhien, 

A, la tai san ngoai von con ngtfdi. 
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2.2. Tinh y cua thoi quen trong tieu dung 1 

Xet bai toan chon day tieu dung c t lam ctfc dai ham muc tieu, 
nghla la: 


oc 

^p f (lnc t +7 lnc,_|), 0<p<l, y> 

t=o 

vdi rang buoe c t + k ul < AkJ* 

A > 0 


0 < a < 1 

k o > 0, va c, cho trade 


(1.27) 


(1.28) 

(1.29) 

(1.30) 


O day c t la tieu dung tai t, k, la ludng von d dau thdi ky t. Ham ldi ich 
hien thdi (In c, + y In c t l ) la de bidu thi tinh y cua thoi quen trong tieu dung. 

2.3. Tinh y cua thoi quen trong tieu dung 2 

Xet dang tong quat hdn cua bai toan tren la: 


max X P'U(c t ,c t _ 1 ), 0<p<l (1.31) 

«=Q 

vdi rang buoc: c t + k t+1 < f(k,), k 0 > 0, c.j cho trade, 

U(c t , c t .,) kha vi lien tuc hai lan, bi chan, tang theo ca c t va c L . lt 1dm 
theo (c t , c t .,), va f (0) = + qc, f > 0, f” < 0. 

2.4. Hoc each hifoing thu thofi gian roi 

Gia sd Mm ldi ich cua ngadi cong nhan cd dang U(.) phu thuoc vao 
lUdng hang hoa thi trudng san xuat dude tieu dung, c u , va cung phu thuoc 
lupng hang hoa gia dinh san xu3t, c 2t . De co dude cac hang hoa thi trtfbng, 
cong nhan do phai gianh mot lddng thdi gian nao do, l ltJ cho cac boat dong 
thi trUdng de nhan tien cong w f (tren mot ddn vi thdi gian) do b&ng hang 
tieu dung. Cong nhan do coi tien cong la cho trade va ngoai sil dieu khien 
cua cong nhan. Khong co sa vay mUdn hay cho vay. Biet r^ng tien cong tren 
thi trddng phat trien theo luat chuyen dong w [+] = h(w t ). 
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Ludng hang boa gia dinh san xuat phu thudc ladng “tinh thong” ma 
cong nhan co d dau ky ma ta gan nhan a t . Lifdng “tinh thong” nay giam vdi 
toe do 5 va co the tang do viec gianh thdi gian cho cac hoat dong ngoai thi 
trUdng. Tom lai bai toan la nhtf sau: 

y- 

max ^ [3 t U(c lt ,e.,,), 0 < [3 < 1 (1.32) 

t 

vdi cac rang buoc: 

Ci, < w u l lt (rang buoc ngan sach) (1.33) 

c 2t < f(a t ) (ham san xuat cua hang hoa gia dinh san xuat) (1.34) 
a,,i < (1 - 6)a. + 1 2 , (luat chuyen dong cua ludng tinh thong) (1.35) 

l 1t + lv, £ 1 (gidi han ve sU dung thdi gian) (1.36) 

w l+1 = h(w t ) (luat chuyen dong doi vdi tien cong) (1.37) 

a 0 > 0 (cho trade) (1.38) 

Gia sU rang u() va f() 15m ngat, kha vi hai lan. 

III. MOHlNH DAU TLT 

3.1. Mo hinh Jorgenson 

Trong ly thuyet tan co dien cua Jorgenson ve ddu tu, gia thiet cong ty 
sd dung 2 dau vao la voii K va lao dong L de san xuat theo “ham san xuat 
tan co dien” vdi dau ra Q = Q(K, L) cho phep thay the gida hai dau vao. 
Diem nav phan bict no vdi ly thuyet gia toe ve dau tuf trong do von g&n vdi 
dau ra theo mot ty le co dinh. Ham san xuat tan co dien thudng di kem vdi 
cac gia thiet ve san pham bien ditdng nhiing giam dan (Q«, Q (i > 0; Q KK , Q u . 
< 0) va hieu qua khong doi theo quy mo. 

Doanh thu bang tien cua cong ty tai thdi diem bat ky la PQ, trong do 
P la gia san pham cho trade. Tien chi ra cua no tai thdi diem b&'t ky gom 

tien tra cong, WL (W ky hieu dinh mule tien cong), va chi tieu cua cong ty 
cho von mdi, mlg (m ky hieu gia ca cua “may moc”, I R - tong dau tu gom dau 

tu rong K 1 cong vdi khau hao 6K ). Nhuf vay doanh thu rong tai thdi diem 
bat ky la: 


PQ(K.L) - WL - m(K’ + 6K) 
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* P ' JUng S6 ' Chi * khS ' u e W vao bieu thhc nay va lay I 6 ng theo 
suot thd, pan, ta co the bleu di§n lupng rong cua gia tri hien thd, N(K L) 
cua cong ty la: 

N(K,L)= J°[PQ(K,L)~ WL-m(K’+ 8 K)|e" pt dt ( 139 ) 

Muc tieu cua cong ty la cue dal hoa lupng gia tri rong N cua no bang 
VI ec chon mot dtfbng di K toi Uu va mot throng tfi L toi uu. 

3.2. Mo hinh Eisner-Strotz 

Mo hinh Exsner- Strotz tap trung vao diu tu rong trong qua trinh mo 
rpng quv mo nha may cua cong ty, do do, khong de' y den diu tu thay the'. 

ia thiet cong ty da b,et ldi nhuan a giin vd, v 6 'n K, ta co ham ldi nhuan 
MK). Viec md r 6 ng nha may, phai chit, chi phi dieu chinh C ma do 16n rda 
no^thay doi thuan chieu vPi Uk dp md rong K’(t). Do do ta co mot ham tang 
c - C(K’), ma qua no nhiing kho khan ben trong cua cong tv trong viec dieu 
chmh nha may cung nhu nhCtng trd ngai ben ngoai can trd d£u tu (nhu gp 
Idc len viec cung cap cua nganh san xua't hang hoa von) co the' dupe tinh 
den mot each tUdng minh trong bai toan toi Uu cua cong ty Neu ham C 
phin anh mot each thfch hdp nhQng kho khan nay trong dieu chinh, thi khi 
da tim dupe dUdng di K*(t), ta co the' lay ngay dao ham cua no K*’(t) nhu la 
duong d! to, uu cua dSu tu rong ma khong phai sir dung mot each thUc dac 
biet nao giong nhu cd che tang toe linh hoat. 

Muc tieu cua cong ty la chon mot quy dao K*(t) lam cue dai tong gia 
tri hifn thdi cua ldi nhuan rong cua no qua thdi gian: 

Cucdai n[KI= I"[Tr(K)-C(K')]e- p ' dt ( 1 . 40 ) 

vdi rang bupc K( 0 ) = K„ (K„ cho trude) 

3.3. Dau tu* co chi phi dieu chinh 

Mot cong ty cUc dai gia tri hien tai cua dong tien, vdi nhiing khoan 
thu tUdng la, dupe chiet khau vdi ty 16 3 . Thu nhap tai thdi gian t dupe cho 
bang lupng ban, p,q t , d day p, la gia hang hoa, q, la lUdng san xuat ra Cong 
ty boat dong trong thi tru&ng canh tranh vk do do coi gia ca la da cho Cong 
ty biet rang gia ca phat triin theo Iuat chuyln dong cho bdi p [t] = f( Pt ) 
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Tong san xuat phu thuoc vao lUdng von, k t , va lao dong, l t , va vao binh 
phiidng cua hieu so giuta ty le ban tren d^u tu d hi^n thdi, x t , va ty le cua 
thdi ky trtfdc. Diem sau cung nay bao ham y tadng la nhiing thay doi trong 
ty le ban hang tren dau tii doi hoi mot sii phan bo nao do cac nguon luc 
trong noi bo cdng ty va do do lam giam mtic hieu qua. 

Gia sU rang tien lUdng la hang so" va bang w. Von hien vat giam gia 
v 6 i toe do 6 . Bai toan cua cong ty la: 


vdi rang buoc: 


max £|3'{p,q t - wl,}, 0 < (3 < 1 
1-0 


• 

f \ 

2 


X 

1 

x 

i 



X 

X 

i 



k rM < (l-5)k t + x t , 0 < 5 < 1 
Pt = f(Pt) 

k 0 > 0, ^ _1 >0 cho tnidc 

X -L 


(1.41) 


(1-42) 

(1.43) 

(1.44) 

(1.45) 


Ta gia sik r&ng g() bi chan, tang theo hai doi so dau va giam thco doi 
so thti ba. 


3.4. Ly thuyet cap dau ttf dong 

Gia s \1 mot ngtfdi tieu dung co the dau t \i vao nhieu loai tai san nhU 
co phieu hay cac tai san khac... ma cac khoan dau tu nay co the dem lai ldi 
ttic khac nhau. Nha dau t \i co the tmh toan xem nen dau tif tong tai san 
cua minh vao nhiing khoan nao, bao nhieu de thu dtfdc ldi ttic Idn nhat. 
Trong kinh te, bai toan nay diidc goi la bai toan ltfa chon danh muc dau tii 
(portfolio) hay lUa chon cap dau tU. Dudi day ta hay xet bai toan nhu vay 
tren quan diem dong. 

Gia thiet co n tai san ma nha d^u tu co the dau tU, trong do tai san 
th \i i co ty le hoan von tai thdi gian t la R it . 6 day R u dUdc gia dinh la mot 
bien ng&u nhien dudng bi chan tren vdi xac suat 1. NgUdi tieu dung cue dai 
E 0 I ^ =0 p’ lKc,) bang each chon cac s lt vdi i = vat> 0, thoa man: 
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c « + X s >' =A t’ t -° (1-46) 

i=1 

n 

A ui = X Si,R i' Aq cho trade (1.47) 

i=l 

{imE 0 p'A f =0 (1.48) 

O day s it la ltfdng tai san i mua trong thdi ky t, c t la tieu dung tai t, E 
chi ky vong. Tai thdi gian t, t\ va R; t ,, i = 1, ... , n da biet, nhtfng R it , i = 1, 
-> n chua trade khi bat ddu thdi ky (t + 1 ). Ta gia sut r&ng R it la qua 
trinh Markov, vdi xac suat chuyen cho bdi: 

p{R t < R | R,.j = R} = F(R\ R), d day R’ va R la cac vec td n chieu. 

IV. MO HlNHTIET KIEM XA HOI 

4.1. Hanh vi tiet kiem xa hoi to'i \iu - Mo hinh Ramsey 

Mot trong nhtfng tfng dung ddu tien cua phep tinh bien phan vao kinh 
te hoc la mo hinh cua Frank Ramsey ve hanh vi tiet kiem xa hoi to! tfu. 

Van de trung tam ma Ramsey nh^m vao la van de phan bo' nguon 
theo thdi gian: d mot thdi diem bat ky, bao nhieu thu nhap cua mot nude 
nen danh cho tieu dung hien tai de mang lai phuc ldi hien tai, va bao nhieu 
nen tiet kiem (va dau ttf) de md rong san xuat va tieu dung trong ttfdng lai, 
va do do mang lai phuc ldi ttfdng lai? 

Gia sb d,du ra (san ltfdng) dadc san xuat nhd hai diu vao la von K 
va lao dong L. Ham san xuat Q = Q{K, L) la bat hien doi vdi thdi gian, do 
gia thict khong co tien bo ve cong nghe. Nhtfng gia thiet khac nhlm lam 
ddn gian mo hinh gom khong co hao mon von va khong co thay doi dan so' 
(dtfng). Tuy nhien, ltfdng dich vu lao dong cung cap van co the thay doi. 
Ddu ra Q co th§ hoac de’ tieu dung C hoac de tiet kiem S, nhtfng phan tiet 
kiem luon luon d&n den ddu ttf va tich luy von. Khi do ta co Q = C + S = 
C + K\ hay: 


C - Q(K, L) - K’ 


(1.49) 



30 


Chuvng /. Gidi thieu Toi uu dgrtg 


Trong do K ? la dau tu rong. Ticu dung C dong gop vao phuc ldi xa hoi 
duoc mo la bdi (chi so) ldi ich xa hoi U(C), vdi mdc ldi ich Jbien khong tang, 
LJ”(C)< 0. Ham U(C) dap ting doi hoi nay co dang nhd dtfdc cho trong Hinh 
1.5 Gia thiet co mot can tren doi vdi mtic ldi ich U va dat dddc tai mot mtic 
tieu dung htiu han C nhu trong Hinhl.5a va b, hoac co the chi tiem can 
denU nhd trong Hinh 1.5.c. 





Hinh 1.5 

De san xuat hang hoa, xa hoi phai vat va ton stic lao dong. Trong kinh 
te hoc ngUdi ta danh gia stf kho nhoc nay bang ham goi la ham kho nhoc 
cua lao dong (chi phi stic Itfc) D(L), vdi mtic kho nhoc bien khong giam, 
D ”(U * 0- Oo do, mtic ldi ich xa hoi rong la U(C) - D(L), d day C va L - nhii 
K va Q - la cac ham so cua thdi gian. Bai loan cua ngUdi ISp ke hoach kinh 
te la cue dai tong mtic ldi ich xa hoi cho the he hien tai cung nhd tat ca cac 
the he ttfdng lai: 
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Ciicdai JlU(C)-D(L)Jdt (1.50) 

Ham lay tich phan, U chi phu thuoc C, va theo (1.19), C phu thuoc K, 
L va K, con D chi phu thuoc L. Nhu vay, bai toan nay co hai bien trang 
thai, K va L. Tuy nhien, bdi vi khong co so hang I,’ nao trong ham dddi dau 
tich phan, bai toan suy bien theo L va noi chung chi dat mot dieu kien dau 
mut doi vdi L la khong du thich hdp. 

Van de hoi tu 

Khong giong nhif phiem ham trong mo hinh Eisner-Strotz, ham dtfdi 
dau tich phan suy rong trong (1.50) khong chtia thCfa so' chiet khau. Su bo 
qua nay khong phai la do khong chu y; no xuat phat tif quan diem cua 
Ramsey cho rhng nha ke hoach (the he hien tai) chiet khau mxic ldi ich cua 
cac the he tuong lai la “khong chinh dang ve mat dao ly\ De xac lap tmh 
hoi tu, ngay ca neu ham lay tich phan bi chan tren. ThUc te, vi mfic ldi fch 
rong la dudng khi t ra vo han, tich phan nay co the phan ky. 

De vUdt qua khd khan nay, Ramsey thay (1.50) hkng bai toan sau day: 

Cuctieu J[B-U(C) + D(L)]dt (1.51) 

vdi rang buoc K(0) = K< t (K* cho trUdc). (1.52) 

0 day B la miic hanh phuc nhat- mtic ldi ich rong c lie dai cho trude. Vi 
phiem ham mdi do khoang each gitfa ldi ich dang co so vdi mdc hanh phuc 
nhat, no phai dtfdc ciic tieu chd khong cue dai. Noi mot each trite quan, mot 
ke hoach phan bo toi tfu san pham phai hoac dtfa xa hoi den mtic hanh phuc 
nhat hoac difa no tiem can tdi mdc hanh phuc nhat. Neu vay, ham lay tich 
phan trong (1.51) phai khong ngting giam tdi 0, hoac tien tdi 0 khi Do'i 
vdi Ramsey, bang each do van de hoi tu ditdc giai quyet. Viec thay (1.50) 
hkng (1.51), dtfdc goi la “cong cu Ramsey”, dtfdc chap nhan rong rai nhtf 
dieu kien du cua hoi tu. 

4,2. Tiet kiem ca nhan trong dieu kien chac chan 

Xet bai toan cua mot ngtfdi tieu dung trong moi Irtfdng khong ng§u 
nhien. Ngtfdi tieu dung muon chon day tieu dung c t lam ctfc dai ldi ich tieu 
dung, nghia la: 
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max Zr.o p,U ( c ‘)’ 0< P < 1 (1.53) 

thoaraan: A M = R t (A, + y t - C J, 

vdi Ao cho trttfc. 

O day R t , t = 0, 1, la day da biet va cho trudc cua lai suat cua cai 
tfch luy trong mot thdi ky; c t la tieu dung va U(c t ) la M ich tieu dung; A t la 
cua cai tfch luy 6 dAu thdi ky t, va y t la thu nhap lao dong tai t. Thu nhap 
lao dong duoc gia djnh la ngoai tam dieu khien cua ngtfbi tieu dung. R t = R 
> 0 vdi moi t > 0 . 

Ta dinh nghia trang thai cua he thong la (A„ y t> R t l ) va dinh nghia 
dieu khien ta, t, la u t = R r *A ul = A, + y, -c, . Ro rang bien dieu khie’n la 
tong tiet kiem. Phuang trinh chuyln tiep dot vdi A, trd thanh A t+l = R, d,, 
do do khongehba bien trang thai tai t. 

V. MO HiNH NGl/Ol DAI DltN 

5.1. Mo hinh ngifori dai dien 

Ngudi dai dien dude gia thiet la co tdm ke' hoach vo han, trong dieu 
kien thi trudng von hoan hao va co dii doan hoan hao. Trong moi trUcfng 
nhil vay, ngudi tieu dung dai dien phai chon ty le tieu dung c, cung lao dong 
1, khoi lUOng von k, trai phieu chinh phu b, de cUc dai ldi ich, nghia la: 

ao 

max |U(c,l.gle* dt U c >0,U cc <0, U,<0, U„< 0 , U K > 0, U 5S <0 ( 1 . 54 ) 

0 


Vdi cac rang buoc sau: 

c+ k + b =F(k, 1) + rb - T 

Dieu kien dau: 


trong do: 


b( 0 ) = b 0 , k( 0 ) = k o 


(1.55) 

(1.56) 


g la chi tieu, tieu dung thiic cua chmh phu, 

T la thue thtfc ca goi, 

P la ty le Ufa thich thcfi gian cua ngUdi tieu dung, dude gia thiet la 
khong doi. 
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r la ldi tdc thtfc ng&n han, 



Gia thiet: 



Dau ra dtfdc san xu£t bang cong nghe co tinh chit la n&ng suat hien 
vat bien diidng nhUng glam d£n theo ca hai y£u to' d£u vao von va lao dong, 
nghia la 


y ^(k, 1), F k > 0, F kk < 0, F, > 0, F„ < 0. De ddn gian ta gia thiet von 
khong co khau hao. 

F la ham san xuat thudn nh&'t tuyen tinh theo cac nhan to'von va lao 
dong, nghia la F kk F n • F k) 2 = 0, F kl > 0. T&'t ca dau tif xay ra lien tuc va khong 
co chi phi dieu chmh. 


5.2. Mo hinh co tien trong ham ldi ich - Mo hinh Sidrauski 

Ta xet mot phudng phap de co the dtfa tien vao mo hinh can b'ang, do 
la dua tien vao trong ham ldi ich. Ngiidi tieu dung dai dien dtfdc gia dinh 
cUc dai ldi ich, nghia la: 



oo 

max | U(c,l,g,m)e pt dt 

0 

(1-57) 

V6i rang buoc: 


Pc + Pk + M + B=PF(k, l) + iB-PT 

(1.58) 

Dieu kien dau: 


k(0) = k 0 , M(0) = Mo, B(0) = B 0 

(1.59) 


trong do: 

U(c, 1, g, m) la ham ldi ich, 

F(k, 1) la san Itfdng san xuat cua von k va lao dong 1, 
m = M/P la can doi tien thiic te, 

M la liidng tien danh nghia, 

P la mile gia, 

B la lufdng trai phieu danh nghia cua chinh phu, 


3-TUHO 
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p la ty lc Ua thich thdi gian ciia ngu'di tieu dung, 


Ai- 


yi = 


dM 


va B = 


dB 


i la Idi ttic danh nghia. 

VI. MO HINH THUONG MAI 

6.1. Mo hinh thifdng mai va phat trien 

Dua Iren ti i Utdng cua Bevan, Collier & Gunning, mo hinh nay dude 
xay dUng nham rnieu ta van de dat ra cua cac nifdc dang phat trien ]>hai 
dieu chinh cu soc tlnfdng mai dicing tam thdi, sU bung no ve hang hoa. 


Pham vi doi v6i viec lam trdn tieu dung la bi gidi ban vi nude do khong co 
Lhi tnfdng von hoan hao. 

Xct bai loan sau: 


'T. 


max 

c 


jU(c)e p, dt 

o 


(1.60) 


V6i rang bude: 

k -- g(k) - c + b (1-61) 

trong do: 

c la tieu dung, 

p la sual phi via thich thdi gian, 

g(k) = f(k) - 5k, vdi g(k) la san lilting rong, 5 la ty le khau hao, i‘(k) la 
ham san xuat. 

b la bung no thu nhap va gia thict la hang so dUdng trong thdi ky t, 
con trong thdi ky khac bang khong. 

Gia thict: f() va U() la ham lom ngat. 

Luc dAu nen kinh tc d trang thai can bftng ben viing vdi lifting von la 

tig , dk 

k* trong do g'(k*) - p, g’(k) = — ; k - — - 

Van de la d thdi gian t = 0, phai chon quy dao tieu dung toi Uu de giai 
thich cho sU bung no tren khoang thdi gian T. 
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VII. BAJ toAn cOa cDng ty 

7.1. Cong ty ctfc dai gia tri hien thdi ky vong cua lai an chia 

Hay xtit niot c6ng ty cUc dai gia tri hien Midi ky vong cua lai an chia. 
Gia sit rang gia ca cua hang hoa do cong ty sin xua't la blng so va chuan 
hoa bang 1. Sin xuat doi hoi sit dung mot don vi diu vao: mot loai von dac 

bl|t cho c6ng ty - T " n S s ^ n xua't, f(kj, dupe phan chia giiia phin ban ra q, 
va Phan dftnh cho diu tu, x„ Doanh thu tit ban hang chin thug' vdi thug 
suat t,. Tai thrti gian t, r, va ?, da biet - a day z, la mot hien quan he vPi Vl 
qua ham t,,., - g(z„ r. ltI ), vdi s l+1 la mot hien ngau nhien co phan pho'i doc lap 
vit dong nha't, khongquan sat dupe tai t nhung phan pho'i cua no dupe cong 
ty biet. Luu y ring, khi da cho z„ ham g cam sinh mot phan phtS co dieu 
kien cua Vi ma ta ky hieu la F(T tt „ z,). Quit trinh ngdu nhien jz,} la qua 
trinh Markov vdi ham chuyen H(z’,z) , plz lt , < z' | z, = z} (1.62). Luong von 
hien vat giam gia vdi toe do t. Bai toan cua cong ty la: 


maxEo^p'd-x.Jq,, 0 < p < 1 

t-0 


(1.63) 


Vdi rang buoc q t + x t < f(k,) (1<64) 

k t+1 < (1 - 5)k, + x, , k 0 cho trade, 0 < 5 < 1 (1.65) 
Gia stir rang f(k) tang, lorn va bi chan. 

7.2. Mo hinh toi tfu dong cua doc quyen 

Ta se xem xet mo hinh co dien cua Evans ve mot cong ty doc quyen 

mot trong nhGng dng dung sdm nhaT cua phep tfnh hien phan vao kinh tc 
hoc. 


7.2,1. Ham lefi nhudn dong 

Xet mot cong ty doc quyen san xuat mot sin pham ddn nhat vdi ham 
tong chi phi co dang bac hai: 


C-aQ 2 + pQ + y (a, (3, y > 0) ( 1. 66 ) 

. Vl kh ° ng x6t d6n t6n kho - dSu ™ (san lupng) Q luon luon dupe gan 
bang lupng cau. Vi vSy, ta se sd dung mot ky hieu Q(t) de ky hieu ca lupng 
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cung va cau. Lifdng cau dUdc gia dinh la khong chi phu thuoe vao gia P(t) 
ma con vao toe do thay doi gia P(t): 

Q = a ~ bP(t) + hP’(t) (a, b > 0; h*0) (1.67) 

Nhu v&y, ldi nhuan cua cong ty la: 

n = PQ ~ C 

= P (a - bP + hF) - a (a-bP + hP? - p (a - bP + bP) - y (1.68) 

Do la mot ham cua P va P*. Khai trien bieu thtic tren va nhom cac so" 
hang, ta co ham ldi nhuan dong: 

7r(P, P’) = - b(l + ab)P 2 + (a + 2aab + pb)P 

' ah 2 F 2 -h(2aa + p)P’ + h(l + 2ab)PP’ 

- (Cta 2 + Pa + y) (ham ldi nhuan) (1.69) 

7 . 2 . 2 . Mo hinh 

Muc tieu cua cong ty la tim quy dao toi Uu cua gia P lam cue dai tong 
)di nhuan II tren mot thdi ky htfu han [0,T]. Thdi ky nay dUdc gia dinh la 
dii ngSn de ly giai cho gia thiet ve cac ham cau va chi phi co" dinh, cung nhu 
sU v&ng mat nhan to chiet khau. Ngoai ra, nhu each tiep can thti nhat doi 
v 6 i bai toan, ca gia ban diu P 0 va gia cuoi P x dildc gia dinh la da cho. 

Do do muc tieu cua cong ty doc quyen la: 

Cue dai n[P]=£n(P,P')dt ( 1 . 70 ) 

v 6 i rang buoc P(0) = P 0 (P 0 cho trUdc) (1.71) 

va P(T) = P T (T, P T cho trUdc) (1.72) 

VIII. MO HlNH LLTA CHON GlffA LAM PHAT VA THAT NGHIEP 

Chdng benh kinh te cua ca lam phat l&n that nghiep deu gay ra 
nhting ton that xa hoi. Khi ton tai mot su lua chon Phillips giUa hai chung 
benh nay, to hdp tot nhat cua lam phat va that nghiep theo thdi gian la gi? 
Co the tim cau tra ldi cho cau hoi nay khong. Trong muc nay, ta trinh bay 
mot sU bieu dien ddn gian ciia bai toan nhu vay. Trong bieu diln nay, bien 
that nghiep khong dude dUa vao; de thay the, no dUdc xfifp xi bdi (Y f - Y) tdc 
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la su thieu hut cua thu nh&p quoc dan hien thrt, v 

nhan cong Y, cua no. ' thdl Y S ° Vdl “>*" dung 

8.1. Ham ton that xa hoi 

= (Y f -Y ) 2 +ap 2 (a > 0 ) (1 73) 

« T h l'‘ ? * ,,th - “■»«»«. *» * ,h,t 

-jkxxs ,::r * ■» - - * **. - 

p «r “ - - * » -• ~- 

P = P(Yf - Y) + 7T (P > 0) (174) 

Tml w * k * -** 

d7C l •/ 

'¥J = J( P^> (0< i sl ) (1.75) 

(ehttn^Jr ^ 4 “ PhSt ^ P Vm qU& t6 ’ C d$ P hSt fc y vong Jt 

Z2 "i* ;? “T" ***• “ ■' »*•»* ■« ** «. mi, L; 

8 * I... t« 1? I.m ph.l ttec p rt „ Sn8 lh(p 
Jt < o va 7t ductc dieu chtnh xuo'ng. ' * ' g ’ 

Hat phucrng trinh cuoi cung hop lai cho ta: 

r=|imV > ,..,9 

Co the sap xep (1.76) lai thanh; 

-x’ 


Yf - Y = 


Pj 


Tit (1.75) ta co: 


(1.77) 
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7 T 1 

P = —- f K 

j 


(1.78) 


'Yii do ta c6 the bieu thi ham ton that hoan loan theo 7T va 7t' nhu sau: 



2 

■ , \ 

TT 


TC’ 


+ a 

— + X 

vPjy 


V .1 ) 


(ham ton that) 


(1-79) 


8.2. Mo hinh 

Bai toan dat ta doi vdi ehfnh phu la t,im quy dao (dUdng di) toi Uu cua 
7 T lam cUc tieu tong ton that xa hoi tren khoang thdi gian [0,T]. Gia tri hien 
thdi cua 71 dUdc oho tai 7t 0 , va gia tri cuoi cua 71, mot muc tieu chinh sach, 
dude gia dinh la bang 0. Thtia nhan t&m quan trong cua hien thdi so vdi 
tUdng lai. tat ca cac ton that dude chie’t khau ve gia tri hien tai cua no qua 
he so"chiet khau p duong. 

Khi do, muc tieu cua nha hoach dinh chinh sach la giai bai toan sau: 


C\lc tieiu 

A[n]=J X 

(Ti, 7 c')e pf dt 

(1.80) 

vdi rang buoc 

o 

If 

o 

(7t 0 > 0 cho trUdc) 

(1.81) 

va 

7I(T) = 0 

(T cho trtfdc) 

(1.82) 


IX . VAN b£ M6l TRUONG 

9.1. Kinh te hoc ve cac tai nguyen co the can kiet 

Khi ban ve cac ham san xuat, cac dau vao thtfdng khong dUdc xem la 
co the’ can kiet. Tren thuc te, mot so' tai nguyen nhat dinh - nhu dau va 
khoang san lai khong phai nhu the. Khi sd dung mot tai nguyen nhu vay, 
neu khong kham pha ra nhfing mo mdi hoac cac nguon thay the, can phai 
tinh den kha nang can kiet. Viec lam the nao de khai thac tai nguyen mot 
each tot nhat qua thdi gian la mot van de co tinh xa hoi quan trong. 

9.2. Mo hinh Hotelling ve khai thac toi ifu tren giac do xa hoi 

Harold Hotelling da neu ta khai niem “gia tri xa hoi” cua mot tai 
nguyen co the can kiet diidc sd dung de danh gia mot chUdng trinh khai 
thac no. Neu gia P cua tai nguyen la quan he ngUdc vdi lddng cau, nhu 
minh hoa trong Hinh 1.6 thi tong gia tri xa hoi cua mot dau ra Q {) dddc do 
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btii dien ti'ch mien to clam difdi ctudng cong, hay ti'ch phnn j ^ P{(Q)dO. (} 

day P(Q) In don gin ma xa hoi sail sang trh cho mot don vi lai nguven khi 
luting can cua no la (J. 



Hinh 1.6 

Do tim gin tri xa hoi rang, ta trif tong gia tri xa hoi cho chi phi khai 
that: C(Q). Cho mifc san luting Q bat ky, gia tri xa hoi rang cua no la: 

N(Q) - | Q I’«})c!C}-C(Q) (1.83) 

Cia sii rang tong du trOf tai nguven t:o the can kiet do la S,„ ta co hai 
to an tim qua trinh khai thac Q(t) de 

Cue dai V = j" N(Q)o »*dt (1.84) 

vdi rang buot.: j' Qdt = S„ . (1.85) 

Ro rang, day la mot bai toan dang chu. Bdi vi gia thiot ham gia tri xa 
hoi rung hi chan tren la co Iv. non tich phnn suv rung t.rong phiem ham muc 
tieu phai hoi tu. 

9.3. Mo hinh cho chinh sach chong 6 nhiem 

Trong mo hinh Forster ve sii (lung nang lifting va chat lifting moi 
triftjng. 6 nhiem dime lay la mot bien lubng. Bien nay dime minh hoa hang 
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thf dy khi thai 6 to, ma no gay hai cho moi trudng vao luc hien thoi, nhung 
tan bien nhanh va khong tich luy thanh mot trd luong ton tai lau dai. 
Trong khi do cac loai 6 nhiim khac, nhu chlit thai phong xa va lam do ddu 
Ilia, cac chat gay 6 nhiem ton tai nhu mot trGf luong va san sinh nhdng anh 
hirdng keo dai. Viec mo hinh hoa 6 nhiem nhu mot bien kho cung dune 

korster xem xet. Mo hinh nay chda hai bien trang thai va hai bien dieu 
khien. 

9.3.1. Luang 6 nhiem 

I a sd dung ky hieu E de bieu thi ludng khai thac nhien lieu va sd 
dung nang ludng. Nhung P se ky hieu trd ludng (chd khong phhi luong) 6 
nhiem, vtfi P la luong. Viec sd dung nang lUdng sinh ra mot luong 6 nhiem. 
Neu khoi laong cua luong 6 nhilm ty le thuan vdi ludng nang ludng sd 
dung, thi ta co th6 viet P - aE, (a > 0). Cho A tuong trang cho mdc hoat 
dong chong 6 nhiem, va gia sd rang A co the lam giam trd laong 6 nhiem 
theo ty le. Khi do, ta cd P = -pA , (p > 0). Them nda, neu trd ludng 6 nhilm 

chiu su giam theo ham mu vdi toe dp 8 > 0, thi ta co P/P = _5, do do 
P = -5P. Ket hop cac nhan to anh hudng len P, ta co the viet 

P = oE-pA-6P (a,p > 0,0 < 5 < 1) (1.86) 

9.3.2. Trit luang nguon nang luting 

Viec trien khai cac hoat dong chong 6 nhiem A ban than no doi hoi sd 
dung nang ludng, Nghia la A gay nen mot ludng giam, truf ludng S nguon 
nang laong. Khi gia dinh mot quan he ty le gida A va, bang each chon don 
vi thich hop cho A, va vi S cung giam do sd dung nang luong trong cac hoat 
dong kinh te khac, chung ta cung se co the ket hop cac xem xet nav de di 
den dieu kien 

S = -A-E (1.87) 

9.3.3. Bai toan dieu khien 

Vi cac quan he trong (1.86) va (1.87) tUOng dug mo ta nhdng thay doi 
dong cua P va S, cac phuong trinh nay ro rang co the dung nha cac phudng 
trinh chuyen dong trong mo hinh nay. Khi do, mo hinh nay coi P {trd lUdug 
6 nhiem) va S (trd laong nhien lieu) nha cac bien trang thai. (1.86) va (1.87) 
cung cho thay rang E (sd dung nang luong) va A (cac hoat dong chong 6 
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nhiem) phai dong vai tro cac bien dieu kh,en trong phan tfch h,en tai. 

Ham ldi ich la: 

u = U[C(E), P] (u«. > 0. Up < 0 , u„. < o, U Pr , < 0, C' > o, C” < 0 ) (1.88) 

th] b *' toan toi itu dong co the phat bieu la 

Cucdai [' U[C(E), P) dt , . 

X) 1 am). 


P = «E - pA -8P 
S = -A - E 


P(0) = p <- > 0 PH 1 ) > 0 tu do (T cho trade) 
S<0) = S (1 > 0 S(T) >0 tu do 
va f: 0 < A < A 


' v * wl ^ x,ul (1.89). 

Vdi rang buoc P = aE-pA- 8 P (1 f)0 

S = -A-E 0.91), 

P(0,= P < I >0 IVT) a tl tu do (T cho trade) (1 92) 

S{0) = S„ > 0 SOT) > 0 tu do ,, ..... 

(1-93), 

va f: 0 < A < A 

(1 . 94 ). 

Co hai khia canh cua bai toan nay dang binh luftn. Thu nhat, trong 
kh, cac gift tri dftu cua P va S la co dinh va theft gian cu 6 i T cOng co dinh 
cac g,a tr, cuoi cua ca trfl lUdng 6 nhilm P Iftn tru luong ngudn nang luong 
S de tv do. chi chin rang buoc khong am. D,ftu do co nghla la co mot dating 
cuo! thang dilng cut dol vdi P va mot dudng cuol thftng dUng cut khac do! 
VO, S. Thu hai, ca ha, b,en dieu khiln E va A bi gidi han trong cac mien 
d,eu khien tudng Ung cua chung. fiol v 6 i E, mien dieu khi^n la [0 «) Va doi 
vu, A. nuen d,eu khitm la [0, A). 3 day A ky hieu mdc chap nhan dude cUc 
da, cua cac hoa, dong chong 6 nhilm. Vi nhflng can nhftc ve ngan sach va 
cac nhan to khac co the ngan khong cho thoo duo, viec lam sach mo, tracing 
mot each khong co gift, han, gia th,et ve' mot can tren A khong phai la 
khong co ly Vi, no phi, hop vdi thuc te cua mgi ne'n kinh te. 

X. CAC VAN DE CHUNG 


10.1. Mo hinh can bftng td’ng quat dong trong n§n kinh te phi tap 
trung vefi nhieu thue va lam phat 

10.1.1. Khu vUc ho gia dinh 

Chung ta gia thiet cac ho gia dinh co the' gpp thanh mot gia dinh Ion 
(don V, phUc hop), Muc tieu cua don vi phurc hop nay la chon eftu tieu dung 
cung lao dong va luong t,en <S do ho gia dinh cUc dai ham ldi Ich gida cac 
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thdi ky: 


J U(c:JMil' 1 . gkr'Nit. I:,>(). U|<0, U„>0 

11 

Vcii rang buor 

<■•+ bl! + m‘ { + b'j +s IV 1 =wP+r,V +r. 1 b..: l -[)*(b, ,l +bi; l +m , ')+isE <i -T K (1.96) 

Dieu kicu dfiu 

R : (0) =U,. M(0>“M n , B,,(())= Ik,,. K(0)=E n (1.97) 

irons’: do c la ke hoach tieu dung thuc cua ho gia dinh. 

1 la cung lao dong di i kien cua lu) gia dinh. 
m' 1 = M l /p la cau can doi tien danh nghia. 

M la hieing tien danh nghia, 

P la gia danh nghia cua dau ra. 

g la chi turn thuc cua chinh phu. dude coi la ngoai sinh. 
b„“la c&u thuc trai phieu cua chinh phu. 

B,, la lUdng trai phieu danh nghia cua chinh phu, 
b,/ 1 la can thUc cua trai phieu cua cong t.y. 

B |( la lifting trai phieu danh nghia cua cong ty, 

E la so"car co ph&n chua tra. 

s la gia tifcfng doi cua co phieu thudng theo d&u ra hicn thefi, 
i = D/sK = sufit thu loi co the. 

I) la co tuc thuc, co phan tIlife, 

«K‘ ! la can thuc co phieu t hitting, 
w la tien lifting thuc, 

!**■ la ty It; lot tuc danh nghia tien trai phieu chinh phu, 
r,, la tv lc Idi tuc danh nghia tren trai phieu cong ty, 
p* la ty lc lam phat nhnt t.hdi dU do an dude. 
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1 1 , la thue thu nhap tron dAu ngudi 

P la he so chiet khau theo thdi gian. 

10.1.2. Khu vUc eong ty 

Liru v rang khu vue eong ty "dilo'c nit” ra bdi one ho gia dinh then 
nghia la quyet dinh toi ifu cua eae ho gia dinh xac dinh chi phi thick hop 
cua von cua cue eong ty. 

Nhu vay trade khi hai toan toi Uu cua eong ty c6 the thanh lap dudi 
dang hien va giai, cAn phai giai hai toan to Uu cho ho gia dinh. 

(^Ac rang buck? doi vdi eong tv co the tom tht nhu sau: 


y > =F(k*M ,i ) 

(1.08), 

n=r-wi ii 

(1.99), 

n=r,,b |1 '*+ D + RE + T r 

(1.100). 

k" =RE+ sE s + bj - , + p*b' ( . 

(1.101). 

k(0) =k, t , E(0)=E„, B J) (0)=B l . 

(1.102), 


trong do: 

l 1 la cAu thue ve lao dong cua eong ty. 
k' 1 la eau thue eho von hien vat cua eong ty. 
y" la cung drill ra thac, 

11 la tong Idi nhuan thac, 

b,;' la cung thac cua trai phieu cua eong ty, 

K” la so co phieu thu'dng duck; eong ty phat hanh. 

RE la Idi nhuan giU lai,. 

T r la thue Idi nhuan (prafit tax) cua eong ty. 

PhUcmg trinh (1.98) miou ta ham san xunt. tan co die’n. PhUdng trinh 

(1.99) cho djnh nghia tong Icli nhuan then so hang thac. PhUdng trinh 

(1.100) - miou ta plum phdi tong !di nhuan. Sau khi tra t hue thu nhap eong 
ty, no co the sd dung de tra Idi the cho ngudi gia trai phieu eong ty, dude sii 
dung de tra Idi tdc co phan hoac lam idi nhuan giut lai cho eong ty. Phitdng 
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trinh (1.101) bieu thi rang buoc tai chinh cua cong ty. 

P*V la doanh doanh thu tren trai phieu tif nhan doi vdi hang. Cuoi 
cung, phudng trinh (1.102) chi dinh dieu kien dau tren ludng von, so' cac co 
phieu do cac co dong n&m giuf va lUdng trai phieu cong ty. 

Ta dinh nghia gia tri cua chting khoan cua cong ty do co dong nam giuf 
d thdi diem t la 


V(t) = b,,(t) +s(t)E(t) (1.103). 

Ta cung gia thiet r£ng muc tieu cua cong ty la cue dai gia thi trUcJng 
t.huc ban dau cua chting khoan V(0) vdi rang buoc (t.98)-(1.102) va cac dieu 
kien toi Uu cho cac ho gia dinh. 

10.1.3. Khu vUc chinh phu 

Gia sU Chinh phu cung cap hang hoa va dich vu thuc g tit ngan sach la 
thue thuc nhan dude hoac phat hanh mot so trai phieu. Rang buoc ngan 
sach dude mieu ta theo so hang thuc nhu sau: 

m s + b® =g+r x b/-T h -T r (m h -b K *)p* (1.104), 

trong do s la cung co ke hoach cua chinh phu. PhUcfng trinh tren dinh nghia 
thieu hut thuc rong ma dude tai trd hoac bb'i tang trong cung tien hoac bdi 
tang trong khoi htdng trai phieu thuc te cua chinh phu. 

Su lua chon giiia 2 kha nang nay hoac cac kha nang khac bieiu thi 
quyet dinh chinh sach ma ta phai chi dinh de dong mo hinh. 

Cuoi cung chung ta chi djnh ham thue T h .T f nhu sau: 

Ti:= T v (wI s +r s b/+r tl b; ! +isP: <) )+ x,{ s +sp*)E ( 1 .105) 

T f= 0<x v <1; 0<T r <1: o <x„ < 1 (1.106) 

trong do, tat ca cac cau true thue duoc gia dinh la tuyen tinh. Theo (1.105) 
thu nhap tren dau ngufdi t\l ludng, Idi ttic trai phieu (trai tfle) va co’ tiic dude 
danh thue d cung ty le x y . Von danh nghia thu dude tren co phieu thUdng 
dude gia dinh la dude danh thue d ty le x,. ma noi chung khong b&ng x,. 
Trong h&u het cac nen kinh te x,. <x V) va di nhien, nhieu khi x ( =0. 

Quay lai thu§ thu nhap cong ty, tong Idi nhuan dUdc gia dinh dude 
danh thue d ty le r„. 
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10.2. Mo hinh vcfi cong nghe khong 16i - Mo hinh lao dong khong th<? 
phan chia dtfdc va chu ky kinh doanh (Hansen, G.D) 

Trong mo hinh nay ta xct hai nen kinh te: 

10.2.1. Mo hinh tang trudng ngdu nhien mot khu vuc vdi lao dong co 
the phan chia 

^ N6) kinh t§ ' dan S nghien ctfu duqc gia thiet gbm vo so'cong dan 
thuoc khoang [0,1], co tuoi tho vo han. Mo hinh co mot hang vdi cong nghe 
san xuat daqc bieu thi bang ham san xuat dang Cobb-Douglass 

f(A. t? k t ,h t )= >v t k t °h t ’■ 0 (1.107) 

trong do: 

h la lao dong, 
k, la von rich luy, 

\ la s6c ngi\u. nhien ma tuan theo qua trinh ng&u nhien se daqc mo ta 
6 ditdi. 

Cac cong dan daqc gia thiet la quan sat X t trade khi ra quyet dinh d 
thdi ky t. 

Gm thiet v$ cong ty daqc daa ra sao cho ddn gian. Cong nghe bid’u thi 
hieu qua khong doi theo quy mo. 

San laong cua cong ty san xua't daqc dem ban cho ho gia dinh de tieu 

diing 

((',.) hoac dflu ttf (i t ). sao cho cac rang buoc sau day phai dude thoa man: 

c t +i 1 <f(X t ,k c ,h l ) (1.108), 

Luat chuyen dong cua von daqc cho bdi 

k m =(l-6)k r +i t , 0<5<1 (1.109), 

trong do d la ty ie khau hao von. Khoi laqng von do ho gia dinh sd hdu va 
chuyen cho cong ty su dung. 

Sob cong nghe daqc gia dinh la tuan theo qua trinh Markov bac nhat, 
dac biet X tuan theo luat sau: 


Y^t +r 't+i 


(1-110), 
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trong do la cac bien ngnu nhien dor lap dong nhat vdi ha in phan phoi xiie 
suat la F vn vdi mot so doi hdi nhat. dinh nhif trung binh la trung binh 
khbng dieu kien cun /. la 1 . 

H(> gia dinh trong nen kinh tc nay muon cue dai gia tri ky vong 

« i Hxi;,,P , u(c li | t ).p € (o,D (1.111). 

(1 la thCta so chiet khau.c, va 1 , la tieu dung va nghi ngoi tUdng ting trong 
thdi ky t DAn vao san co difde chuan hoa bftng 1 do do 1, =l-h t . Ldi ich d thdi 
ky t dupe cho hdi ham: 

U(c t .l 1 )=logc,+Alogl, A>0 (1.112). 

Chung la da c 6 chi dinh day du sti Ua thich. edng nghe, cau true ngau 
nhien ciia nen kinh te ddn gian. 

Trong nen kinh tc nav. mdi thdi ky co 3 hang hoa dtirtc trao doi: hang 
hoa phuc hdp dau ra; lao dong, dioh vu va von ma c 6 t he xem chi co day cac 
thi trudng giao ngay. Cac ho gia dinh giai bai toan sau 

maxK£' ( J5' U(t\ ,1 - h,) (1.113). 

vdi rang buoc 

Ct+i^w.h.+^k, (1.114), 

cho truck: k,> va 

Cac ho gia dinh dupe gia thiet dita ra quyet dinh d thdi ky t dun tren 
tat ca cac thong tin co the co d thdi ky do. Chung ta cung gia thiet. ky vong 
la hdp ly. Vi gia thiet khong co anh hitdng ben ngoai nen toi Uu Pareto cung 
la can hang canh trailh trong nen kinh te nay. Vi cac ho gia dinh dUdc gia 
thiet la thuan nhat nen toi Uu Pareto co trong so bang nhau la ldi giai doi 
vdi bai toan cue dai phuc ldi xa hoi cun ngu'di dai dien vdi rang buoc cong 
nghe. Bai toan nav la nhif sau: 

maxKV; .jPUlc,,! h.) (1.115). 

Vdi rang buoc 1.114 va cac nhien ngau nhien doc lap dong nhat. Trang 
thai cua nen kinh te d thdi ky l dUdc mien ta hdi k r va X,. Bien quyet dinh la 
h c , c, va i„cho tru'do k,> va X,„ bai toan nay ditdc giai bang ky thuat quy hoach 
dong. 
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10.2.2. Nen kinh te vdi lao dong khong phdn chia ditdc 


Bny gib ta gia thiet lao dong khong phan chia dupe va bo sung gia 
thiet nay vao mo hinh tren. Lao dong khong the phan chia dupe, dupe mo 
hinh hoa bang rang buoc cua tap kha nang tieu dung sao cho moi ngitui 
hoac lam viec het thdi gian, ky hicu h.,. hoac khong phai lam viec het thdi 
gian. Dieu nay dim den tap kha nang tieu dung khong loi, Hansen da sU 
mot dung p hitting phap mu ong goi la "lottery" de bien bai to an vdi cong 
nghe khong loi thanh cong nghe loi sao cho co the ap dung plntting phap cua 
quv hoach dong. 


XI. TIEN BO CONG NGHE NGOAI SINH VA NOI SINH 


Mo hinh tang Muting toi ttu tan co dien dh tliao loan cho mol trang 
thai on dinh mn trong do tieu dung iron dim ngifdi. c. gitif khong doi d mite 
c . khong de lai hy vong nao ve sti cni thien them trong mtic song trung 
hinh. Nguyen nhan dan den viec an dinh edng mite tieu dung dau ngUtii la 
ban chat tlnh cua ham san xuat Y = Y(K,L), trong do K la von-L la lao dong, 
con Y la dau ra (san luting) elude san xuat.. Vi cung mot cong nghe san xuat 
dutic glut nguven vdi inpi t. khong co su dich chuyen theo thdi gian nao len 
phi'a trim co the xay ra. Toy nhien. khi cho pliep co tien bp ve cong nghe, l a 
co the de dang gd bo gidi ban tieu dung trim dau ngtidi. 

11.1. Cac ham san xuat dong 

Du'di dang tong quat bain san xuat dong, co the viet. 

Y-Y(K,L.t) (Y. > 0) (1.1 J 6) 

Dau duong cua Y, chi ra rang co xay ra tien bo ve cong nghe. nhu'ng no 
khong dun ra mot. giai thich nao ve tien bp do dien ra the nao. Nhu vav. 
bieu dien nay co tho dupe dung chi doi vdi tien bo cong nghe ngoai sinh. Mot 
each khac do viet mot ham san xuat dong la dua vao ham .san xuat sau: 

Y - Y(K,L,A) (Y A >0) (1.117) 

trong do A = A(t) bieu t hi trang thai ky xao. vdi dA/dt > 0. 

Uu diem cua (1.117) so vdi (1.116) la d cho. vdi mot bien A du’di dang 
bien, bay gib ta cd the hoac de A nhu' mot bien ngoai sinh hoac lam cho no 
tni thanh noi sinh bang each quv dinh A dupe xac dinh trong mo hinh nhu 
the nao. 
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11.2. Tien bo cong nghe ngoai sinh trung tinh 

Tien bo ky thuat diidc goi la “trung tinh” khi no de cho mot bien kinh 
te nao do khong bi anh hifdng trong mot hoan canh se dtfdc quy dinh. Noi 
rieng, tien bo cong nghe la trung tinh kieU Hicks neu no de cho ty le thay 
the ky thuat bien (MRTS = MPP L /MPP K ) khong thay doi tai cung mot ty le 
K/L. Nghia la, neu giti cho K/L khong doi va xem xet MRTS trifdc va sau 
tien bo cong nghe, thi hai MRTS trung nhau. D§ nftm bat tinh chat nay, ta 
co the stf dung dang dac biet sau day cua (1.117): 

Y = Aft) Y(K,L) [trung tinh kieu Hicks] (1.118 ) 

d day Y{K,L) la thu&n nhat tuyen tinh. Ly do de bien A khong anh htfbng 
den ty le cua cac san pham bien cua K va L la no nim ngoai bicu thiic 
Y(K,L). 

Trai lai, tien bo cong nghe la trung tinh kieu Harrod neu no de cho ty 
le dau ra -von (Y/K) khong thay doi tai cung mot MPP K . Dang dac biet cua 
(1.117) the hien tinh chat nay la 

Y = Y[K, A(t)L] [trung tinh ki6u Harrod] (1.119), 

O day Y la tuyen tinh thuan nhat theo K va A(t)L. Vi Aft) chi dUdc ghn 
vao L. Khi xem xet each ma A(t) va L ket hop vdi nhau, ta co the coi cong 
nghe va lao dong la nhflng cai hoan toan thay the ditdc cho nhau trong qua 
trinh san xuat. Chinh viec A hoan toan tach vdi bien K giai thich vi sao ty 
so Y/K khong bi anh hudng tai cung mot mile MPP K khi tien bo cong nghe 
xay ra. 

Kieu trung tinh thti ba, trung tinh kieu Solow, la anh phan chieu cua 
trung tinh kieu Harrod, vdi vai tro K va L thay doi cho nhau. Khi do ham co 
the dufoc viet la 

Y = Y (Aft)K, L] [trung tinh kieu Solow] (1.120) 

b day, Y la thudn nhat tuyen tinh theo AK va L. 

11.3. Tang trtfdng toi ifu tan co dien vofi tien bo cong nghe trung 

tinh kieu Harrod 

Trong cac mo hinh tang triicing vdi tien bo cong nghe ngoai sinh, 
thubng gia dinh kieu trung tinh Harrod. Ly do chinh cho sU pho thong cua 
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kieu trung tfnh Harrod la no phu hop mot each hoan hao vdi khai mem 
trang thai on dinh; no co the mang lai mot can bang dong trong do Y va K 
CO the tang an nhip vdi nhau. Them nOa. tien bo cong nghe kieu Harrod 
khong din den mot su phtic tap them nao khi phan tich so vdi trtfdng hop 
dung ham san xuat tinh. 

Ta hay dinh nghia lao dong hieu qua, la 

n=AL (1.121) 

Khi do ham san xuat (1.119) trcf thanh 


Y = Y(K,n) (1.122) 

Gia sii ta coi lao dong hieu qua q (chd khong phai lao dong tU nhien 
L) nhu la bien dau vao lao dong lien quan thi (1.122) co the dUdc xii ly toan 
hoc dung nhu mot ham san xuat tinh, mac du goc gac cua no - (1.119) - V e 

ban chat thuc sU la dong. Vdi gia thiet thudn nhat tuyen tinh, ta co the viet 
lai (1.122) nhu sau: 


d day 


y., = <Kk n ) 

Y 

y» - — va 


k 


( 1 . 122 ) 


PhUdng trinh chuyen dong doi vdi k^, bien trang thai mdi, ta 


co 


k n = <Kk n )-c n -(a + n + 5)k, 


d day c„ 3 —, 


a = • 


A 


L 

va ns™. 

L 


va 


il A 

Do do, bai toan dieu khien toi Uu la 
C^cdai [ / U(c ll )e- rt dt 

Vdi rang buoc k„ = tfk,,)-^ -(a +n + S)k n 

k n (0) = k^ 

0 < < Mk^] 


(1.123), 


(1.124) 

(1.125) 

(1.126) 
(1.127) 


11.4. Tien bo cong nghe noi sinh 

Tien bo cong nghe ngoai sinh c6 gia tri ldn do tinh ddn gian, tuy nhien 
no khong giai thich can nguyen cua tien bo cong nghe. De kh&c phuc nhUdc 


4-TUHO 
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diem nay, e&n noi sinh hoa tien bo cong nghe. Vao nhflng nam I960, cac 
nha kinh te da nghien ctiu ly lu&n ciia su tao thanh kien thiic. Thi du, mo 
hinh “hoc thong qua lam” noi tieng cua Kenneth Arrow coi tong dau ttf nhu 
thifdc do cua khoi lUOng “lam”, ma no mang lai ket qua “hoc” (tien bo cong 
nghe). Mot thi du khac, mot mo hinh cua Karl Shell, ma bay gib ta se thao 
luan van tat, cho tich luy kien thtic phu thuoc mot each hien vao liidng 
nguon ltfc danh cho hoat dong sang che. 

Ham san xuAt trong mo hinh Shell, 

Y(t) = Y|K(t), Ut), A(t)] (1.128) 

giemg nhu (1.117). nhvfng bay gib bien A(t) ( ky hieu hrpng kien thde tich 
luy). la mau thay ddi cu the da cho 

A(t) fwi(t)Y(t.) JU(t) (0 < a < 1. 0 < a < 1,(1 > 0) (1.129) 

trong do a la he so thanh cong trong nghien eUu, a(t) ky hieu ty le dau ra 
dufa vao hoat dong sang che ini thbi gian t. va p la toe do mai mot cua kien 
thde ky thuat. Trong nhCfng nguon hie con lai, mot phan se diipc tiet kiem 
(va fliiOe (bln to'). Nhif vay. hien K(t) thay doi qua thbi gian t.heo 

K(t) - s(t.)[l - u(t)|Y(t)-6K(t) (1.130). 

trong do s ky hien khuynh hitting tiet kiem va 8 ky hieu ty le hao mbn. De 
tap trung chu y vao tich luy kien thifr va von. La gia dinh rftng L la h&ng so, 
va (bang each chon diin vi) dat no hang 1. 

Trong nen kinh to phi tap trung hoa, dong liie hoc tich luy co the tim 
dime tir he p hitting trinh (1.129) va (1.130) cua hai bien A va K. Mat khac. 
neu ehinh (|iiyen union ciic dai loi ich xfi hoi thi nay sinh biii toan dieu 
khicn toi u'u 


(hie dai 

J' U[(l - s)(l -- ot)Y]c J>t dt 

(1-131), 

Vtii rang hope 

A - mi Y(K, A) -- fJA 

(1.132), 


K M u)Y(K.A) <SK 

(1.133). 


va 


A(0) = A, 


K(0) = K, 


(1.134). 
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Ham lay ti'ch phan trong phie'm ham muc lieu co the trong khung 
quen. nhdng no chi la mot each khac M bie'u thj U(C)c Pt. boi vi C la pbfin 
eon la, cun Y sau khi true efi phhn dtfa vio hoat dong sang ehe va ttch luy 


von: 


va s. 


C-Y - a Y - s(l - a) Y= (1 - S) (1 - a) Y (1.13b), 

Bai loan nay chfia hai bie'n trang that A va K va hai bien dilu khie'n a 
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CHWONOU 

PHEP TINH BIEN PHflN Vfl 
tiNG DUNG TRONG KINH TE 

A. BAI TOAN CO BAN CUA PHEP TINH BIEN PHAN 

Chung ta se bat dau nghien cilu phep tmh bien phan vdi bai toan 
cd ban: 

Cue dai hay ci ic tieu V[y] = ^F[t,y(t),y , (t)]dt (2.1) 

vdi rang buoc y(0) = A (A cho trudc) (2.2) 

va y(T) = Z (T, Z cho trUdc) (2.3) 

trong do y’(t) = —. 

dt 

Cac bai toan cUc dai va cUc tieu khac nhau 6 cac dieu kien cap hai, 
nhUng chung co chung dieu kien cap mot. 

Nhiem vu cua phep tmh bien phan la tit mot tap hop cac dudng di 
(hay quy dqo) chap nhan dUdc y, chon mot dudng di mang lai cUc tri cho 
Vfy]. Vi phep tmh bien phan dUa tren cac phUdng phap co dien sti dung cac 
dao ham cap mot va cap hai, ta se gidi han tap hdp cac dudng di chap nhan 
dUOc trong cac dudng lien tuc vdi cac dao ham lien tuc. Mot dudng di y trdn 
mang lai cUc tri (cUc dai hoac cUc tieu) cua Vfy] dude goi la dudng cUc tri 
hoac quy dao cUc tri. Chung ta cung se gia dinh rang ham dudi dau tlch 
phan F la kha vi hai lan. 

CUc tri cua Vfy] co the la tuyet doi (toan cue) hoac tUdng doi (dia 
phUdng). Phep tinh bien phan dUa tren phUdng phap co dien, co the giai 
trUc tiep chi vdi dudng cUc tri tUdng doi, nghia la no chi dong vai tro cUc tri 
so vdi cac dudng di y ngay “d lan c&n” cua no. 
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Hinh 2.1 


I. PHL/CJNG TRiNH EULER 

Dieu kien can cftp mot cd ban trong phep tinh bien phan la phiiting 
trinh Euler. Phtfdng trinh nay dtfdc phat hien ra tC t nam 1744, den nay no 
van con la ket qua quan trong nhtft trong nganh toan hoc. Tren Hinh 2.1, 
cho dtfdng di lien net y*(t) la mot dtfdng ctfc tri da biet. Ta hay tim tinh ch&t 
cua no ma cac dtfdng lan c&n (khong ctfc tri) khong co. Tinh chat nhtf vky se 
la mot dieu kien can doi vdi dtfdng ctfc tri. De lam viec do, ta can mot ho cac 
dtfdng di lan c&n de so sanh, ma theo chi dinh trong (2.1)-(2.3), phai di qua 
cac diem mut (0,A) va (T,Z) da cho. Mot each ddn gian de san sinh ra ho 
dtfdng di lai\ ckn nhtf vay la sit dung mot dtfdng cong p(t) goi la dtfdng xao 
do n g> dtfdc chon tuy y vdi dieu kien la no trdn va di qua cac diem 0 va T 
tren true hoanh trong Hinh 2.1, de cho: 

P(0) — p(T) = 0 (2.4) 

Ta chon de minh hoa mot dtfdng cong vdi cac gia tri p ttfdng doi nho 
va cac do doc nho. Bkng each them 6p(t) vao y*(t), cl day e la mot so nho, va 
thay doi do 16n cua £, ta co the! lam xao dong dtfdng di y*(t), chuyen no tdi 
cac vi tri lan can khac nhau, bang each do tao ra cac dtfdng di lan c&n mong 
muon. Cac dtfdng di nay co the ky hieu mot each tong quat la: 

y(t) = y*(t) + £p(t) (keo theo y’(t) = y*’(t) + Ep’(t)) (2.5) 
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vdi tfnh chat la: khi £ —> 0, y(t) —> y*(t). De tranh phtic tap, trong Hinh 2.1 
chi' ve mot trong cac dating di lan can nay. 

Sa kien ca y*(t) lan p(t) la cac dating cong da cho co nghia la moi gia 
tri cua £ se xac djnh mot quy dao (dating di) y 6 lan can, va mot gia tri V[y]. 
Do do, thay vi eoi V la mol phiem ham cua dating di y, bay giti ta co the coi 
no nhu mot ham so cua bien £-V(£). Su thay doi trong each nhin nay tao 
clieu kien cho ta ap dung cac phudng phap tim cUc tri co dien quen thuoc 
doi vdi ham V - V(£). Vi dating cong y*(t) tUdng ting vdi £ = 0 , ta phai co: 

dVl 


Vay dV/d£ - 0 la dieu kien ckn doi vdi dudng cue tri y*(t). 

Tuy nhien, dieu kien (2.6) khong thuan tien cho tfnh loan. 

1 . 1 . Phtftfng phap tim phtftfng trinh Euler 

Thu tuc tim phudng trinh Euler trai qua mot so btidc sau: 

Butic I. Bieu diln V theo £ roi lay dao ham cua no. The y(t) trong 
(2.1) bang y* + sp taco: 




y * (t) + ep(t),y*' (t) + ep' (t) 

v 1 V " * ^ 

y(t) 


y(t) 


dt 


(2.7) 


Theo quy tdc Leibniz, Ltfy dao ham qua dau tfch phan ta dude 2 : 
dV 
de 

-| T [F y p(t) + F,. p’(t)]dt 



cF dy 

+ *Fdyl 

■!» CE A 

y dy de 

dy' de J 


( 2 . 8 ) 


Tach tich phan cuoi cung thanh hai tfch phan rieng re, va dat 
dV/de - 0, ta thu dude dieu kien can doi vdi dating cue tri y* nhu sau: 

f FyP(t)dt + ^F y ,p'(t)dt=0 (2.9) 


’ Cac ph6p tfnh d?0 hfim ’ tfch P h3n tfch phan phu thuoc tham so'xem phu luc 
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Dieu kien can nay khong con bien tuy y S nhifng van con ditdng cong 
xao dong p(t) va dao ham p (t) cua no. De lam cho dieu kien e&n hoan toan 
lien loi, ta con phai khii p(t) va p’(t). 

Bifdc II. Lay tich phan tifng phan tich phan thd hai trong (2.9), bhng 
each sit dung cong thiic: 

-b 

udu <2.10) 

Dat v = Fy» va u = p(t), ta co: 



. dv , 
dv = — dt 
dt 

dF . 

v dt 
dt 

(2.11) 

va 

du - — dt 
dt 

“ p’(t)dt 

(2.12) 


The cac bmu thitc nay vac (2.10), vdi a = 0 va b = T ta dtfdc: 

fF v .p , (t)dt«[F v .p(t)j l - f p(t)~F v . dt = ~ fp(t) — F v .dt (2.13) 
Jl 1o dt Ji dt 



Bcfi vi, theo gia thiet, so hang tliuf nhat b ve phai dan bang thd nhat 
phai bang khong. The (2.9) vao (2,13) ta di den: 


f p(t) L F '^ K '- 


d_ 

dt 


dt =0 


(2.14) 


Btfdc III. Mac du p*(t) khong co mat trong (2.14) ntia, nhifng p(t) tuy 

y thi v&n con. Tuy nhien, chfnh bcfi vi p(t) la tuy y, ta co the ket lu&n ring 
dieu kien (2.14) co the thoa man chi’ oeu bieu thiic trong ngoac vuong [Fy 

dFy’/dt] triet lieu vdi moi gia tri cua t tren cue tri; neu khong, tich phan nav 

co the khong bang 0 doi vdi inot diidng cong xao dong p(t) chap nhan difdc 
nao do. Do do, dieu kien can doi vdi ode tri la: 

F y -~ F y =0 vdi moi t € [0, T] (phifdng trinh Kuler) (2.15) 

Ldu y rftng phifrtng trinh Kuler hoan loan khong chit a cac bieu thiic 
tuy y, va nhif vay co the ap dung ngav khi cho ham F(t,y,y’) kha vi. 

Phu'Ong trinh Kuler doi khi cung difdc bieu diln difbi dang: 

JX dt Fy- (2.16) 


i 
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Chuong II. Phe p tlnh bien phSn vd una dung trona kinh te 

do la ket'qua cua phdp tfch phan (2.15) theo t. 

Biidc IV. Co the lhm ro hdn Ban ch&'t cua phUdng trlnh Euler (2.15) 
khi ta khai tnen dao ham dF y ./dt thanh dang hidn. Vi F la ham cua ba d6'i 
so (t.y.y’), dao hdm rieng F y . cung phai la mot ham cua cung ba doi so' do. 
Do do, dao ham toan phSn dFy/dt gdm ba so hang: 

tjFy' dF y . dy 3F y . dy' 

dt = a + "^T¥ + l^ r dr =F ^ +F ^ y ' (t)+F yyy”( t ) (2J7 > 

The bieu thdc nay vao (2.15), nhan ta't ca vdi -1 va sfip xe'p lai ta thu 
dude dang hien cua phUdng trinh Euler: 


Fyy y "(t) + F yy , y' (t) + F ty . - F y =0 vdi moi t e [0,T] 

_ _____ (phUdng trinh Euler) ( 2.18) 

Dang khai tnen nhy to ro rang phUdng trinh Euler noi chung la mot 
phUdng trinh vi phan phi tuye'n cap hai. Nghiem tdng quat ciia no do do se 
chda hai hdng so tuy y. Vi bai toan cua chung ta trong (2.1)-(2.3) co hai dieu 
kten bien (mot d4u vh mot cuoi), ta c6 du thong tin de xac dinh hai hang so 
tuy y va thu dude ldi giai xac dinh. 

1.2. Thi du 


Thi du 1: Tim cue tri cua phiem ham: 

T 

V[y] = min Jy ‘ 2 (t)dt 

o 

Vdi dieu kien y(0) = 0, y(T) = B 

Trong bai toan nay, ham dudi dau tich phan la F(t, y, y') = y * Nhu 
vay, F,. - 2 y', F yv = 2 , F y = 0 va cac dao ham clip hai khac deu bang khong. 

Theo phuong trinh Euler (2.18) F, y y" + F„,y- + F„. - F y = 0 ta dUdc: 

0 = 2y" (t), tuong dUdng vdi y"(t) = 0. Tich phan sinh ra y'(t) = c„ trong 
do Cj la hang so tich phan. Tich phan lai mot Mn nUa ta co y(t) = c,t + c 2 , 
trong do c, cung la hlng so tich phan. Hing so tich phan thfi hai dUdc xac 

dmh til dieu kien bien vdi t = 0 va t = T, cho ta dieu kien ma c, va c 2 phai 
thoa man. 
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y (0) = 0 = c 2 , y(T) = B = Cl T + c 2 

Giai cac phuong trinh trgn ta thu dude c, = B/T, c 2 = 0; do do ldi giai 
ciia phudng trinh Euler vdi dieu kien bien la: 

y(t) = Bt/T, 0 <t<T 

Thi du 2: Tim cUc tri cua phiem ham: 

V[y]- {{[y'(t)] 2 +ioty(t)jdt 
0 

v6i rang buoc y(0) = 1, y(i) = 2 

Vi F{t, y, y') = y' 2 + 10 ty, chung ta co F v = lOt, F v , = 2 y’ va dF ./dt = 
2y”; 

Nhu vay phudng trinh Euler la lOt = 2y" hoac: 
y H (t) = 5t * L ^y tich P^an phudng trinh vi phan nay ta dude: 

y'(t) = 5t 2 /2 + Cl 
y(t) = 5t 8 /6 + qt + c 2 

trong do e, va c, la cac hang so tich phan md co the tim ditto nhd sd dung 
dieu kien bien: 

y<0) = 1 = c 2 , y(l) = 2 = 5/6 + Cl + c 2 
Giai he phudng trinh nay ta tim dude c 2 =l; c,=l/6. VSy ta co: 

y(t) = 5t 3 /6 + t/6 + 1 
Thi du 3: Tim cUc tri ciia phiem ham: 

V[y] = jjty'(t)+(y'(t)) 2 ]dt 

»l) 

Vdi dieu kien y(t 0 ) = 0; y(t,) = y, , 
trong do t 0 , t u y 0 , va y! la cac tham so da cho. 

Ham so dudi dau tich phan co dang F(t, y, y') = ty’ + y' 2 suy ra F y = 0 va 

F 5 ~ t + 2 y'» dF y /dt = 0, dieu nay co nghla la t + 2 y’(t) = c lt vdi Cl la hang 
so. Tich phan phudng trinh nay ta dude y(t) = c 2 + c x t/2 - t 2 /4. 
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Chuvng II. Phep tinh bien phan va ting dung trong kin h te 

Hang so tich phan phai thoa man cap phiidng trinh sau: 
y(t 0 ) = y«=ca + c t t y /2- tJ/4 

yO't) = Yi = C 2 + ^t/2 - tf /4 . 

Thi du 4: Tim cUc tri cua phiem ham: 

V[y]= |(t + y“ -3y')dt 

vdi cac dicu kien bien y(0) = 0 va y(5) = 3. 

Vi F = t + y 2 + 3y’ t ta co: 

F y = 2y va F y » = 3 

Theo (2.18) ta co the viet phUdng trinh Euler la 2y = 0, vdi nghiem: 

y*(t) - 0 

Tuy nhien, lUu y rang mac du nghiem nay hop vdi dicu kien dAu 
y(0) - 0, no vi pham dieu kien cudi y(5) = 3. Nhu vay, ta phai ket luan rang 
trong tap cac dubng cong lien tuc ma ta coi la chap nhan dude, khong ton 
tai cue tri nao. 

Thi du nay kha ly thu bdi vi no dung di minh hoa rAng mot so" bai 
toan bien phan vdi diem cudi da cho co the: khong co nghiem. Dac biet hdn. 
no gdi stf chu y vao mot trong hai ket qua khac thUdng co the nay sinh khi 
ham dtfdi ddu tfch phan la tuyen tfnh theo y’. Mot ket qua, nhu minh hoa 
trong Thi du 4, la khong ton tai nghiem nao. Mot kha nang khac, dude chi 
ra trong Thi du 5, la trudng hop phudng trinh Euler la mot dong nhat thtie, 
va vi no tU dong thoa man, bat cd quy dao (dUdng di) chap nhAn dUdc nao 
cung la toi Uu. 

Thi du 5: Tim cUc tri cua phiem ham: 

V[v] = j’ y dt 

vdi cac dieu kien bien y(0) - a va y(t) = p. 

Vdi F = y\ ta co: 

F y = 0 F y -= 1 va --- F y . =0 
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TOf IfU HOA DONG TRQNG PHAN TICH KINH TE 


Suy ra ling phudng trinh Euler (2.18) luon luon thoa man. Trong thf 
du nay, ro rang la tit phep tfch phan true tie'p ta dUdc: 


v [yl=[y(t)] 


= y(T)-y(0) = 3 - a 


Gm tri cua V chi phu thuoc vao cac trang thai dau va 
thuoc dudng di noi hai diem dau mut da cho. 


cuoi, khong phu 


Ly do la kin F tuyen t.'nh theo y, F, la mot hUng < va F vV = 0, nen so 
h ang thri nha't trong phUdng trinh Euler (2.18) triet tieu. Khi do phudng 
trmh Euler khong con la phudng trinh vi phan cap hai, va se khong cho ha. 
hang so tuy y trong nghiem td'ng quat cua no dl ta co during di (quy dao) 
theo their gran vao cac die'u kien bien da cho. Do do, trit phi dudng d. nghiem 
d. qua cac diem mut nhd su tning khdp ngdu nhien, no khong the? la mot 
cue tn. Hoan canh duy nha't ma mot bai toan nhu vay cd Lhd dam bao co 

mot nghiem (vdr F tuyen tinh theo yva vdi cac diem dau mut codinh) cung 
la khi K-0, ma no, cung vdi sU k.en la F,. = hing so' (ham y dF y ./dt = 0), sc 

bien phudng trinh Euler (2.18) thanh ddng nha't thfle. 

II. MOT SO TRUONG HOP DAC BIET 


Chung ta da vict phiem ham muc tieu d dang tong quat 
V[ yl = f F(t ’ y- y"> dt - t™ng do ham lay tfch phan F co ba do. so t, y, va y’, 

dor v6i mot so'bai loan, ham ltfy tfch phan co the' khong chda ttt ca ba dor 
so. Dor vdr cac trUdng hdp dac brgt nhd vay, ta cd the' rut ra cac dang dac 

bret cua phtfdng tr inh Euler ma no thudng (m$c du khong luon luon) to ra 
la de giai hein. 


2.1. Tru'dng htfp 1: F =* F(t, y’) 

F = [M 2 ° 19 ) trUdnE h<?P d@C b '^ nAy ’ him F kh6n S chlla bi6 'n y, keo theo 

Vi vay, phudng trinh Euler cd dang dF y >/dt = 0, vdi nghiem 
F y ’ = hang so 

Thi du 1: Tim cue tri cua phiem ham: 

v [ y ]= jW + v ,2 )dt 


( 2 . 20 ) 
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Chuvng It. PhSp tfnh biSh phan va img dung trong kinh te 


Vcii cac dieu kien bien y(0) = y(l) = 1. 

Vi: F = ty' + y’ 2 va F y ’ = t + 2y’ 

(2.20) cho ta t + 2y’(t) = hang so", hoac: 

y'( t )=- 2 t+c i 

Lay tfch phan trilc tiep, ta thu dtfdc: 

y * (t) = — ^ t 2 +c,t + c 2 (nghiem tong quat) 

4 

Vdi cac dieu kien bien y(0) = y(l) = 1, dl dang thak lai ring c, = ^ va 

4 

c< 2 =1 . Do do, cUc tri la diidng blic hai 

y *(t) = - 1 1 2 + 1 1+1 (nghiem dac biet) 

4 4 

2.2. Trufcfng hdp 2: F = F(y, y’) 

Vi F trong trddng hdp nay khong phu thuoc vao t, ta co F ty , = 0, nen 
phuong trinh Euler (2.18) ddn gian la: 

F yy y”(t) + F yy y(t)-F y =0 

Giai phtfdng trinh nay khong de, nhiing n£"u ta nhan ca hai ve vdi y’, 
bieu thde ben ve trai trong phudng trinh mbi thu dtfdc se la d(y’F y . - F)/dt, 
vi: 

= F y , y'' + y'(F yy .y' + F yy y") -(F y y' + F y .y'') 

= y' (Fyy'y' + F y . y .y"-F y ) 

Do do, phiidng trinh Euler la d(y'F y ,-F)/dt = 0, vdi nghiem 
y’F v . - F = h&ng so", hay cung vay: 

F - y' F y . = hdng so" (2.21) 

Ket qua nay - phifdng trinh Euler ddn gian da tich phan mot l&n - la 
mot phUdng trinh vi phan clip mot ma trong mot so" trifdng hdp co the de 
giai hdn so vdi phUdng trinh Euler nguyen goc . 
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2.3. Trirtng hdp 3: F = F(y’) 

Khi ham F chi phu thuoc y’, nhieu dao ham trong (2.18) se bien mat, 
ke ca Fy'yi F yr > va F y . Thiic te, chi con lai so" hang thiil nhat, do do phUdng 

trinh Euler trd thanh: 

Fyy y”(t) = o (2.22) 

De thoa man phUdng trinh nay, ta phai co hoac y”(t) = 0 hoac F yy . = 0. 
Neu y”(t) = 0, thi ro rang y’(t) - C! va y(t) - c x t + c 2) ttic la nghiem tong quat 
la mot ho cac dUdng thang hai tham so" Mat khac, neu F yy = 0 thi F y . khong 
phu thuoc vao y’, ma F chi phu thuoc vao y\ F la mot ham cua chi rieng y’, 
nghiem cua F y y = 0 phai the hien nhu mot gia tri dac biet cua y’. Gia sik co 
mot nghiem thuc trd len y’ = k,, ta co the suy ra r&ng y = k^t + c, bieu thiic 
nay cung bieu thi mot ho dUdng thang. Do do, khi cho ham dudi d&u tlch 
phan chi phu thuoc rieng y’, ta luon luon co the lay cUc tri cua no la dUdng 
thang. 

Thi du 1: Tim cUc tri cua phiem ham: 

V[y]= j(l + y' 2 ) 1,a dt (2.23) 

vdi cac dieu kien bien y{0) ~ A va y(T) = Z. (2.24) 

Ham dudi dau tich phan F = (1 + y’ 2 ) 1 ' 2 chi phu thuoc rieng y’. Do do ta 
co the ket luan ngay rang cUc tri la dudng thang. NhUng neu ta muon xem 
xet trUdng hdp rieng nay mot each tUdng minh b&ng phUdng trinh Euler, ta 
co the sd dung (2.18). Vdi Fy = 0, phUdng trinh Euler ddn gian la dF y -/dt = 0, 
va nghiem cua no la F v » = h&ng so" Tti su kien F y . = yV(l + y’ 2 ) 1 '*, ta co the 
viet (sau khi lay binh phUdng) 

l + y' 

TU do ta co th§ bieu dien y’ qua c la: y’ 2 = c 2 /l - c 2 . TUdng dUdng vdi: 

y'=( C , V / 2 = hang so' 

(l-c 2 ) 

Vi y’(t), do doc cua y(t), la h&ng so", cUc tri mong muon y*(t) phai la 
dUdng thang. 
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Churng II. Ph6p tinh bien ph an va ting dung trong kinh te 

No, mot each chat che, ta mfli chi tin, thay mot “cUc tri” ma no co the' 

la cue da, hoac cue tie'u phiem ham da cho. Tuy nh,en. mot each true quan 

day la ba, toan tin, khoang each giua 2 diem da cho nen ta thay ro rang 

rang khoang each giUa hai di^m da cho qua thuc duoc cue t,e'u chr, khong 

cue da,, bo, Vi khong the' nao co “khoang each dai nhaV gifla hai diem da 
cho. 

2.4. Trtfofng hofp 4: F = F(t, y) 

Trong tritong hdp dac biet nay, doi so y’ khong co trong ham F. Vi 
bay gid ta co F y . = 0, phtfdng trinh Euler nit gon ddn gian ve F y = 0, hay: 

F y (t,y) = 0 

Su kien dao ham y' khong xuat hien trong phuong trinh nay nghia la 
phuflng trinh Euler khong phai la mot phUrtng trinh vi phan. Bai loan suy 
b,en. Vi trong ngh,em cua no khong co hhng so tuy y nao phai xac dinh theo 
cae dieu k,en bien da cho, cue tri eo the’ khong thoa man cac dieu kien bien 
trtf tritong hop do trung hdp nghu nhien. 

Tinh huong nay rat gan gui vdi trudng hop trong do ham F la tuyen 
tinh theo doi so y\ Ly do la ham F(t,y) co the’ xen, nhu mot trudng hop dac 
biet cua F(t,y,y’) vdi y’ than, gia vao qua so hang cong Oy’vdi he so'bang 0. 
Nhu vay, F(t,y) la “tuyen tinh” theo y’ theo mot nghia dac bigt. 

2.5. Tracing hdp 5 F tuyen tinh theo y: F = A(t, y) + B(t, y)y’ ( 2 . 25 ) 

Phuong trinh Euler la A,+ B v y' = B, + B v y', nghia la A v (t, y) = R,(t y ) 

khong co phuong trinh vi phan. Phuong trinh nay co the’ xem la ham in cua 

y theo t. Neu ngh,em y(t) cua no thoa man digu kien bien thi no co the’ la lo, 
giai toi tfu. 

Trudng hdp nay la thf du ve phttong trinh Euler la dong nhat, thoa 
man doi vdi tap hdp ba't ky 4 gia tri t, y, y', y". Ta hay xel mot so'thi du sau: 

Thj du 3 : Tim cue tri cua phiem ham: 

V[y] = fV(t)dt. 
vdi rang buoc y(t„) = y () , 


y(ti) = yj 
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TCHyu HOAOQNG TRONG PHAN TICH KJNH TE 


Vi F - y', nen F, - 0 va F, = 1, phudng trinh Euler la 0 = 0, luon luon 
thoa man. Bleu thflc dudi da'u tfch phan la vi phan loan phan, do do: 

|jy'(t)dt = y(t,)- y(t t) ) = y, -y (l 

veil ham kha vi bat ky. Gia tri cua tlch phan chi phu thuoc vao dieu kien 
cuoi va khong phu thuoc vao quy dao noi cac diem cuoi. 

Thl d¥ 4: Gia sd chl ^ hi Clia c6n S ty la tuyen tmh (bi6u thtic dutfi dau 
tfch phan). Tim cUc tieu cua phiem ham: 

min | r [c,y'(t)+c 2 y(t)]dt 

vdi rang buoc y(0) = 0, y(T) = B 
Trong do: 

B la cau ve lifting san pham cua cong ty trong thdi ky T, 
y(t) la ltfdng hang ton kho d thdi gian t, 
y - dy/dt la ty le thay doi hang ton kho theo thdi gian, 

C] la chi phi hfu kho cua mot don vi hang ton kho, 

C-y la chi phf san xuat mot don vi san pham, 

Tong chi phf cua cong ty a then gian t btft ky la c,(t)y'(t) + c 2 y(t). 

Ro rang rang: F v = c 2 va F v . = c,, phuong trinh Euler la c 2 - 0. Difiu 
nay ngfaia la khong c6 ke hoach san xutft to. Uu neu co chi phf thuc hien 
diiong (c., > 0) va mot ke hoach chap nhan dupe bat ky la toi Uu neu chi phi 
thuc hien b5ng khong. Cu the’ la: 

Ne\> chi phi san xutft mot don vi la hing stf thl tong chi phi san xuat B 
don vi la c t B bat chap bieu thdi gian: 

, V' (t)dt = c, [y (T)- y(o)]~ c, B 

Ne'u chi phf thuc hien hang t<5n kho la khong thi ttft ca cac ke hoach 
san xuat co the co tot nhu nhau. Neu chi phf thuc hien ton kho la dirong, thi 
ngufng san xuat d thdi diem cuoi de giam tong chi phi tfch trQ. 

Thi du 5: Tim c\ic tri phiem ham: 
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Chuvng II. Ph6p firth biSn phan va utig dung trong kinh te 


f T 

^tyy’dt 

vdi rang buoc y(0) = 0, y(T) = B. 

Ta co F y = t y', F y . = ty. 

PhUdng trinh Euler la t y’= y + ty r hoac 0 = y, ma co thi thoa man chi 

neu: 


B = 0. 


De chutng mmh rfing bai toan khong co nghiem, tich phan titng ph£n 
b^ng each dat yy’ dt = du va t = u, do do y 2 /2 = v va dt = du. Thi: 


J^tyy'dt= *(b 2 T-jVdtj<B 2 T/2. 


Can tren cua B 2 T/2 co the thuc hien dude chi bang each dat y(t) = 0, 
0<t<T. Ham nay thoa man phUdng trinh Euler nhung khong thoa man 

dieu kien bien (ngoai trif khi B = 0). Hien nhien, khong co ciic tieu; tich 
phan co the lam cho nho tuy y. 

Thi du 6: Tim ciic dai Idi nhuan co chiet khau: 

max I e " rt [p( t )f(K(t))-c(t)(K , + bK)]dt 

vdi rang buoc K(0) = Ko, K(T) = K T , 

Trong do: 

c(t) la chi phi ddn vi cua tong dau tU, 

p(t) la gia tren mot ddn vi dau ra (ham da cho cua thbi gian), 

K(t) la khol lUdng von san xuat, 
f(K) la d&u ra, va: 

K' + bK = I la tong dau tU (dau tU rong cong vdi khau hao). 

Tfnh F k = e rt [pf(K) - cb] va F K . = -e rt c. 

Phudng trinh Euler la: 


d [e rt c(t)] / dt = e' rt [p(t) f (K(t)) -c(t)bj 
De giai thich dieu nay , tich phan tren mot khoang thdi gian nho: 



e-o(t) - e"«-V(t + A ) = f 

** z k ^T: ;:: h ; ph ; ■?. r ™ a -> *■ - - * «* ^ 

th« ky [t . t + A ]. ¥ nhu4n biSn **= do von tren 

tu^ir” d "° da cw ra tr ° ng phu ° ng trsnh **» **»<* hoi 

K* (t) la tPf <K) ’ CbI = @ ^ ‘ C ' L d ° d6 qUy tic ** ^ ch ?" mdc von to) 

tri „h ■ cmphuong wnh " y kh6ng **^ 

III. HAI rdNG QUAT HOA COa PHl/ONG TRiNH EULER 

?="=~sS~E5 

3.1. Trifofng hop co mot vai bien trang thai 

«*** ” ^ “™“ *-* «* — « -K ha„ w 


V|y .>. 1 - v.y„,y'.y'„ )dt 


...y.-^i.y’n )3t ( 2 . 26 ) 

“ u ,i “ -« - - -I* „ 

Mot ctfc tri bi't kv v*-(t) = i j- 1 

. . , , , ' y y > { )> U 1 »~*> n )- th eo dinh nghia, phai mane lai 

zzzsza* “ r - v * * 11 -~-««"> • ji 

“ "" S * c >” P h “ “” h •« vifc moi Ifc thay dSi m mSt him 

P » tan chi php th«« „p M „ thi4 „ y (l) „ h „ ,y „ 

ye rtftfng <?p bien trang thai ddn. Do do, phifdng trinh Euler (2 15) vln 
Ph„ d„* thoa „* «, ki#n t< „. v4i k „ n „ „ 


S-TUHO 
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Chutmg //. Ph6p t(nh bi£n phan va ring dung trong kinh te 


y thanh yi de phan anh bai toan mdi. Hdn nda, thu tuc nay co the dildc sd 
dung mot each tildng til de thay doi cac ham y, khac, moi lan mot ham, de 
tao ra cac phildng trinh Euler khac. Nhtf vay, doi v6i trildng hdp n bien 
trang thai, phildng trinh Euler ddn (2.15), phai dildc thay bang t&p hdp n 
phildng trinh Euler dong thdi: 

F„ - d F . =0 vdi moi te [0, T] (j = 1,2,...,n) (2.27) 
■' dt Y) 


(cac phildng trinh Euler) 


n phildng trinh nay cung vdi cac dieu kien bien se cho ta xac dinh cac 
nghidm y*,(t),...,y* n (t). 

Mac du (2.27) la mot sil tong quat hoa trilc tiep cua phildng trinh 
Euler (2.15) - bang viec thay ky hieu y bdi yj - thu tuc nay khong the' ap 
dung de tong quat hoa (2.18). De thay tai sao khong, ta hay gia sU trong bai 
toan mdi cua chung ta chi co hai bien trang thai y va z. Khi do ham F se la 
ham co 5 doi so, F(t,y,z,y’,z’), va cac dao ham rieng F y > va F z > cung vay. Do 
do, dao ham toan phan cua F y >(t,y,z,y\z’) theo t se chda 5 so hang: 


; F v . (t, y, z.y’, z’) = F ty , + F vv .y- (t) + F zV z' (t) + F vV y’' (t) + F, y Z’ 1 (t) 
dt 

vdi mot bieu thde 5 so hang tildng til doi vdi dF z >/dt. Nhil vky, dang md rong 
cua cac phildng trinh Euler dong thdi tildng ling vdi (2.18) trong phiic tap 
hdn nhieu so vdi (2.18): 

F yV y”(t) + F z yZ"{t) + F vy .y"(t) + F„.z'(t) + F ty . - F y =0 (2.28.1) 

F } . v y"(t) + F zV z"(t) + F,,,.y'(t) + F zz .z'(t) + F tI . -F z =0 (2.28.2) 


vdi moi t£ [0, T] 


Thi du 1: Tim cilc tri cua: 

V[y,z]= | T (y + z + y’ 2 +z’ 2 )dt 


Til ham dtfdi dtfu tich phan ta thay r£ng: 

Fy = 1 F y ’ = 2y’ F z =l F z ’ = 2z’ 

Nhil vay, theo (2.27) ta co hai phildng trinh Euler dong thdi: 
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1 * 2y” - 0 hay 
1 - 2z ’ — 0 hay 
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y"= 


z ,( = 


Cung co the thu dtfdc cung ketqua nay tH (2.28). 

Lay ti'ch phan, phuong trinh thfl nta't cho ta y' = 1 1 + c ,, va vi vSy, 

2 


c\ic tri cua y la: 


y*(t)= J t 2 + c ,t+c 2 
4 1 


Tudng tu, cite tri cua z la: 

z * (t)- t 2 + c 3 t+ c 4 

4 J 4 

Bon hang so tuy y (c,. c 4 ) c6 the' xac dinh qua boh dieu kien bien 

lien quan vdi y<0), z(0), y(T), z(T), 

3.2. Tnritng hcfp cac dao ham bac cao htfn 

Hay xet mot phiemham chua cac dao ham bac cao cua y(t). Mot each 
tong quat, dieu nay co the vi§t 

V[ y ] = | T p ( t >y ,y- >y " ; ... ) y(») ) dt (229) 

y i co mat nhieu dao ham, trong trudng hop nay cac dieu kien bien 
phai quy djnh cac gia tri diu va cuoi khbng nhdng cua y ma ca cua cac dao 

d^ kl| :° d6n ^ ba ° g6m * d? ° ““ ^ -- ** 2n 

^ De giai quyet truong hop nay, diu tien ta nhan xet ring ham F vdi 

bien trang thai don y va cac dao ham cua y den cap „ co the' bien do', thanh 

mot dang tuong duong chda n bien trang thai va chi cac dao hhm cip mot 

cua no.No, each khac, ph,em ham trong (2.29) co the’ bien do’, thanh dang 

trong (2.26). Do do, cac phuong trinh Euler (2.27) hoac (2.28) lai c6 thlap 

dung^ Hon ntfa, phep bien do’i noi tren co thl cung tu dong tinh cho cac die'u 
kien bien. 

Thi du 2: Bi£n doi phiem ham: 
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Chuvng U. Phep tmh bien phan va ting dung trona kinh te 

V[y]“ J(ty 2 + yyVy" 2 )dt 

vai c * c di§ ' u kl ? n bifin y(0) = a, y(T) - Z, y’(0) - a, y’(T) = p, hay bicn d6’i 
phiem ham nay thanh dang (2.26). 

De thitc hien ditdc nhiem vu nay, ta chi phai diia vao mot bien mdi: 

? ‘ s y’ (keo theo z’ = y”) 

Khi do ta co the viet lai ham ditdi dau tfch phan la: 

F = ty“ + yy’ + y" 2 = ty 2 + yz + z’ 2 

Ham nay bay gid chtfa hai bien trang thai y va z, khong co dao ham 
cao hdn cap mot. Thay F mdi vao phiem ham so bien phiem ham tren ve 
dang (2.26), 


Con cac dieu kien bien tin sao? Doi vdi bien trang thai y, cac dieu kien 
y(0) = A va y(T) = Z co the’ giii nguyen. Hai dieu kien kia doi vdi y’ co the 
tnic ticp viet lai nhit cac dieu kien doi vdi bien trang thai mdi z: z(0) = a va 
z(T) - p. Dieu nay da hoan tat phcp bien doi. 

Khi da cho phiem ham (2.29), cung co the giai quyet no mot each trite 
tiep thay vi bien doi no thanh dang (2.26). Bing mot thu tuc titdng tit nhit 
thu tuc sit dung trong dan xuat ra phifdng trinh Euler, mot dieu kien can 
doi vdi cite tri co the' ditdc tim thay doi vdi (2.29). Dieu kien nay, goi la 
phifdng trinh Euler-Poisson, la: 




dt 


dt 


d 11 

dt n 


F, 01 =0 


(2.30) 


vdi moi t G [0,T] (phitdng trinh Euler-Poisson) 

Phudng trinh nay noi chung la mot phitdng trinh vi phan c&p 2n. Nhu 
vay nghiem eda no se chtia 2n hang so tuy y co the ditdc xac dinh thong qua 
2 n dieu kien bien 3 .. 


Thi du 3 : Tim cite tri cua phiem ham trong Thi du 2. 
Vita co: 


1 Xem phu luc 


Fy - 2ty + y’ F y - = y F y » - 2y : 


(2.31) 
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phitang trinh Euler la: 

2ty + y ~ dt +d dt^ = ° hay 2t y+2y (4, =o (2.32) 

do la mot phucfng trinh vi phan cap bon 4 . 

IV. MOT SO CIMG DUNG KINH TE c0a PHUONG TRiNH EULER 

Bay gid ta hay xem xet cac ting dung kinh te cua phiidng trinh Euler 
doi vdi mot so mo hinh kinh te ma ta da trinh bay d chUdng I. 

4.1. Mo hinh toi du dong cua cong ty doc quyen - mo hinh cua 
Evans 

Xet bai toan toi tfu dong cua cong ty doc quyen da trinh bay d chUdng 
I. Bai toan do co dang sau: 

4.1.1. Mo hinh 


Cue dai n[PJ=|\(P,P’)dt 

vdi rang buoc P(0) = P 0 (P 0 cho trtfdc) 

P(T) = P T ( T, P T cho trude) 

4.1,2. Quy dao toi Uu cua gid 


(2.33) 

(2.34) 


De tim phudng trinh Euler chung ta phai thay the 7t cho F, va P cho 
y. Tti ham ldi nhu&n da xet a chudng I d! dang thay rhng: 

% = - 2b (1 + ctb) P + (a + 2aab + pb) + h (1 + 2ab) F 
TCp» = - 2ah 2 P- h (2aa + p) + h (1 + 2ab) P 

n ?P- = ■ 2ah“ Ttpp. = h (1 + 2ab) 7t c p, = 0 

Bieu thufc nay bien (2.19) - sau khi chuan hoa - thanh dang dac biet: 
Ml + ctb) p__ a + 2aab + pb 
ah 2 2ah* 

(phudng trinh Euler) (2.35) 


4 Cach giai xem phan phu Juc 
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Chuongji Phez tfnh bien phan v& Qng dyne, trong kinh t£ 

Day la mot phuong trinh vi phan tuyen tmh cap hat vdi cac he so' 
hang so va mot so hang hang so', d dang tong quat: 

y” + a, y’ + a 2 y = a a 

Nghiem tong quat cila no co dang la: 

y(t) = A,e t ' 1 +A 2 e r2t + y 

6 day, cac nghiem dac trdng r, va r 2 lay cac gia tri: 

r ' ,r s ~ 2 (~ a ’ ± \/a"i'-4a 2 j 
va tich phan dac biet (tich phan rieng) y la: 


— 3 - 3 

y=— 


Nhit vay do! vdi phudng trinh Euler cua mo hinh hign thdi 0 day a, = 
0), ta co: * 


trong do 
v4 


P*(t) = A 1 e r,t +A 2 e r 


rj,r 2 = ± 


b(l + ab) 


ah^ 


p_ a + 2aab + pb 
2b(l + ab) 


+ P 

(cac nghiem dSc trtfng) 
(nghiem dac biet) 


(2.36) 


Ltfu y rang hai nghiem die trdng ]& thde va phan biet dudi nhfing chi 
dinh ddu cua chiing ta. Hdn nfla, chung chinh xac chi khac nhau ve' dfl'u. Do 

do ta co the ky hidu r la gia tri tuyet do! chung cua hai nghiem va viet lai 
mi giai la: 


P * (t) - Aje' 1 + A 2 e rt + P (nghiem tong quat) (2.36’) 

Hai h4ng SO' tuy y A, vk A 2 trong (2.36’) co the’ dttdc xac dinh thong 

qua cac dieu k.en bien P(0) = P 0 va P(T) = P T . Khi ta dat lin lddt t = 0 va 

t " T tr ° ng {2 36) ' ta nh ? n dll dc hai phitong trinh d6ng thdi cua hai bien A, 
va A 2 : 

Pu = Aj + A 2 + P 
P T = A,e rT + A 2 e“ rT + P 
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Vdi cac gia tri nghiem: 

a Po-P-(P T -P)e rT 

Al " rv* 

» P„-P-(P T -P)e- rT 

Viec xac dinh hai hSng so" nay hoan tat viec giai bai toan, doi vdi toan 
bo dudng di cua gia, P*(t) bay gid ddde chi dinh qua cac tham so" da biet T, 
P 0 , P T , a, (3, y, a, b va h. Trong cac tham so' nay, tat ca tri* h deu da chi dinh 
dau. Nhtfng vi tham so h tham gia vao ldi giai (2.36 r ) chi qua r, va chi dudi 
dang so"hang binh phddng h 2 ta co the thay rang d&u dai so cua no se khong 
anh hudng len ket qua cua chung ta, mac du gia tri bang so cua no se co 
anh htfdng. 

Tai luc nay, ta chifa thi thao luan lieu quy dao (dtfdng di) ldi giai co 
thtfc s M lam ciic dai ldi nhuan (hay dung hdn la ctfc tieu). Khi gia dinh no 
qua la cvic dai, thi mot cau hoi thfch hdp la: Ta co the noi gi ve cau hinh 
tong quat cua difdng di cua gia (2.36’)? Khong may thay, khong the co co 
cau tra ldi ddn gian nao. N§u P T > P 0 , gia cua cong ty ddc quyen co thi tang 
toi Uu mot each on dinh trong khoang [0, T] tif P 0 den P T hoac no co th£ phai 
hdi ha xuong trtfdc khi tang den mtic P T d cuoi ky, tuy thuoc cac gia tri 
tham so. Trong trUdng hdp ngddc lai P 0 > P T , dudng di gia toi Mu dtfdc dac 
trdng bdi tfnh khong xac dinh ttfdng td, 

4.1.3. Mot quan diem tong quat hOn cua bai toan 

Mo hinh cua Evans chi dinh mot hdm chi phi b&c hai va mot ham ciu 
tuyen tfnh. Trong mot nghien ctiu tong quat hdn ve bai toan doc quyen dong 
cua Tintner, cac ham nay khong dUdc chi dinh. Nhd v&y, ham ldi nhuan ddn 
gian dddc viet la 7 i(P,P’). Trong trinh bay tong quat nhd v&y, la cong thutc 
(2.21) (doi vdi trifdng hdp dac biet 2) co the dddc sd dung. No trdc tiep mang 
lai mot dieu kien can ddn gian: 

n-P'^=c (2.38) 

d?' 


(2.37.1) 

(2.37.2) 


va co the cho mot giai thfch kinh te ro rang. 



De th&y dieu nay, dau tien hay xet y nghia kinh te cua hling so c. Neu 
ldi nhu&n P khong phu thuoc vao toe do thay doi cua gia P’ - nghia 3a, neu 
ta xet bai toan doc quyen tinh nhi i mot trUdng hdp dac biet cua mo hinh 
dong - thi dn/dP’ = 0, va (2.38) rut gon ve n - c (ky hieu la n s . V£y, hang soc 
bieu thi ldi nhuan doc quyen tinh. Do do ta hay ky hieu no la 7 i s (chi so" s 
tUdng trung cho tinh ). Tiep theo, ta nhan xet rang, neu chia (2.38) cho K, so 
hang thet hai cf ve trai se la: 

_c* F 

<r;P’ 7T _E;lP ' 

No bieu thi do co gian rieng cua n theo F. Qua thuc, sau khi thtfc 
hien phep chia da neu, phtfdng trinh co the dUdc s&p xep lai thanh quy tic 
toi Uu: 

z*P'=l~ (2.38’) 

Quy tac nay noi r&ng c6ng ty doc quyen phai luon luon chon gia theo 
each sao cho do co gian cua ldi nhu&n theo toe do thay doi gia bang 1 - 

Ket qua het stic thu vi la: Neu ta so sank quy tac do co gian nay vdi 
quy tac do co gian doi vdi cong ty doc quyen tinh. Vi trong tritdng hap doc 
quyen tinh, ldi nhuan chi phu thuoc vao P, dieu kien cap mot doi vdi cite 
dai ldi nhuan ddn gian la dnjdP — 0. Neu ta nhan hai ve vdi Pi 7 ^ quy tac 
ditdc dien dat theo ngon ngit do co gian nhit sau: 8^ = 0. Nhit vay, trong 

khi cong ty doc quyen tinh phai theo doi do co gian cua ldi nhuan theo gia, 

ca va dat no bang 0, cong ty doc quyen dong phai theo doi do co gian cua ldi 
nhuan theo toe do thay doi gia va dat no bang l-n s i 7 t 

4.1.4 . Van de gia, ca cuoi 

Ta gia thiet r&ng gia ca cuoi P(T) la cho trtfdc. Tuy nhien, trong thtfc 
t§, cong ty co th£ kiem soat P(T) theo y minh m£c du thdi gian cuoi T da 
dUdc dinh trude. Neu vay cong ty se gap tinh huong diem cuoi bien doi, 
trong do dieu kien bien P(T) = P T phai dUdc thay bang mdt di£u kien hoanh 
thich hdp. 

4.2. Mo hinh ltfa chon giufa lam phat va that nghiep 

Trong muc nay ta se xem xet viec tim dieu kien can cho ldi giai cua 
bai toan Ida chon gifia lam phat va that nghiep da trinh bay d chudng I, 
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4.2.1, Mo hinh 

Mo hinh cua bai toan do la nhtf sau: 

Muc tieu cua nha hoach dinh chmh sach la: 

Cue tieu A[*]= £ X(n t n')e~ px dt (2.39) 

v 6 i rang buoc tu( 0 ) = 7 t w ( 7 r n cho trtfdc) (2.40) 

tc (T) = 0 (T cho trtfdc) (2.41) 

4.2.2, Quy dao nghiem 

Tren c.O set ham ton that da cho, ham difeti da'u tfch phan X(K,K)e n co 
cac dao ham c&p mot: 


F r = 2^ 7t'+a7T j 

e -pt 

(2.42) 

F -of , a ^ , 

M pv 

(2.43) 

va vdi cac dao ham cap hai: 



F - of ^ ^ a P 2 
* V P 2 J 2 , 

e' pt F ,= 2a e " pt 

J 

(2.44) 

- F,,=2p^“f 

ji’+ a 7i)e -pt 

J J 

(2.45) 


Do do, cong thfle (2.18) cho ta (sau kh. don gian hoa) dieu kien efin: 

71 ' P 71 " ~ 0 (phucing trinh Euler) (2.46) 

d day Q = a P 2 j(P + j) >() 

1 + ap’ 2 


Vi phi/dng trinh vi phan nay la thuan nhat, nghiem dac biet 
bang 0 , va nghiem t 6 ng quat cua no ddn gian la ham bu cua no: 


cua no 


7 T*(t)-A 1 e ri( ' +A 2 e rii (nghiem tong quat) (2.47) 
cJday rj, r 2 = ^ ± yfp* + 4Q j 
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Cpuvhg //. Phep tfnh bien phSn va tftig dung trong kinh te 


Cac nghiem dac trUng la thuc va phan biet. Hdn ntia, 
gia tri bang so Idn hdn p, ta biet ring: rj > 1 va r 2 < 0 


vi can b&c hai co 
(2.48) 



De xac dinh cac h&ng so' tuy y Aj va A 2 , ta lan lUdt dat t = 0 va t = T, 
va sii dung cac dieu kien bien de thu dUdc cap quan h§: 

Ai +A 2 =Tr 0 
A 1 e riT +A 2 e r2? =0 


Neu giai dong thbi, cac quan he n&y cho ta: 


Ai ~ 


P rrr _ p r 2 T 


A a = 


TTne 


r t T 


e r i T - e rsT 


(2.49) 


Do cac d£u cua r! va r 2 trong (2.48), nen ta co: 

A i < 0 A 2 > 0 (2.50) 

Tit thong tin ve dau trong (2.50) va (2.48), ta co the suy ra rang dudng 
di 7t*(t) phai theo c&u hinh tong quat trong Hinh 2.2. Vdi Aj am va r, dudng, 
thanh phbn Aje 1 * 1 cua dudng di nay noi len nhu hinh anh qua gufdng (qua 

true hoanh) cua dudng cong tang theo ham mu. Mat khac, thanh phan 
A 2 e r2 ‘ , vdi A 2 dudng va r 2 am, la dudng cong giam theo ham mu. Difdng di 
n*, tong cua hai dudng cong thanh phan, bkt dau tut diem (0,7T o ) - d day n 0 = 
Ai + A 2 - va giam on dinh ve phia diem (T,0), la dibm each hai dudng cong 




75 


TOI IfU HOA DQNG TRONG PHAN TICH KINH TE 

thanh phan theo phudng thang dying nh \i nhau. SU kien dudng di n* the 
hien mot sii bien dong on dinh cung co the dude kiem cluing tit dao ham 

7 i* , (t) = r 1 A 1 e r ‘ l + r 2 A 2 e* 1 < 0 

Khi da tim dUdc 7t*(t) va 7t*’(t), ta cung co the rut ra mot so' ket luan 
ve P va (Y f - Y). 

B. CAC DIEU KIEN HOANH DOI VCJl CAC BAI TOAN DIEM 
DAU MUT BIEN DO! 

PhUOng trinh Euler - dieu kien can cd ban trong phep ti'nh bien phan 
- thtfdng la mot phUdng trinh vi phan cap hai chtia hai hkng so tuy y. Doi 
vdi cac bai toan vdi cac diem dau va cuoi co dinh, hai dieu kien bien cung 
c£p du thong tin de xac dinh hai hSng so tuy y. Nhung neu diem diu hoac 
diem cuoi bien doi (chiu sU lua chon tuy y), thi mot didu kien bien se vSng 
mat. TrUdng hdp nhu vay se xay ra, chSng h^n neu cong ty doc quyd'n dong 
neu trong muc tren khdng chiu mot quy dinh nao ve gia tif ben ngoai tai 
thdi diem T, va co the’ giai quyet bang each lua chon P T nhu mot phan trong 
ca bai toan toi Uu. Trong trUdng hop nay, dieu kien bien P(T) = P T se dUdc 
thay bang di£u kien goi la dieu kien hoanh. Trong muc nay, ta se dua ra cac 
dieu kien hoanh thich hdp cho cac kiiu diem cuoi bien doi khac nhau. 

i. di£u ki£n hoAnh t6ng quAt 

De tien trinh bay, ta se gia thiSt rang chi diim cuoi 1 k bien doi. Khi ta 
bi§t each giai quySt vdi no, ky thuat nay de d&ng md rdng cho trUdng hdp 
diem ddu bien doi. 

1.1. Bai toan diem cuoi bien doi 

Muc tieu la: 


Cue dai (hay cue tieu) 

V[y]= jF(t,y,y')dt 

(2.51) 

vdi rang buoc 

< 

II 

o 

(A cho trUdc) 

(2.51’) 

va' 

y(T) - y T 

(T, Y T tu do) 

(2.51") 


Bai toan nay khac vdi bai toan trade d chd thdi gian cuoi T va trang 
thai cuoi y T bay gid la “tu do” theo nghia chiing trd thanh mot phan cua qua 
trinh lua chon toi Uu. Tuy nhien T chi nhan nhdng gia tri tu do dUdng. 
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Chuvng //. Phep tinh bien phan vd ting dung trong kinhte 


De di den cac dieu kien can doi vdi quy dao (during) cUc tri, cung nhU 
trade day, ta se dung during cong xao dong p(t), va bien £ de sinh ra nhdng 
during (quy dao) lan can nh^m so sanh vdi during cUc tri. D£iu tien, gia sit 
rang T* la thrii gian cuoi toi Uu da biet. Khi do bat ky gia tri nao cua T ri 
ngay lan can cua T* co the bieu thi la 


T = T* + e AT (2.52) 

ri day £ la mot so nho va AT bieu thi mot thay doi nho chon tuy y (va co 
dinh) cua T. Lifu y riing, vi T* da biet va AT dude chon trade, T xem nha 
mot ham cua £, T(e), vdi dao ham: 



(2.53) 


Cung e do dude sri dung cung vdi daring cong xao dong p(t) de sinh ra 
cac quy dao (daring) lan can cua cac tri y*(t): 


y(t) - y*(t) + e p(t) (suy ra y’(t) = y*’(t) + s p’(t)) (2.54) 

Bay giri daring cong p(t) vfai phai thoa man dieu kirin p(0) = 0, de buoc 
cac quy dao (daring) lan can di qua diem d£u co' dinh, dieu kien kia - p(t) = 
0 - bay giri can bo di, brii vi y T la ta do. Bang each thay (2.54) vao phiem 
ham Vfy], ta dUdc ham V(e) co dang: 


V(E) =f 


t, y * (t) + ep(t),y*’ (t) + Ep’ (t) 


y<i) 


y<t) 


dt (2.55) 


Bai toan cua chiing'ta la toi au ham V theo e. 


1.2. Phitofng phap xay dang dieu kien hoanh tong quat 

Dieu kien chn bac nhat doi vdi mot cac tri cua ham so" V(e) ddn gian la 
dV/ds - 0. Dao ham nay la dao ham toan phan tinh den ca anh haring true 
tiep cua e len V, cung nha anh haring gian tiep cua 8 len V qua girii han tren 
cua tfch phan T. 

Bade I. Lay dao ham cua tich phan (2.55) theo e : dV/dc 0 


5 Xem phu luc 
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dV Put dF 

-^-dt + F[T, y(T). y' (T)J- 


(2.56) 


Tfch phan b ve' phai rat giong vdi tich phan da gap trong ph^n ban ve' 
phddng trmh Euler. Tren thtfc te, nhieu phan trong qua trinh suy diln d&n 

den (2.14) van thich hop a day, vdi mot ngoai !e. Bieu thutc [F y .p(t)] T trong 

o 

(p 13) kh6 ^ g tr1 ^ 1 ti%u tron S toan hien tai, ma lay gia tri 

ll- y .p(t)Jr_ T =[F y .] tTTT p(T), vi ta da gia dinh rang p(0) = 0 nhifng p{T) * 0. Vdi 

sd sda doi nay doi vdi ket qua trudc day trong (2.14) ta co: 

So hang thii nhatlrong (2.56) = £ p ( t ) F y - — F„. dt + [f v . p(T) 

Theo (2.o3) ta rung co the viet so hang thii hai trong (2.56) = [f] uT AT 

Thay cac bieu thdc nay vao (2.56) , va dat dV/de = 0, ta thu dvidc dieu 
kien mdi: 

i p(t)F y “^ F v dt + [ F v],, T P(T) + [P] t , T AT=0 (2.57) 


Trong ba so hang trong ve trai cua (2.57), m6i so hang chiia phln tii 
tuy y doc lap rieng cua no: p(t) (toan bo dudng cong xao dong) trong so hang 
thuf nhat, p(T) (gia tri cuoi tren diiong cong xao dong) trong so hang thii hai, 
va AT (thay doi chon tuy y theo T) trong so hang thd ba. Nhii vay ta khong 
the dinh trade mot su bu tri hay tide ldpc nao gifla cac so hang. Do do, de 
thoa man dieu kien (2.57), moi mot trong ba so’hang phai dat bang 0. 

Khi so hang thii nh&’t trong (2.57) diide dat bang 0 ta dupe phiiflng 
trinh Euler quen thuoc nhu trong (2.15). Dieu nay noi len ring phitong 
trinh Euler vln co hieu luc nhii mot dieu kien cSn trong bai toan die'm d& u 
mut bien doi. Hai so hang kia, chi lien quan den thdi gian cuoi T, la ndi de 
chungta tim dieu kien hoanh. 





h * B f K f Um V1 ° C d6 ' *** h * ta tim thay bien tuy y p(T) 

S?“t “ " 4 “” h C5 ° “' h «™“* « v» W ,-**, a .y M J, 

len goc trong bai toan diem cuoi big'n doi Tvav f)i£n 'fU'-’i. 

th« i'b* S “ H r 2 3 D "“ E '° VAZ ' b “” di *" «»* *"«n el* 

, rssjsrr*- ~ “ ne *«“ ‘ m - * - **»bs„« 

- , 7 (0) _ 0> Chung co chlgu cao khac nhau tai t = T vi p(T) * 0 theo 

each xay dung duong cong xao dong. Dp Mn cua pCR, bie’u thi bing khoang 
each thang dung ZZ’, do ludng su thay * true t]dp trong ^ do 

ang lap NhUng v, T cung co the’ thay do', bang mot lueng e aT (= AT vi e - 
1), ddpn cong AZ> phai md rdn g den Z", n* u AT > 0. V « mot AT nho, t^ 

i a, nay trong y T C o the xap xi bdi y’(T)AT Vi vav ton? ,b A*- 
trong y T td diem Z den diem Z” la: g ay dm 

Ayr = p(T) + y’(T) AT. 

Sap xep lai quan he nay. ta bleu thi P {T) theo Ay T va AT: 

P(T) x Ay T - y’(T) AT 


(2.58) 
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Biicfc III. Si dung (2.58) de khii p(T) trong (2.57), va bo s6'hang thil 
nhat trong (2.57). cuo. cung ta di to. dieu k.en hoanh tong quit mong muon: 

[ F ~y F v , L T AT+[F y .] t=T Ay T =0 (2.59) 

, j D , ieU ki ' n n&y ' kh6ng &mlig nhu phuong trinh Euler, chi dat ra vdi 
mot d.em the g.an T. Tuy thuoc dang cu thi cua dudng thing hay dudng 

cong cum, dieu k.en tong quat (2.59)-c6 the’ viet dudi nhting dang dac biflt 
khac nhau. 1 

ii. cAc di£u ki$n hoAnh dAc bi$t 

Trong Muc nay, ta xet 5 lorn d.em cu 6'i b.en do’i: dudng cuoi thing 

ng. dudng thang cuo. nam ngang, dudng cong cu6i, dudng cuoi thing 
dung cut, va dudng thang cud*. nSm ngang cut. 

2.1. Dttfng cuoi thing dtfng (Bai toan tint thoi gian co djnh) 

Truong hop dudng cuoi thing dung, nhu mmh hoa trong Hinh 1.4a 
c lUdng , thi T co dinh, AT - 0, va so hang dau t.en trong (2.59) bi loai bo 

1 VI AyT lk tuy y c6 th « tri khac khong, each duy nha't de' 

lam cho so hang thd ha. trong (2.59) chic chin tr.et tieu la co F y . - 0 tai 
t = T. Dieu nay lam nay sinh dieu kien hoanh: 

I^VLt* 0 (2.60) 

ma doi khi no duac goi la dieu kifn bien tu nhien. 

2.2. Dhdng cuo'i aim ngang (Bai toan diem cuoi cung (mut cuoi) 
CO dinh) 

Do. vdi trudng hop dudng cuoi nftm ngang, nhu minh hoa trong Hinh 

b ChJtlng 1 S<? kl ? n hoim toan lai; bay gid ta co Ay T = 0 nhUng AT 

‘ 3 D ° d6 ' S ° th,i hai tron g (2 59) tU dong bie'n real, nhung so' 

hang thu nhat thi khong. Vi AT la tuy y, each duy nha't de’ so'hang thd nhat 

c ac chan tnet tieu la b.e'u thde trong ngoac vuong bing 0. Nhu vay, dieu 
kien hoanh la: 

[F-yp y .L T =»° 


( 2 . 61 ) 
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ChUVng //, Phep tfnh bien phin vd uftg dung trong kinh te 


Co le la co ich neu ta cho (2.60) vd (2.61) mot y nghia kinh te. Ta hay 
xem F(t,y,y f ) nhit ham Idi nhuan cua mot cong ty, trong do y bieu thi htdng 
von vd y‘ bieu thi ddu tit rong. Ddu tit rong lay di cac nguon htc tit cac hoat 
dong kinh doanh mang lai phan Idi nhuan di tao von nham tang Idi nhudn 
titdng lai. Vi vay, ton tai mot sit lita chon giita Idi nhuan hien tai vd Idi 
nhuan titdng lai. Tai thdi gian t bat ky, vdi mot htdng von y da cho, mot 
quyet dinh ddu tit cu the bieu thi btii y' 0 - se mang lai Idi nhuan hien tai 
F(t,y,y V- Anh hitting cua quyet dinh ddu tit len Idi nhuan titdng lai , the hien 
qua vai tro trung gian cua von. Toe do tick luy von la y' 0 ; neu ta co the 
chuyen doi anh hitting do thanh mot thittic do gia tri, thi ta co the cong no 
vao ham Idi nhuan hien tai F(t t y,y’o) de co hieu qua tong hdp ve Idi nhuan 
(hien tai cung nhit titdng lai) cua quyet dinh ddu tit. Gia tri quy doi (gia 
bong) cua mot ddn vi von doi vdi cong ty co the do btii dao ham F y . Bieu do 
co nghia la neu ta quyet dinh de lai them (khdng chia) mot ddn vi Idi nhuan 
ti thdi diem t, no se lam giam Idi nhuan an chia hien tai mot htdng bang F y 
ma titdng lai phai ditdc bii lai. Do do, quyet dinh ddu tit la y' - y' 0 thi hieu 
qua titdng lai quy doi vi Idi nhuan an chia hien tai phai la: y' 0 Fy^ vdi chu 

y rdng F y < 0. Nhit the, ti moi thdi diem t hieu qua tong hdp gom Idi nhuan 
hien tai vd titdng lai quy doi cua quyet dinh chon toe do ddu tit y' 0 la 
Ftijyoi-y’oFy'f 

Bieu kien hoanh (2.61) cho bai toan diem cuoi T tit do noi rang cong ty 
phai chon quy dao tich luy von y(t) vao thdi diem cuoi T sao cho quyet dinh 
dau tit tai t = T, thi Idi nhuan tong hdp (hien tai vd titdng lai) bang khdng. 

Bay gib ta xet y nghia cua dieu kien hoanh (2.60) cho bai toan trang 
thdi cuoi y T tit do. No co the viet: 

FFy'l.r = 0 

vd co nghia Id hieu qua dau tit tai t = T khdng mang lai hieu qua. Bieu kien 
(2.60) se ditdc thoa man, chang han neu ti Ian can t -T, ta co y'(t) = 0, khi 
do ham F se khdng phu thuoc y r (t), nghia la ti gan thdi diem cuo'i thi khdng 
ddu tit. 
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2,3. Difofng cong cuoi 

Vcfi mot dudng cong cuoi y T = 4>(T), nhu minh hoa trong Hinh 1.4c 
chUdng I, ca Ay T ldn AT deu khong dude gan gia tri 0, nen khong so hang 
nao trong (2.59) bi loai ra. Tuy nhren, vdi mot AT nhd tuy y. dudng cong cuoi 

muon noi rang Ay T = fAT. Do do cd the' khii Ay T trong (2.59) va ket hop hai 
so hang cua no thanh dang: 

[F-y’Fy +F y .f J t=T AT= 0. 

Vi AT la tuy y, ta co the suy ra dieu kien hoanh: 

[F + (f-y , )F v .] t _ T = 0 (2.62) 

Khong gid'ng hai trudng hop tren bao ham mot in so' tai die’m cuoi 
(hoac y T hoac T), trudng hop dudng cong cuoi doi hoi ta xac dinh ca y T lln T. 
Nhtf vay, can hai moi quan he cho muc dfch do. 

Dieu kien hoanh (2.62) chi cho ta mot quan he; quan he thi i hai dude 
cho bcfi phtfdng trinh y T = <J>(T). 

2.4. Dtfotag cuoi thang dting cut 

Ditdng cuoi ddng cut dude mo ta bdi rang buoc: t = T, y T > y mm trong 
do y min la mdc cho phep thap nh&'t cua y. Cung nhtf trtfdng hdp dudng cuoi 
thang dting, trong trifcfng hdp dUdng cuoi thang dting cut, ta co AT = 0. Khi 
do tit dieu kien tong quat (2.59) ta di den: 

rVL T Ay T=0 (2.63) 

trong do Ay T = y T - y T *, vcfi y T bat ky thoa man y T > y min 

Ldi giai toi uu y T * chi co thi co hai trudng hdp la: 

Vt Ymin hoac (2 64) 

yT * = y ™ in - (2.65) 

Do do ta suy ra each giai bai toan bien phan dudng cuoi diing cut. 
Trade het tam bo dieu kien y T > y min va giai bai toan vdi dudng cuoi thing 
ddng, tiic la tim dudng cue trj y*(t) thoa man dig'u kien: 

M-t=° 


6-TUHD 


(2.66) 
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Chuong U. Phep tmh biSn phan vd ting dung trong kinh te 


Neu y T * > y min , thi ro rang y*(t) cung chinh la nghiem trong trUdng 
hdp dtfUng cuoi diing cut, vi no thoa man (2.63). 

Neu y T *< y m i n , thi y T toi Uu n&m d phla dudi khoang cho phep va 
[Py'i- T khong the dat gia tri 0 tren dUdng cuoi bi cat cut. NhUng khi bai 

toan vdi dUdng cuoi diitng cut c6 nghiem y *(t), ta chile chan rhng y *(T) = 
y min> ta co the tim y*(t) bang each giai bai toan bi£n phan vdi di^m cuoi co 

dinh (T,y T = y mm ). 

Do diem cuoi co dinh, Ay T = 0, dieu kien (2.63) dUdc thoa man. 

Ket hdp sii phan tlch tren theo dieu kien Kuhn-Tucker lai thi dieu 
kien hoanh cho bai toan ctfc dai se la: 

[F y .] t=T < 0 , y T * > y min , (y* T - y™n)[Fy] = 0 (2.67) 

2.5. Difcfng thing cuoi nam ngang cut 

DUdng th^ng cuoi nam ngang co the bi cat cut bdi rang buoc T — i'maxi 
d day T max bieu thi mot thdi gian cho phep toi da de hoan thanh nhiem vu - 
thdi han chot. Viec phan tich tinh huong nay rkt giong vdi dUdng cuoi thang 
ddng cut vifa thao luan. B&ng ly luan tUdng tU, ta co the rut ra di&i kien 
hoanh sau day doi vdi bai toan cUc dai: 

[ F -y’ F yL T -° T *^ T — (2.68) 

(T - T max )[ F - y' F y' \ =T (doi vdi cUc dai V) 

Neu bai toan la cite tieu V, bat dang thiic thti nhat trong (2.68) phai 
thay doi, va dieu kien hoanh la: 

[F-y'Fy.^ T <0 T* < T max (2.68*) 

(T - T max )[F - y' F y . \ T = 0 (doi vdi cUc tieu V) 

Thi du 1. Tim dUdng cong vdi khoang each ng&n nhat giuta diem (0,1) 
va difdng y = 2-t. 

Td Hinh 2.4 ta thay rang day la mot bai toan vdi dUdng cong cuoi 
y(T) = 2-T, nhUng mat khac no giong nhu bai toan khoang each ngkn nhat. 
Bai toan co the phat bieu nhu sau: 
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Cvlc dal V[y]= (l + y' 2 )‘ /2 <it 

Vdi rang buoc y(0) = 1 va y(T) = 2 T 



Trade day ta da chi ra rang vdi ham lay tich phan da cho, phadng 
trinh Euler mang lai mot ctfc tri la dudng thang, chang han: 

y* = at + b 

a va b la hai hang so tuy y. 

Th dieu kien d£u y(0) = 1 ta co the xac dinh ngay rang b = 1. De xac 
dinh h^ng so a ta daa vao dieu ki6n hoanh (2.62). Vi ta co: 

F = (l + y' 2 )'' 2 f=-l F y , = y'(l + y' 2 ) U2 

dieu kien hoanh co the dddc viet la: 

(l + y' 2 J 12 + (-1 - y')y'(l + y ,2 )~ 1/2 =0 (tai t = T) 

Nhan ca hai vd vdi (l + y‘ 2 ) va ddn gian hoa, ta co th^ rut gon 
phddng trinh nay ve' dang y’ - 1 (tai t = T). Nhdng ede tri thuc sii co do doc 



84 


C huvng IL Ph4p tmh bien phin va unci dung trong kinh te 


khong doi, y*’ - a, tai moi gia tri cua t. Nhu vay, ta phai co a = 1. Va do do 
cUc tri la: 


y*(t) = t + l 


Nhu chi ra 


tai diem 


r i,ii 

2 2 


trong Hinh 2.4, cUc tri la mot dudng thiing gap dUdng cuoi 
. Hdn nula, ta lUu y r&ng, cac do doc cua dudng cuoi va cUc 


tri tUdng ting la -1 va +1. Nhu vay hai dudng thang la trite giao (vuong goc) 
vdi nhau. Trong trUdng hdp nay dieu kien hoanh doi hoi cUc tri true giao vdi 
dudng thSng cuoi. 

Thi du 2: Tim cUc tri cua phiem ham: 

V[y] = | r (ty'+y ,2 )dt 


vdi cac dieu kien bien y(0) = 1, y T = 10 va T tu do. 

O day ta co mot bai toan dtfdng thang cuoi nSm ngang nhu bi§u thi 
tren Hinh 2.5. 


Nghiem tong quat cua phudng trinh Euler doi vdi bai toan nay la mot 
dudng di bae hai: 

y*(t) = -it 2 +c 1 t + c 2 
4 1 2 

Vi y(0) — 1, ta co c 2 = 1. NhUng hSng so c, phai dUdc xac dinh nhb dieu 
kien hoanh. Vi F = ty’ + y’ 2 , nen F y > = t + 2y’, didu kien do trd thanh: 

ty' + y' 2 — y T (t + 2y') = o (tai t = T) 



Hinh 2.5 
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Dieu kien nay rut gon thanh -y’ 2 = 0 hay y’ = 0 tai t = T. Nghia la, cue 
tri doi hoi co do doc bing 0 tai thdi gian cuoi. De dap ting dieu kien nay, ta 
lay vi phan nghiem tong quat de dude y*’(t) roi dat t = T, va cho y*’(T) = 0. 
Ket qua la phUdng trinh -T/2 + c, = 0; suy ra ring c t = T/2, Tuy nhien, ta 
v^n khong the xac dinh gia tri cu the cua Cj raa khong biet gia tri cua T. 

De tim 1, ta tan dung thong tin la y T = 10 (dUdng thang cuoi nim 
ngang). The c, = T/2 va c 2 = 1 vao nghiem tong quat, dat t = T, va cho bieu 
there ket qua lay gia tri da cho bang 10, ta thu dude phudng trinh: 

-It 2 +It 2 + i = io 

4 2 

Cac gia tri nghiem cua T la ±6. Loai bo gia tri am, ta ket thuc vdi T* 
~ 6. Khi do suy ra ring Cj = 3, va cue tri la: 

y * (t) = - it 2 +3t + l 
4 

DUdng di nay dUdc chi ra trong Hinh 2.5. Nhu doi hoi bdi dieu kien 
hoanh, cilc tri qua thuc co do doc 0 tai diem cuoi (6,10). Khong giong nhu 
trong thf du 1, trong do dieu kien hoanh chuyen thanh doi hoi true giao, 
trong thf du nay, dieu kien hoanh bat buoc nghiem cUc tri co cung do doc 
vdi vdi dUdng cuoi nim ngang da cho tai t = T. 

2.6. Ong dung kinh te cua dieu kien hoanh 
2.6.1. bng dung vao mo hinh doc quyen dong 

Hay xet mo hinh Evans ve mot cong ty doc quyin dong nhu mot bai 
toan vdi thdi gian cuoi co dinh T, nhUng trang thai cuoi bien doi P T > P mill . 
Vdi dudng thing cuoi thing .dting cat cut nhu vtiy, dieu kien hoanh thfch 
hdp la (2.67). De ddn gian, trong thao luan nay, ta se gan cac gia tri bing so 
cu the cho cac tham so", vi neu khong cac bieu thtic nghiem se trd nen qua 
cong kinh. 

Cho ham chi phi va ham ciu la: 

^ +100 ° (nghia la, a = ~ , (3 = 0, y = 1000) 

Q - 160 - 8P + 100 P (nghia la, a = 160, b = 8, h = 100) 

Khi do ham ldi nhuan trd thanh: 
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7t = PQ - C — 416P - 14,4P 2 + 260PF - 1000P* - 3200F - 3560 
suy ra rang: 

tv = 260P - 2000F - 3200 (2.69) 

Day la dao ham can thiet trong dieu kien hoanh. 

Vi cac gia tri tham so da dat ra mang lai cac nghiem dac trtfng va 
nghiem dac biet: 

r 1; r,=±0,12 P = 14| 

nghiem tong quat cua phUdng trinh Euler la: 

P*(t) = A ie 0 '' 2t +A 2 e 0121 +14^ (2.70) 

y 

Neu ta gia dinh them rang cac dieu kien bien la: 

P 0 = ll- P T = 15 — va T = 2 
0 9 9 

thi theo (2.37.1) va (2.37.2), cac hSng so A, va A 2 trong bai toan diem cuoi co 
dinh phai co cac gia tri (sau khi lam tron): 

A, = 6,93 A 2 = -9,93 

Co the kiem tra lai bang each thay the hai hang so nay vao (2.70) 

4 

mang lai gia cuoi P*(2) = 15 — nhd doi hoi. 

9 

Bay gib chfip nhan mot trang thai cuoi bien ddi P T ^ 10- Sd dung dieu 
kien hoanh (2.67), dlu tien ta dat bieu thde tt p . trong (2.69) bang 0 tai t = T 
= 2. Sau khi chuln hoa, no din tdi di£u ki$n: 

P(T) - 0,13P(T) = -1,6 (2.71) 

So hang P(T) d day chi nghiem tong quat P*(t) trong (2.70) l£y gia tri 
tai t = T = 2. Va P’(T) la dao ham cua (2.70) lay gia tri tai cung thdi diem do. 
Nghia la, 

P(T) = A,e 0 ' 24 + Aje -0 ' 2,1 +14^ 

y 

P , (T) = 0,12A 1 e 0,w - 0,12A 2 e" 0,24 
Nhd vay, (2.71) co the dddc viet lai la: 
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-0,01 Aje 0,24 -0,25Age" 0,24 =0,2778 

De giai doi v6i A! va A 2 , ta c^n kern di£u kiin nay vdi dieu kien gkn 
v6i diem dau, 


A! + A 2 - -3 

thu duoc tu: (2.70) bang each dat t = 0 va dat ket qua bang P 0 = 11 i. Cac 

9 

gia tri nghiem cua A, va A., thanh ra La: 


A l = 4,72 A 2 = -7,72 

cho ta nghiem xac dinh: 

) 

P*(t) - 4,716e 012t - 7,716e' 012 ' +14- (2.72) 

9 

Con phai kiem tra nghiem nay co thoa man dieu chi dinh cuoi P T > 10 
hay khong. Dat t = T = 2 trong (2.72), ta thay r'ang P*(2) = 14,37. Vi gia tri 
nay thoa man gidi han da dat ra, bai toan da giai xong. 

2 6.2 . Stf lua chon giua lam phat vd that nghiep 

Bai toan Lam phat - that nghiep da trinh bay co mot diem cuoi co' dinh 
doi hoi toe do lam phat ky vong n dat gia tri 0 tai thdi gian cuoi T da cho: 
tt(T) = 0. Co the dat cau hoi: Dieu gi se xay ra neu dieu kien cuoi trd thanh 
mot difdng th5ng cuoi th&ng diing? 

TCr (2.47), nghiem tong qOat cua phitong trinh Euler la: 

K*(t) = A 1 e t ‘ t +A 2 e r2t (2.73) 

Di^'u kien dau, v&n gia dinh la 7t(0) = tc 0 > 0, doi hoi (b^ng each dat t = 
0 trong nghiem tong quat) rSng: 

A, + A 2 = (2.74) 

Tuy nhien, vdi mot dudng th&ng cuoi thang dhng tai T da cho, bay gid 
ta phai sU dung dieu kien hoanh [f,,] 1=t = 0 . Trong mo hinh nay, di£u kien 
nay co dang: 


F„, - 2 


^ 7t f +~7t)e“ pt = 0 (tait = T) 


P 2 j 2 


(2.75) 
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Die'u kien nay co the’ thoa man neu v* chi neu bieu thiic trong dau 
ngoac bang 0. Nhu vay, dieu kien hoanh co the viet (sau khi don gian) la: 

ft (T) + a7i(T) = 0 ^ 75’) 


d day 


a * 


<*P 2 j 

1 + ap" 


m nhien, cac bilu there x(T) va tt'(T) thu duoc t* nghiem tong quat 

n *(t) vk d ?° ham n6, ca hai la'y gia tri tai t = T. Si dung (2.73), ta co the’ 
cho dieu kien (2.75’) dang cu the: 

( r i +c)Aje r ' T +(r 2 +a)A 2 e r2T = 0 (2.75") 

Giai ddng thcri (2.74) va (2.75”), ta tim dude cac gia tri xac dinh cua 
cac h&ng so A] vk A 2 : 

-TT Q (r 2 + c)e r * T 
(ri +a)e riT -(r 2 +c)e r ^ 

7t £ (r L +cy)e r,T 


Ai = 

A 2 = 


(2.76) 


(rj + o)e r,T - (r 2 + o)e 


r,T 


Cac gia tri nky c6 thi dung di bien nghiem tong quat thanh nghiem 
dac biet. 

Bay gio vdi trang thai cuoi ditqc xac dinh noi sinh, tit nghiem nay noi 
len gia tri nao cua tr*(T)? De thtfy dieu nay, ta the (2.76) vao nghiem tong 
quat (2.73), va xac dinh gia tri cua ket qua tai t = T. Cau tra ldi la: 

n*(T) = 0 

TCt ham ton that da cho, doi hoi nhy - dua toe do lam phat ky vong 
xuong 0 tai thdi gian cuoi - khong co gi ngac nhien. Va, vi dang trade eda 
bai loan da co gia tri muc tieu cua it dat bang n T = 0, viec chuye’n sang 
trifdng hop dudng thfing cuoi thang ddng khong lam thay do’i ket qua. 


IN. BA HLfONG t6nG QUAT HOA 


Nhfing gi ta da biet ve diem cuoi bien doi co the duoc tong quat hoa 
theo ba htfdng. 
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3.1. Diem dau bien doi 

Neu diem dau co the bien doi, thi dieu kien bien y(0) = A khong con 
dung nda, va can mot dieu kien hoanh d&u de lap cho trong do. Vi cac dieu 
kien hoanh phat trien trong muc trUdc co the ap dung cho trUdng hdp cac 
diem dau bien doi, ta khong can thao luan xa them. Neu hai toan co ca diem 
dau va cuoi bien doi thi hai dieu kien hoanh phai dUdc sd dung de xac dinh 
hai hang so tuy y nay sinh tit phUdng trinh Euler. 


3.2. Trtfdng hdp nhieu bien trang thai 

Khi trong phiem ham muc tieu co vai bien trang thai, do do ham dtfdi 
dau tfch phan la: 


F(t,y 1 ,...,y ni y' 1 ,...y n ) 


thi dieu kien hoanh (tai diem cuoi) tong quat (2.59) phai thay doi la: 

[F - (y’i F y ., + + y’ n F y<n )] t=T AT 

+ fry, ] t=T A ^it + - + fry. Lt Ay »T =0 


(2.77) 


Ro rang r&ng (2.59) la mot trifdng hdp rieng cua (2.77) vdi n - 1. 

Khi diem cuoi co" dinh, so hang thti nh&'t trong (2.77) triet tieu, bdi vi 
AT = 0. Ttfdng t\t, neu bi6i yj b&"t ky co mot gia tri cuoi co dinh thi Ay jT = 0 
va so hang thti j trong (2.77) triet tieu. Tuy nhien, do'i vdi cac so hang con 
lai, ta co the ky vong tat ca cac bieu thtic A bieu thi cac lddng tuy y dtfdc xac 
dinh doc lap. Nhif vay, khong co bat ky mot rang buoc gia dinh trade nao 
khien cac so" hang trong (2.77) co the triet tieu nhau. Do do, m6i so hang con 
lai se sinh ra mot dieu kien hoanh rieng re. 

Cac thi du sau day minh hoa ting dung cua (2.77) khi n = 2, vdi 
cac bien trang thai ky hieu bdi y va z. Dieu ki£n hoanh tong quat doi vdi 
n = 2 la: 

[F-(y’F y . + z f F 7 .)] t=T AT+[F y .] t= jAy*p + [F z ,] t=T Az T -0 (2.77') 

Thi du 1: Gia stf r&ng T la co dinh, nhifng ca y T va z T tU do. Khi do ta 
co AT = 0, nhiing Ay T va Az T la tuy y. Loai bo so hang thti nhSt trong (2.77’) 
va dat tting so hang trong hai so" hang con lai bSng 0, ta thu dtfdc cac dieu 
kien hoanh: 


[Fy]t-T=0 v * 


[F 2 ] t=T =0 
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Hay so sanh v6i (2.60). 

Thi du 2: Gia sti r&ng cac gia tri cuoi cua y va z doi hoi thoa man cac 
rang buoc: 

y T = 4>(T) va z T = \j/( T) 

Khi do ta co mot cap diidng cong cuoi. V6i AT nho, ta co the ky vong 
bieu thtic sau day la dung: 

Ayr = *’AT va Az T = vj/’AT 

Sii dung cac bieu thiic nay de khti Ay T va Az T trong (2.77’), ta thu 

dude: 

[F + (f-y* )F y i + (v'-z’ )F b . ] t . T AT=0 

Vi AT la tuy y, dieu kien hoanh trcJ thanh: 

[F + (<j)'-y’)F y . + (V ~z')F 7 .] l=T =0 


Hay so sanh vdi (2.62). 

Vdi dieu kien hoanh nay, cac diidng cong cuoi y T - 4>(T) va z T = y(T), 
va cac dieu kien dau y(0) = y 0 va z(0) = z 0> bay gid ta co 5 phiidng trinh de 
xac dinh T* cung nhu 4 h&ng so' tuy y trong hai phiidng trinh Euler. 

3.3. Truing hofp cac dao ham cap cao ho?n 


Khi phi§m ham V[y] co ham diidi d&u tich phan F(t,y,y , ,.-. > y (n> ), dieu 
kien hoanh (tai di$m cuoi) lai doi hoi cai bien. Do hiem khi si dung cac dao 
ham b&c cao trong cac ting dung kinh te, ta se neu ra d ddy dieu ki§n hoanh 
tong quat chi doi vbi triibng hop F(t J y,y , ,y’ > ): 


F-y’F y ,-y”F y .,+y' —F y „ 


AT 


Jt-T 


F.-—F., 
y dt y 


Jt=T 


Ay T + [ F v" ] t=T Ay‘ T = 0 


(2.78) 


Ky hieu m6i Ay’ T trong dieu kien nay bieu thi sii thay doi do doc tai 
diem cuoi cua diidng di y khi no bi xao dong. Theo bieu dien cua Hinh 2.5, 
Ay’ T chi sU khac nhau gitia do doc cua diidng di AZ” tai Z” va do doc cua 
diidng di AZ tai Z. Neu trong bai toan ta chi dinh do doc d cuoi phai v&n 
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khong doi thi Ay T ’ - 0, va so hang cuoi cung trong (2.78) khong con. Neu do 
doc tai diem cuoi bien doi ttf do thi so hang cuoi cung se dan den dieu kien 
F y . = 0 tai t = T. 

IV. CCNG DUNG KINH Tg ClIlA Ol£u KlEN HOANH TONG QUAT - Dl£u CHINH 
TOI UU CAU LAO O0NG 

Xet mot cong ty, cong ty nay da quyet dinh tang d&u vao lao dong cua 
no ta L 0 len mot inUc chaa xac dinh Ly sau khi co sU giam tien cong tai t = 
0. Gia dinh la viec dieu chinh dau vao lao dong c&n co mot chi phi C thay 
doi theo toe do thay doi L\t) cua L. Nha vay, cong ty phai quyet dinh ve toe 
do dieu chinh tot nhat ve L T cung nhtf chinh do 16n cua L T . Day la cot loi 
cua bai toan dieu chinh lao dong cua Hamermesh. 

4.1. Bai toan 

De don gian, gia sik loi nhuan cua edng ty dude cho bang ham loi 
nhuan k(L), vdi 7i”(L) < 0, nha minh hoa trong Hinh 2.6. Dau vao lao dong 
duoc coi la yen to" duy nhat quyet dinh loi nhuan bdi vi chung ta da gop t£t 
ca cac khia canh cua san xuat va cau trong ham ldi nhuan. Chi phi de dieu 
chinh L dvfdc gia dinh la 

C(L’) - bL' 2 + k (b > 0, va k > 0 khi LV 0) (2.79) 

Nhit vay lc/i nhuan rong tai thdi gian btft ky la n(L) - C(L’). 

Bai toan cua cong ty 1& cue dai tong ldi nhuan rong n trong qua trinh 
thay doi d&u vao lao dong. Vi edng ty phai chon khong chi mile tol Uu Lj ma 
ca thdi gian toi du T* de hoan thanh viec dieu chinh, ta c6 ca trang thai 
cuoi lan thdi gian cuoi ta do. Mot diem khac din ldu y ve bai toan la ldi 
nhuan phai bao gom khong nhfing ldi nhuan rong tit t = 0 d£n t = T* (mot 
tich phan xac dinh), ma ca gia tri von hoa cua ldi nhuan trong thdi ky sau 
T*, ma gia tri nay cung bi anh hdbng viec chon 1^. va T. Vi mute ldi nhuan 
tai thdi gian T la 71(1^), gia tri qui doi ve thdi diem hien tai t = 0 ldi nhuan 
cua no la 7i(Lr)e P , d day p la hg so' chiet kh&u cho trade va T = T*. 



92 


Chuvng It. Phep tinh bien phan vd utig dung trong kinh te 



Hinh 2.6 


V&y gia tri von hoa quy doi ve gia tri hien tai cua ldi nhu&n tc(L t ) la: 

•PT * •> . 

7i(Lr)e /p (theo cong thrlc von hoa chuhn). Do do, bai toan co the phat bieu 


nhit sau: 

Cite dai 


n[L]= | T [rtfL)-bL' 2 -k]e' p 'dt + in{L T )e^ T (2.80.1) 


v6i rang buoc L(0) = L 0 (L 0 cho trtfdc) (2.80.2) 

va L(T) = L t (Dp > L 0 tu do, T tu do) (2.80.3) 

Neu so" hang cuoi cung trong phiem ham la mot hang so, ta co the bo 
qua no trong qua trinh toi tfu hoa. NhUng vi so hang do - hay goi no la z(T) 
- thay doi theo ltfa chon toi \iu L T va T, ta phai xdt den no dtfdi dang hien. 
Nhu thao luan trudc day cua chung ta ve bai toan Mayer va bai toan Bolza 
gia tri von hoa z(T) co th£ xem nhu dude tfch luy trong suot khoang thdi 
gian (0,T); 

z(T) = jU)dt + z(0) (2.81) 

Gia tri von hoa quy doi cua ldi nhu&n d thdi diem t la: 

1 


z(t) = — rc(L)e pt 
P 


vi the 


1 


z’ (t) = | - 7i(L) + —n' (L)L’ 
P 
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nen ta co the viet so hang “sau T*” trong (2.80) nhu sau: 


-7c(L T )e" pT - f 

P -b 


-7t(L) + i-7i’(L)L' 


e- p 'dt + — 7 t(Lq ) (2.81’) 


^ Thay the (2.81) vao phiem ham trong (2.80). sau khi ket hdp hai tfch 
phan, oho ta ham m6i nhung tudng dtfdng: 


n,L >-f 


-bL ,2 -k + —7t'(L)L’ 
P 


e " Ptdt + p n(L «> ( 2 -82) 


Trong khi Phiem ham nay van chba mot rfhang phu them ngoai tfch 
Phan, so hang do la mot hfing so. Cho nen no chi anh hudng len gra tri n to'i 

U ' ma , kh ° ng anh hl ^ * toi Uu L va cung khong anh hiring len 

gia tri toi tfu Lj. va T. 6 

4.2. Ldi giai 

De tim phifdng trinh Euler, tii (2.82) ta thay rkng: 


F = 


~ bL* 2 -k + — it’ (L)L' 


t-P 1 


1 


F l = -7t"(L)L'e‘ pt ; F L , = 
P L 


-2bL f + — 7t' (L) 
P 




Nhn viy, tdcong thiic (2.15), ta thu di/oc dieu kien: 

t 11 T . 7T'(L) 

Pij+ ^b'~° (phWng trinh Euler) (2.83) 
Dieu kien hoanh trong bai loan nay nhie'u gap doi. Ca L r lln T la ut 

fr;..L p . b “ XAf** ** “" h **» ,in am Di< « m 


T . n> (L) 

L ‘i^r =0 (t * it=T > 


(2.84) 


Va dieu kien [F - L 1 F L , J t , T = 0 co nghla la (sau khi don gian hoa): 

L =- hay V = JE (tai t = T) (2.85) 

h day ta lay can bac hai duong bci vi L diMc gii dinh la tang tft L 0 len L, 
a. dieu kien hoanh, cung vd> dieu krin diiu L(0) = L u , co the cung chp 
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thong tin can thiet cho viec xac dinh cac hang so tuy y trong dtfdng di ldi 
giai, cung nhu de xac dinh Lr va T toi ufu. Trong (2.84) va (2.85), ta ky hieu 
L’ la dao ham cua nghiem tong quat cua phudng trinh Euler lay gia tri tai 

t = T. 

De thu diidc mot nghiem dinh ludng cu the, c&n chi dinh dang cua 
ham ldi nhuan x(L). Vi muc dich ban d£u cua chung ta trong viec diia vao 
thi du nay la di minh hoa mot trtfdng hdp v6i ca trang thai cuoi va thdi gian 
cuoi td do, va de minh hoa bai toan Bolza, ta se khong di sau vao Ldi giai 
dinh lddng cu the. 

C. CAC DIEU KIEN CAP HAh VA DIEU KIEN OIJ VE TINH 
LOI LOM 

Thao luan cua chung ta cho den luc nay da tap trung vao nh&n dien 
diidng cilc tri cua mot bai toan, ma chifa chu y den viec no lam ctfc dai hoac 
ciic tieu hoa phiein ham V[y]. Trong muc nay ta se xem xet khia canh nay 
cua bai toan, bao gom viec kiem tra cac dieu kien cap hai. Chung ta cung se 
thao luan mot dieu kien du dda tren khai niem tinh lorn va tinh loi. Mot 
kiem dinh ddn gian nhdng hdu ich diidc goi la dieu kien can Legendre cho 
cUc dai va ctfc tieu cung se dtfdc gidi thieu dudi day. 

I.CACBl£u Kl£N CAPHAI 

Bang each coi phiem ham V[y] nhtf mot ham V(e) va cho dao ham b&c 
nhat dV/de bang khong, chung ta da nit ra phtfdng trinh Euler va nhfitng 
dieu kien hoanh nhtf nhiitng dieu ki6n can cap mot dm vdi mot diidng ctfc 
tri. De biet moi dudng ctfc tri la ctfc dai hay ctfc tieu , chung ta co the lay 
dao ham cap hai d^V/de 2 , va set dung nhdng dieu kien c£p hai, cac tieu 
chuan sau day trong tinh toan: 

Nhtfng dieu kien can cap hai: 

(doi vdi ctfc dai V), 

(doi vdi ctfc tieu V). 


d 2 V 

de 2 

d 2 V 

dc 2 


<0 


>0 
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Nhiing dieu kien du cap hai: 

d 2 V 


de 2 

d 2 V 

de 2 


<0 


>0 


(doi vdi etfc dai V), 
(do! vdi ctfc tieu V). 


1.1. Dao ham cap hai cua V 

De tim dVde 2 , chung ta lay vi phan bieu thtic dV/de trong (2.8) theo e, 
chu y r&ng 

(1) tat ca cac dao ham rieng cua F(t,y,y’), cung nhu: chmh ham F, la 
cac ham so cua t,y va y*, va 

(2) y va y\ den luot no, deu la ham cua e, vdi cac dao ham: 


^ y =p(t) va =p'(t) 
de d e 


( 2 . 86 ) 


nhtf v&y chung ta co: 


d 2 V _ d 
de 2 de 
T 


f dV )= d It 

UeJ ckJ 1 


F y p(t) + F v .p'(t)]dt 


(2.87) 


Tif: 


va: 


!?,.»•<.) dt F, Id, 


(theo quy t&c Leibniz) 


d F y = Fyy + F y . y ^ - F^t) + F y . y p'(t) (theo (2.86)) 


de 


^V' Fyy'P(t) + F y . y .p'(t). 

Dao ham c£p hai (2.87) trd thanh (sau khi ddn gian hoa): 


d 2 V 

de 2 


i 

= J[F yy p 2 (t) + 2F yy .p(t)p-(t) + F y . y .p' z (t)]dt (2.87’) 
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I. 2. Kiem dinh dang toan phifcfng 

Dao ham c&p hai trong (2.87’) la mot tich phan xac dinh v6i ham lay 
tich phan la dang toan phiidng. Tat nhien, vi t trai ra tren khoang [0,T], ta 
co, khong chi mot ma la mot so" vo han cac dang toan phiidng trong tfch 
phan nay. Tuy nhien, neu co the cluing minh dtfdc rSng dang toan phitdng 
do • vdi F vv , F yv . va F yy , ditdc lay gia tri tai cUc tri - la xac dinh am vdi moi t, 
thi d^V/de 2 < 0, va cite tri ciic dai V. Cung vay, tfnh xac dinh dtfdng cua 
dang toan phudng vdi moi t la dieu kien du doi vdi cue tieu V. Ngay ca neu 
chung ta chi co the thiet lap tinh niia xac dink ve dau thi it nhat chung ta 
co the da kiem tra cac dieu kien din cap hai. 

Tinh lom/loi cua ham lay tich phan F dtfdc sii dung trong dieu kien 
Tiong khi tinh lom/loi ban than no khong doi hoi tinh kha vi, chac chan 
neu ham F co dao ham cap hai lien tuc, thi tfnh lom/loi cua no co the dude 
kiem tra bang tinh nUa xac dinh ve dau ciia vi phan toan phan cap hai cua 
F. Vi vay viec kiem tra dang toan phuong ro rang dong mot vai trd trong 
phep tinh bien phan (xem phu luc). 

II. DiEu KIEN DO vE tinh LOM /loi 

2.1. Dinh ly du vcfi nhufng bai toan diem dau mut co dinh 

Giong nhtf trUdng hdp ham muc tieu lorn (loi) trong bai toan toi Uu 
hoa tinh lo du de xac dinh mot cUc tri la mot cUc dai (cUc tieu) tuyet doi, ta 
co mot dinh ly sau day ve dieu kien du trong ph ep tinh bien phan: 

Vdi bai toan diem mut co dinh (2.1) - (2.3), neu ham lay tich phan 
F(t, y, y') la lom theo cac bien (y, y') } thiphi/ctng trinh Euler la dieu kien du 
doi vdi mot cite dai tuyet doi cua V[y]. Cung vay, neu F(t,y,y\) Id loi theo cac 
bien (y, y ), thi phittfng trinh Euler la dieu kien du doi vdi mot cite tieu tuyet 
doi cua V[y], 

De y r^ng tinh lom/loi theo (y,y’) co nghia la tinh lom/loi theo dong 
thdi hai bi§n y va y’, chut khong phai chi theo mot bien rieng re. 

Chung ta se chiing minh dinh ly nay cho trUdng hop ham lom. 
Cluing minh nay dtfa tren dinh nghia ham lom kha vi: Ham F(t,y,y’) la lom 
theo (y,y*) neu va chi neu vdi mot cap diem phan biet baft ky trong mien xac 
dinh cua ham so, (t,y*,y*’) va (t,y,y’), ta co: 
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F(t.y.y’) - F(t,y*,y*’) 

s F y (t,y* ) y*’)(y.y*) + F y ’{t,y*,y*’)(y'-y*’) 

= F y (t,y*,y*’) E p(t) + F y .(t,y*,y*') E p’(t) (theo(2.5)) (2.88) 

6 day, y*(t) bieu thi dudng di to! Uu, va y(t) bie'u thi mot dudng di bat 
ky khac. Tfch phan ca hai ve (2.88) theo t trotig khoang [0,T], ta dude 

T 

V[y]-V[y*]<e J[F y (t,y*,y*')p(t) + F y ,(t,y*,y*')p'(t)]dt 


1 

= ^ jp(t)| 


(t, y*, y* 1 )p(t) - ^ F y . (t, y*, y*') 


(tfch phan iixng phin cua s6'hfLngF y .(t,y* > y* , )p T (t) nhu 


dt 

trong (2.13)) 


- 0 (vi y*<t) thoa man phudng trinh Euler (2.15)) (2.89) 

Noi each khac, V[y] < V[y*], v6i mdi duong di chap nh&n dtfdc y(t). 
Nhii vay, chung ta da nhkn dang y*(t) la mot dtfdng di lam ctfc dai V, va 
dong the* da chftng minh dude rang phtfdng trinh Euler la mot dieu kien 
du, vcfi gia thiet ham F lom. Trudng hdp ngtfdc lai, ham F loi dol vdi ciic tieu 
V, cluing minh ttfdng ttf. 

Chu y r^ng ndu ham F la lom ngat (chat) theo (y.y’), thi bat ding 
thde yeu < trong (2.88) va (2.89) se trd thanh btft ding thtfc manh (chat) <. 
Ket qua, V[y] < V[y*J, khi do V[y*] la mot cxlc dai tuyet dol duy nhat cua V. 

Cung vay, mot ham F l6i chat thi se lam cho V[y*] la mot cUc tieu tuyet doi 
duy nhat. 


2.2. Tong quat hoa diem cuoi bien doi 

Ta da chdng minh dinh ly ve dieu kien du dua tren gia thiet cac diem 
dau mut co dinh. NhUng co the d! dang khai quat hoa cho cac bai toan vdi 
dudng cuoi thing ddng hohe dudng cuoi thing dUng cut. 

De thay dieu nay, ta nhd lai ring qua trinh lay tich phan tvtng phan 
trong (2.13) dua den sii co mat so hang [F v .p(t)] 0 T ma sau do bie'n mh't vi vdi 

cac diem diu mut c6' dinh, dudng cong xao dong p(t) co dac diem la p(0) = 
p(T) = 0. Khi' chuyen sang bai toan vdi mot digm cuoi bie'n doi, vdi T co'dinh 
con y(T) fcu do, p(T) luc nay khong doi hoi bang 0 nfia. Boi ly do nay, chung 
ta phai nhan them mot so^ hang: 


7- tuhd 
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£[F y .p(t)] t=T = [F v ,(y ~ y*)] tisT (theo (2.5)) 


Sau khi sap xep lai, (2.89) trd thanh: 

V[y] < V[y*] + [F y »(y-y*)] t=T 

ol day, Fy> se dtidc lay gia tri doc Iheo dtidng di toi tiu, va (y-y*) bi§u 

thi do chech cua dtidng di y(t) bat ky chap nhan dtidc nao d lan can so vdi 
dtidng di toi tiu y*(t). 

Neu so" hang cuoi cung trong bat d&ng thtic cuoi cung b&ng 0, thi ro 
rang ket luan ban dau - r£ng V[y*J la mot ctic dai tuyet doi ~ v§n dung. 
Hdn ntia, neu so" hang do am, chung ta cang ch&c ch&n r&ng V[y*] la mot 
cite dai tuyet doi. Chi khi [F y .(y - y*)] r=T dtidng thi chung ta khong dam 

chile. Noi tom lai, trong trtidng hdp hien tai, ngoai dieu kien ve tinh lorn doi 
vdi F(t, y, y’) trong dieu kien du chi din them dieu kien ntia la bieu thtic 
[F v .(v - y*)] l=T khong dtidng. 

Dieu kien them nay se tu dong dtidc thoa man khi dieu kien hoanh 
dude thoa man do! vdi bai toan dtidng cuoi thang dting, ttic la [F y ,] t ^ T = 

0. Trtidng hdp dtidng cuoi tiling dting cut, dieu kien hoanh cung cho 
[Fy.] t ^T = 0 (khi khi y* > y min ), hoac bai toan dtidc dtia ve trtidng hdp dau 

mut cuoi co dinh, ttic y* = y min tai t = T (khi y* = y raln ). Bang each nao thi 
dieu kien bo sung cung dtidc dap ting. Do do, neu ham l&y tlch phan F la 
lom (loi) theo cac bien (y,y*) trong mot bai toan vdi dtidng cuoi thang dting 
hoac dtidng cuoi thang dting cut, thi phtidng trinh Euler cong vdi dieu ki£n 
hoanh la dieu kien du doi vdi mot cite dai (ctic tieu) tuyet doi cua V[y]. 

2.3. Kiem tra tinh lom/loi 

Vdi ham f bat ky, du co kha vi hay khong, thi tinh lom v&n co the dtidc 
kiem tra bang dinh nghia nhti sau: vdi hai diem phan biet u va v trong 
mien dang xet, va vdi 0 < 0 < 1, F la lom neu va chi neu: 

6F(u) + (1 - 0)F(v) < F[0u + (1 - 0)v] 

Vdi trtidng hdp loi, dau < chuyen thanh >. Tuy nhien viec kiem tra 
tinh chat nay rat rac roi va dai dong. Vdi muc dich cua chung ta, vi F(t,y,y T ) 
da dtidc gia sti la co dao ham cap hai lien tuc, nen chung ta co each ddn gian 
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hdn de kiem tra ti'nh loi , lom diia tren sU xac dinh hoac niia xac dinh dau 
cua dang toan phUdng: 

q = F„. dy* 2 + 2F >y dydy’ + F yV dy' 2 (2.90) 

Hoac: 

q = F vV dy’ 2 + 2F yV dy’dy + F^.dy 2 (2.90’) 

Mot khi d&u cua dang toan phudng dude khang dinh, chung ta co the 
d4 dang nit ra ket lu|n vi' tmh lom / loi nhu sau: Ham F(t,y, y’) la lom (loi) 
theo (y, y*) neu va chi neu dang toan phudng q ntia xac dinh am (dudng) 
kh&p moi ndi; va ham F la lom hSn (chat) (loi han (chat)) neu (nhifng khong 
chi neu) q luon xac dinh am (dudng). 

Can lUu y r&ng, khai niem tmh lom /loi la mot khai mem toan cue. 
Day la ly do tai sao no lien quan tdi cUc tri tuyet doi, va cung la ly do tai sao 
dang toan phudng q doi hoi nda xac dinh am (dudng) kh&p moi ndi v6i ham 
F lom (loi), co nghia la sU niia xac dinh dau cua q dung vdi moi diem trong 
mien dang xet (trong khong gian yy’) v6i moi t. Day la mot dieu kien manh 
hdn tieu chuan dang loan phudng da dude de cap lien quan tdi (2.87’), bdi vi 
trong tieu chuan do, dao ham c&p hai cua F chi lay gia tri tai cUc tri. Tuy 
nhien, nhin d goc do khac, tmh lom / loi la dieu kien du yeu hdn; no chi can 
tmh niia xac dinh d£u, trong khi, v6i (2.870, mot dieu kien du doi hoi mot 
dau xac dinh. 

Su xac dinh va niia xac dinh dau cua mot dang toan phudng co the 
dude kiem tra vdi nhtfng kiem dinh bang dinh thufc va nghiem dac trUng 
(xem phu luc). Bdi vi nhtfng kiem dinh nay khong nhiing co the ap dung 
dUdc trong pham vi phep ti'nh bien phan hien tai ma con co the ap dung 
dude trong ly thuyet di£u khien toi Uu ve sau. 

III. Dl£;U KIEN cAn LEGENDRE 

Net dac trUng lom mo ta trong (2.88) la mot khai niem toan cue. Khi 
net dac trUng do co mat trong ham lay tich phan F, thi cUc tri dude bao 
dam lam cUc dai V[y], Nhung khi F khong lom toan cue, nhu co the thUdng 
xay ra (ehang han trong bai toan doc quyen dong), ta phai tim mot so' dieu 
kien yeu hdn. Dieu nay cung dung doi vdi ti'nh loi. Trong muc nay, ta gidi 
thieu mot dieu kien can c&'p hai dUdc goi la dieu kien Legendre , dua tren 
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tinh lom/loi dia phUdng. Mac du khong manh nhU dieu kien du, no r£it hu!u 
ich va thuc sU dUdc sii dung thUdng xuyen. 

3.1. Dieu kien Legendre 

3.1.1. Dieu kien 

Dieu kien Legendre mang y nghla ldn 6 tinh cUc ky ddn gian cua no, 
vi no khong doi hoi gi ngoai dau cua F yV . Nha toan hoc Legendre, co luc 
nghi rang ong da kham pha ra mot dieu kien du kha tinh xao: FyV < 0 doi 
vdi cUc dai hoa V va F yy > 0 doi vdi cUc tieu hoa V. Nhung ong da Idm. Tuy 

nhien, dang bat dang thufc yeu cua dieu kien nay qua thUc dung la mot dieu 

kien can: 

Cue dai V[y] => F yy < 0 doi vdi moi te[0,T] 

Cue tieu V[y] => F yy > 0 doi vdi moi t e [0,T] (2.91) 

(dieu kien c&n Legendre) 

Dao ham F yy dUdc lay gia tri tai dUdng cUc tri. 

Ly giai: 

De hieu ly le d&ng sau (2.91), dau tien ta bien doi so hang d giUa trong 
ham lay tfch phan cua (2.87’) thanh mot so*hang binh phUdng bang each lay 
tich phan tting phan. Dat v = F vy va u = p 2 (t), thi: 

dF vV 

dv = dt va du = 2p(t)p'(t)dt 

dt 

Do do so hang gitfa trong (2.87*) co the dUdc viet lai la: 

vdu = uv J - judv 

T r T „ dF vv , 

= Fyy'P 2 (t) (] - | P 2 (t) d ”dt 

= o- fp 2 (t) d ^ yy ' dt (gia sii p(0) = p(T) = 0) (2.92) 

« dt 

Thay bieu thtic nay vao (2.87*) ta dude: 

fl = f [(f vv - d ^ y ' lp 2 (t) + F yV p' 2 (t)jdt (2.93) 
de ^ dt j 
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Ham lay tfch phan bay gib chrta hai so' hang binh phuong p*(t) va 

P (ty- 

Neu difbng cue tri la cdc clai thi phai co d J < 0 vdx moi dubng p(t), 

ta suy ra rdng phai co F,, S 0 tren [0, T], ThJ vay , gia sb F,, > 0 tren 

oang (e, e 2 ) trong [0, T], ta co thd xay du„g dubng xao dong p(t) dac biet 
sao cho p(t) > 0 vdi t efe. eJ va p(t) = 0 vdi t * ( E „ S2 ) , ch hng han p(t) = (t . 

t 'u f T C " kW 16n KH d6 ’ d ° ham P' 2 « !*> hon nhieu so vdi 
P ( ), bleu thucduoi dau tfch phan trong (2.93) se la dUdng trends,} , va ta 

86 Phai C ° d E 2 >0 ’ V * y ph “ e6 F >v ^ 0 va no dung la dieu kien cfin cua 
dlfc/ng cue tri. 

m y r3ng ' ^ d@t tdl k& tr ° ng (2 ' 93) ’ ta da dinh riing p(0) = 
m iT" dlWng C ° ng X3 ° d ' n§ ' Dlgu g! S§ Xay ra cudi bien doi 

IIa P (2 9^kV d° l "t ° ? C " U trd 161 * “ h?ng ° tr ° ng d6n ^ cung 
cua (2.92) khi do se dude thay bang bie’u thdc mdi [F yy ,p 2 (t) U .. Nhung vdi 

each Chon ham xao dong dac biet co p(T) = 0 trong chdng minh cho trubng 

bdp dau mut co dinh thi bilu thdc (F y ,p 2 (t)) = 0, do do chdng mmh cho 
Lriidng hop diem cuoi bien doi. 

Vay, dieu kien cln Legendre la dung du diem cuoi la cd dinh hay 
bien doi. J 

3.1.2. Cac thi du 

Thi du 1: Trong bai toan khoang each ngSn nhat (thi dy 1 6 phu luc A 
ta da thay rang: 

F y . v . =(l + y ,2 )“ 3/2 >o 

. ^ hU V ^ y ’ the ° (2,91) ’ dleu kl ? n can Legendre doi vdi mot cue tieu thoa 
man. Dieu nay dung nhu ky vong, vi bai toan do trude day da duoc chi ra la 
thoa man dieu kien du cap hai doi vdi cUc tieu. 

Thi du 2: Do! vdi bai toan doc quyen dong, chting ta da thdy ring 

ham 1 y tfch phan *(P, P’) la khdng lorn, nen khdng thoa man dieu kien du 
1 uy nhien, vi: 
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*,>„• = - 2ah 2 < 0 


Dieu kien can Legendre doi v6i mot cue dai thiic su thoa man. 


3.2. Dieu kien Legendre cho trtfcfng hoTp n bien 

Dieu kien cln l^egendre, vdi cai bien thich hop, cung co the ap dung 

cho bai toan vdi n bien trang thai (y,,...,y tl ). NhUng thay vi kiem tra F yy < 0 
hoac F yV > 0, bay gid ta phai kiem tra ma tran [F v . y .J cap nxn - hoac noi 

mot each khac, dang toan phuong ma cac he so cua no la F v . v . - la niia xac 

dinh am (doi vdi cue dai V) hoac niia xac dinh dUOng (doi vdi cue tieu V). Vdi 
muc di'ch do, dau tien hay dinh nghia: 


A 


F .F , , 

yi>i >'i y n 

F ..... F , . 

y n yi hVv. 


(2.94) 


d day cac dao ham cap hai dUdc lay gia tri theo cac cue tri. Sau do, viet tat 
ca cac dinh thile con chinh cap lxl la , tat ca cac dinh thtic con chinh 

cap 2x2 la A,, .Dieu kien cSn c&'p hai Legendre la: 


Cue dai V => A t <0, A 2 > 0, ... , (-l) n A n > 0 

vdi moi t e [0,T] (2.95) 

Cite tieu V => A, >0, A 2 > 0, ... , A n > 0 

vdi moi t e [0,T] 

(dieu kien can Legendre) 

Lifu y ring dieu kien Legendre trong (2.95), mac du be ngoai giong 
nhu kiem dinh dinh thtic doi vdi tmh niia xac dinh da'u, nhUng no khac cf 

hai khia canh can ban. ThO nhat, kiem dinh tinh niia xac dinh dau lien 
quan vdi cac dao ham loai F yy va F yy » ciing nhu F y y, nhung dieu kien 
Legendre chi dUa tren dao ham loai F y y. Do la ly do ta sU dung ky hieu 

A trong (2.94) va (2.95), de phan biet no vdi ky hieu D thubng sU dung cho 

kiem dinh dieu kien du. Thil hai, khong giong nhu tmh chat lom/loi toan 
cue, dieu kien Legendre ve ban chat la cue bo; do do, cac dao ham cap hai 
trong (2.94) chi dUdc lay gia tri theo cue tri. 
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Thi du 3: Kiem tra die'u kien can Legendre cho bai loan sau: 

b 

V[y,z]= jV 2 +z , 2 +y'z')dt 


Co hai bicn trang thai trong ham lay tich phan vaF = y* + & + y ’ z ’ 
Vi: by = 2y’ + z’ va F z > = 2z’ + y’ 

ta thay r&ng: 


The cac bieu thiic nay vao (2.94; cho ta| A | ~ 
Trong trifcfng hop nay ta thay rSng: 


I 2 

1 


A, = 2 


va 



2 

l| 

[a 2 | = 

1 

21 


! = 3 


Nhii vay, theo (2.95), dieu kien Legendre do) vdi mot cUc tie’u thoa man. 

IV. CAC BlE'N PHAN CAP M0T VA CAP HAI 

Thao luan cua ta ve cac die'u kien cap mol va cap hai cho den nay 

' 3 tren khai ni ? m d ?° h^m cap mot dV/dc va dao ham cap hai d*V/d* E 
Co each khac dl xem xet bai toan tap Hung quanh cac khai mem bien 

P an cap mot va bien phan cA'p hai g§n true tiep vdi chfnh ten goi phep tinh 
bien phan. 


Phep tinh bien phan bao ham mot su so sanh cac gia tri dudng di VM 

va V[y*]. Do lech ciia V[y] so v6i V[y*] la: 

AV a V[y]- V[y*] = | F(t,y,y')dt-|F(t,y*,y*')dt (2.96) 

Khi ham dudi dau tich phan cua lich phan thU nha't. duoc khai trign 
thanh chum Taylor xung quanh dig'm (t,y*,y*’), no chUa so hang F(t,y*,y*’) 
va cho phep ta bo tich phan thd hai trong (2.96). ChuSi Taylor do la: 

RLy.y) = Fifty*,y*') + [F t (t-t) + F v (y-y*) + F y (y - y *>) 

+ | ffit(t-t) 2 +F iy (y —y k 'f + F vV (y-y*') a 
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+ 2F ly (t-t)(y-y*) +2F ty <t-t)<y--y*') 

+ 2F yy (y-y*W-y*')]+- + R h (2.97) 

d day, t^Lt ca cac dao h&m rieng cua F dUdc lay gia tri tai (t,y*,y*’), R n la 
phan da. De co bieu diln diy du, ta da daa vao (t - t), nhung tat nhien, tat 
ca cac dai lUdng nay triet tieu. Nh<5 lai (2.5), ta co the thay y-y* = ep, va y’- 
y*’ = ep’ va thu dude: 

F(t, y, y') = F(t,y*,y*') + F y ep + F y , ep' 

+ -i- [F yy (ep) 2 + F y . y . (ep‘ ) 2 +2F yyl (£p)(ep’)] 

Zt ! 

+ ... + R n (2.97’) 

Thay kdt qua nay vao (2.96), ta co the bien doi (2.96) thanh: 

AV = e £ (F y p + F y .p’) dt 

+ Y £ (F yy p 2 + F y . y .p’ 2 +2F yy .pp’)dt 

+ (cac so hang b&c cao hdn) (2.98) 

Trong ly thuyet ve phep tinh bidn phan, tich phan thti nh&t trong 
(2.98) dUdc goi la bi£n phan c4p 1, ky hieu la 6V: 

6V = £ (F y p + F y .p')dt = ^ (theo (2.8)) (2.99) 

TUcJng ta tfch phan thxi hai trong (2.98) dUdc goi la bien phan cap hai, 
ky hieu ka 5 2 V: 

8 Z V = f (F yy p 2 +F yV p' 2 +2F vy .pp')dt = 0- 

(theo 2.87’) (2.100) 

Doi vdi bai toan ctfc dai, dieu ki£n AV < 0, thi tvf (2.98) ro rang rang 
can co 5V = 0, vi e co the lay dau blit ky tai moi diem thdi gian. Dieu nay 
tUdng dadng v6i dieu kien cap mot dV/de = 0 ma trong thao luan trade day 
cua ta da dan tdi phadng trinh Euler. Mot khi dieu kien 5V = 0 thoa man, 
can thiet phai co them 5 2 V < 0, vi he so e 2 /2 la khong am tai moi diem thdi 
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gian - Dl§ ' U kl ^ n ndy tuan s v6i d 2 v/d£ 2 < 0 , dieu kien cln cd'p hai cua 

Legendre. 


Ly gidi tudng til chi ra rfing, doi vdi mot bai toan ole tilu, cln co 6V = 
0 va 5^V > 0. Noi tom lai, cac dieu kien cln cap mot va cap hai cb the' rut ra 
hoac til con dudng dao ham hoac tit con dudng b,en phan. Chiing ta da chon 

di theo con dudng dao ham bcfi vi no cho ta nfim bit dupe mot each true 
quan hcfn qua trinh ly giai dang sau. 

D. TAM KE HOACH VO HAN 


Doi vdi mot ca nhan, dat ke' hoach cho mot khoang thdi gian hfiu han 
[0,T] noi chung la thich hop, ngay ca ngudi nhin xa trong rang nha't co le 
eung khong dat ke hoach qua xa tuoi tho mong dpi cua minh, Nhilng doi vdi 
xa hoi nhd mot tong the, hoac tham chi' vdi mot cong ty ldn, co du ly do de 
mong dpi hoac gia dinh su t6n tai cua no la lau dal. Do do co tU mong 
muon mo rong tarn ke hoach eda no vo han ve' tUdng lai, va thay do’i khoang 
lay tfch phan trong phiem ham muc tieu tet [0, Tj thanh [0, oo], Su md rong 
tam nhm nhu vay co Uu diem lam cho khuon kho toi Uu bao quat hdn, Tuy 
nhien no lai co nhUdc dilm do sU thoa hiep vdi gil thiet la tat ca cac gia tri 
tham so trong mo hinh se gid khong doi suot thdi ky ke hoach. Hon n.1 a, 
tam ke hoach vo han doi hoi mot vai sU phde tap hon ve' phaong phap luan. 

I. nhumg vAn d£ phi/ong phAp luan v£ tAm thcji gian v0 han 

Tim nhin vo han doi hoi thao go it nhat hai van de phuong phap 

lu|n. Mot la su hoi tu cua phiem ham muc tieu, va hai la van de cac dieu 
kien hoanh. 


1.1. Sxi hoi tu cua phiem ham muc tieu 

Van de hoi tu nay sinh boi vi phiem ham muc tieu, bay gid co dang 
p'ft.y.y’Jdt (2.101), la mot tfch phan suy rong, co the’ co hoac khong co gia 

tri hdu han. Trong trudng hop tfch phan nay phan ky, co thl tin tai nhie'u 
hon mot duong di y(t) mang lai mot gia tri vo han cua phiem ham muc tieu 
va se kho ma xac dinh dudng di nao trong so cac dudng di nay la toi Uu. 
Dung la ngay ca trong tinh huong phan ky, ngudi ta da dua ra nhie'u each 
khac nhau de chon mot quy dao di toi Uu trong so'ta't cl cac dudng di vdi gia 
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tri tich phan vo han. NhUng de tai nay phiic tap, va ngoai ra, no khong lien 
quan vdi phep ti'nh bien phan hieu theo each thong thUdng, nen chung ta 
khong cii sau d day. Thay vao do, nhu bude mcJ dau ban ve cac dng dung 
kinh te trong phan sau, ta se co mot vai nhan xet ve cac dieu kien la (hay 
dude cho la) du doi v6i tmh chat hoi tu (chi tiet xem phan phu luc). Tuy 
nhicn ta cung nhac lai dieu kien hoi tu cua mot so tich phan thUdng dung: 


- Cho tich phan phu thuoc tham so j^F(t,y,y')dt (2.102), neu ham 


lay tich phan F la hOu ban qua suot khoang lay tich phan, va F dat gia tri 0 
tai mot dieim hflu han nao do, ch&ng han t 0 , va gid bang 0 doi vdi moi t > t () , 
thi tich phan (2.102) hoi tu. 


- Trong tich phan jV(t,y,y’)dt , neu ham lay tich phan co dang G(t, y. 


y’)e pt , trong do p la he so chiet khau dUdng, va G la ham bi chan, thi tich 
phan hoi tu. 

Net phan biet cua tich phan nay la sU co mat thtia so chiet khau e pl 
ma, vefi nhdng nhan to khae khong doi, no cho mot liic de ham lay tich phan 
giam xuong 0 lien tuc theo thdi gian vdi mot toe do dii 16n. Khi thanh phdn 
G(t, y, y’) cua ham lay tich phan la dUdng (nhu trong hau het cac dng dung 
kinh te) va co mot gidi han tren, ching han G , thi luc lai xuong e‘ pl la du de 
lam cho tich phan hoi tu. Noi mot each hinh thtic hdn, vi gia tri cua ham G 
khong bao gid co the vUdt qua gia tri cua h&ng so G , ta co the viet: 

G(t,y.y , )e; p, dt < |'Ge“ p, dt = ^ (2.103) 


1.2. Cac dieu kien hoanh 

Cac dieu kien hoanh tham gia vao bde tranh khi hoac thdi gian cuoi, 
hoac trang thai cuoi, hoac ca hai, bien doi. Khi t&m ke hoach la vo han, 
khong co mot gia tri T cuoi cu the cho chung ta bam vao nda. Va trang thai 
cuoi cung co the dUdc de ngo. Nhu vay, can co cac dieu kien hoanh. 

De phat trien cac dieu kien hoanh, ta co the set dung cung thu tuc 
nhu trong bai toan tarn hdu han. Ve can ban, cac dieu kien nay noi len mot 
each tu nhien nhu san pham cua qua trinh di den phUdng trinh Euler, nhu 
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trong (2.59), bat nguon tCf (2.57). Trong boi canh hien tai, (2.59) phai dude 
cai bien thanh: 

F -y' F , | ^AT+ F y . t ^Ay T =() (2.104) 

d day, tifng so' hang phai triet tieu. 

Vi trong boi canh hien tai, khong co T co' dinh nao, AT t£'t yeu khac 0, 
va dieu nay doi hoi dieu kien 

}^( F ~ y ' F v ) = 0 h°anh doi vdi tam vo han) (2.105) 

Dieu kien nay co ciing y nghia kinh te nhu dieu kien hoanh (2.61) 
trong khuon kho tdm hutu han. Thi du, neu bai toan lien quan den mot cong 
ty muon ciic dai hoa ldi nhuan, dieu kien nay doi hoi cong ty do tan dung 
tat ca cac cd hoi kiern ldi nhu&n. 

Con ve so hang thti hai trong (2.104), neu co mot trang thai cuoi tiem 
can dUdc chi dinh trong bai toan: 

jim v(t) = y^ = mot hang so'cho trUdc (2.106) 

Tudng tU nhu trong trtfdng hdp tam vo han cua y(T) = Z trong bai 
toan tam htiu han, thi so hang thii hai trong (2.104) se tu triet tieu (Ay T = 0) 
va khong can dieu kien hoanh nao. NhUng neu trang thai cuoi la tu do, thi 
ta phai dUa vao them dieu kien 

lirnF yl =0 (dieu kien hoanh doi vdi trang thai cuoi tu do) (2.107) 

Co the cho dieu kien nay cung y nghia kinh te nhu dieu kien hoanh 
(2.60) doi vdi bai toan tam hfiu han. Neu bai toan la bai toan cua mot cong 
ty muon cUc dai ldi nhuan vdi bien trang thai y bie’u thi ludng von, (2.107) 
noi ring cong ty phai sd dung het von cua no khi t oc. 

Noi them ring, neu trang thai cuoi tu do chiu mot rang buoc nhu y*. > 
y >nin» chung ta luon luon co the ap dung (2.107) trUdc. Neu nghiem thoa man 
rang buoc y*. > y min thi ta da giai dUdc bai toan. Neu ngUdc lai ta phai sti 
dung y min nhu mot trang thai cuoi cho trUdc. 

Mac du cac dieu kien hoanh nay ve true quan la hdp ly, sU dung din 
cua no doi khi con de ngo. 
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Mot each thoat khoi the kho xxt la tranh cac dieu kien hoanh va svL 
dung ly luan kinh te ddn gian de xac dinh trang thai cuoi phai la gi khi t —> 
00 • Cach tiep can nhu vay la dac biet kha thi trong cac bai toan ma d do ham 
lay tich phan F hoac khong chiia doi so't difdi dang hien (bai toan dUdc goi 
la otonom trong toan hoc) hoac chi chda doi so t trong thifa so chiet khdu 
e Pt ( b ^i toan dUdc goi la otonom trong kinh te hoc). Trong bai toan loainay, 
thUdng co mot trang thai cuoi an y„ - mot trang thai on dinh - ma he thong 
bi hut ve do de thuc hien muc lieu cua bai toan. Neu chung ta co the xac 
djnh y^, thi ta co the ddn gian sU dung dieu kien cuoi ( 2 . 106 ) thay cho dieu 
kien hoanh. 

II. MOT Sd ONG DUNG KINH CClA BAl TOAn tAm K£ HOACH V6 HAN 

2.1. Quy dao dau t\i toi ifu cho mot cong ty 

Tong dau tU cua mot cong ty, I g , co hai thanh phan: dau tu rong nham 
md rong von san xuat dau tu phat trien, I s dK/dt, va dau tu thay the nhlm 
bu dap cho von bi hao mon, gia thiet bang 5K, d day 5 la he so' hao mon cua 
von K. Vi ca hai thanh phan cua dau tu gin bo mat thiet vdi von, co the 
hieu dUdc la vife xac dinh dubng di toi Uu cua dau tu, I^*(t), tuy thuoc vao 
viec xac dinh quy dao toi Uu cua von, K*(t). Gia srf rang cac ke hoach ddu tu 
la luon luon co the thuc hien dude, khi da tim dude K*(t), dUdng di toi Uu 
cua dau tU ddn gian la: 

I g *(t) = K*'(t) +5K*(t) (2.108) 

NhUng neu vi mot ly do nao do ton tai nhfing trd ngai cho viec thuc 
hidn ke hoach d£u tu, thi phai s xi dung mot so tieu chuan khac de xac dinh 
I fi *(t) tit K(t). Trong muc nay, ta trinh bay hai mo hinh d£u tu minh hoa cho 
ca hai tinh huong nay. 

2.1.1, Mo hinh Jorgenson 

Xet mo hinh Jorgenson ve dau tu da trinh bay d chUdng I va di' den 
viec cong ty cUc dai lUdng gia tri rong N cua no bang viec chon mot dUdng di 
K va L toi Uu, sao cho: 

N[K,L]= |PQ(K,L)- WL -m(K'+5K)]e" pt dt (2.109) 
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Phiem ham mac tieu trong (2.109) la mot tich phan suy rong. Su co 
mat thiia so chiet e Pt dam bao cho tich phan nay hoi tu, neu bieu thiic 
doanh thu rong trong ngoac vuong khong am va bi chan tren. 

Co hai bien trang thai K va L trong phiem hhm muc tieu; cac ky hieu 
khac de ky hieu cac tham so. Se co hai phuong trinh Euler mang lai hai 
dudng di toi Uu, K*(t) va L*(t), va dudng di K*(t) sau do co th^ dua den dudng 
di I g *(t). Ta co the gia thiet cong ty co von ban dSu da cho, K^, nhdng von 
cuoi de ngo. 

Von toi \iu 

Trong vice ap dung cac phUdng trinh Euler: 

F K- d d / K .=0 F L ^ t F, =0 

vao mo hinh bien tai, trade het ta thay r^ng ham dudi da'u tich phan trong 
(2.109) la tuyen tinh theo ca K’ va L\ (So' hang L’ v&ng mat; nghia la no co 
he so 0). Nha vky y theo thao luan trade day, cac phUdng trinh Euler trd 
thanh cac phUdng trinh dai so' Cac dao ham rieng cua ham lay tich phan la: 

f k = (PQk -ni5)e~ pt F K . = - me’ pt 
F l = (PQ l - W)e“ pt F l . = 0 

Cac phUdng trinh Euler cho ta: 

a m(5 + p) x W 

Wk = p va Q l = p vdimoi t>0 (2.110) 

Cac dieu kien nay noi rdng "san pham hiSn vat bien phai bang chi phf 
thUc te bien v$ nguon lUc cin dung". So san ph£m bien Q K la ket qua cua 
hoat dong san xuat thu dude khi chi dung them mot ddn vi von K va gitf so' 
lao dong L khong thay doi. Viec dung mot ddn vi von K do phai chiu mot 
lUdng chi phi la m(5 + p), chi phi nay gom tien khau hao mS va chi phi cd 
hpi nip. Sd dung mot ddn vi khoi lUdng von do khi xet d£n stic mua cua 
dong tien ta co so chi phi thUc te m(6 + p)/P. Y nghia kinh te' cua dieu kien 
do'i vdi lao dong L trong (2.110) cung tudng tu. 

Luu y ring di§u kien (2.110) cung dung la dieu kien chu£n cho ldi giai 
cua bai toan toi Uu vdi cung noi dung nhUng tren quan diem phan tich tinh. 
Khac vdi phan tich dong , trong phan tich tinh, ngUdi ta chi quan tarn den 
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gia tri cua cac bien ma khong xet gia tri do co d thcfi diem nao hoac phai bao 
lau mdi co dude no. Chinh vi the ma trong (2.110) dieu kien toi liu phai dime 
thoa man vdi moi thdi diem t cho bai toan phan ti'ch dong,con trong bai toan 
phan tich tinh thi dieu kien nay khong dong chain den thdi gian. Tuy nhien 
Qk va Q tj la nhutng ham so' chi chtia cac bien K va L, cho nen (2.110) la 
nhutng phudng trinh dai so thong thufdng, nghifcm cua chung se phai la 
nhutng h&ng so': 


K*(t) = k*; L*(t) = 1*, 

trong do cac hhng so k va 1 phu thuoc cac tham so cua mo hinh. Neu cho 
trade bat ky nhutng dieu kien ban ddu tai t = t 0 


K(0) - ko ; L(0) - l 0 , 

thi ro rang, noi chung: 

Q(k 0 ,l 0 ) * Q(k*,l*) = Q*. 

Rot cuoc, bai toan dau t \i nh U da dat ra, mac du dtfdc phan tich tren 
quan diem dong, diia den ldi giai khong khac gi ket qua phan ti'ch tinh. 

Thi du, khi lay ham san xuat co dang Cobb-Douglas Q = K a LP, (a + p 
“ t- a cd Qk - aK ft 1 U* va Q L = pK a LP' 1 . Thay cac bieu thiic nay vao 
(2.110), ta thu dude (sau khi khu L) 


K* 


m(8 + p) 

(P-i>/(i-«-p) / w N 

aP 

lpP> 


= hang so' (2.111) 


Gia toe linh hoat (mem) 

Van de dieu chinh dat ra khi K** K*, ch&ng han Ko < K*. Neu tang 
dot ngot trong bien trang thai tif Ko len K* se khong kha thi, mot kha 
nang khac la bien doi tCf tut len K*. Jorgenson chap nh&n cai dude goi la cd 
che gia toe linh hoat de dieu chinh tut tuf trong dau tu rong nbam loai bo mot 
each he thong khoang each gitfa von muc tieu K va von K(t) dang co tai 
thdi gian t: 

I(t) = j[K-K(t)] (0< j< 1) (2.112) 

Von muc tieu K co the la mot ham theo t cho trtfdc trong he thiic tong 
qual cua Jorgenson; d day ta xet K =K*. 
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Cach dieu chinh von tit tit co the giup cho cong ty giam b6t kbo khan 
gay ra bdi sit thay doi von dot ngot va ca khoi. Luc dau cat- nha kinh te nhin 
nhan he thiic (2.112) chi nhtl mot each thuan tien, nhifng Eisner va Strot* 
da giai thi'ch no ve mat ly thuyet. 

2.1.2 Mo hinh Eisner-Strotz 

Xet mo hinh Eisner - Strotz da trinh bay d chUdng I va ta di den bai 
toan sau: 

Cong ty Chon mot during di K*(t) lam cue dai tong gia trj hien tai cua 
ldi nhuan rong: 

Cucdai n[K] = [it(K)-C(K’))e pl dt (2.113) 

Vdi rang buoc K(0) = K,, (K,, cho trade) 

Phiem ham nay lai la mot tich phan suy rong, nhitng vi hy vong rang 
lai rang khong am bi chan tren, nen sit hoi tu cua no khong la vS'n de. Luu y 
rang, mac dii ta da chi dinh mtic von ban dau co djnh, mife vim cum cung 
con de ngo, va bai toan nay la otonom kinh te, tiic la bi6u thtic trong ngoac 
vuong v^ng mat bien t. 

Truftng hofp bac hai 

Co the viet phtfdng trinh Euler cho ham ditefi dau tich phan dang tong 
quat trong (2.113), nhitng, de co nhiing ket qua cu the hdn, ta hay gia si) 

rang ca hai ham i va C la bac hai, nhu bieu dien bang do thi trong 
Hinh 2.7. ’ 

7t=aK-fiK 2 (a,p>0) (2.114) 

C = aK , ‘ : +bK' (a, b>0) (2.115) 

Ham ldi nhuan co mot cue dai, dat duac tai-K = o/2p. Duong cong C 
duoc ve Chi trong goc plain tu thrr nha't, trong do K' > 0, bdi vi ta da gidi han 
chu y cua chung ta vao trUOng hop md rong nha may. Diing thdi hai duhng 
cong nay phai cho mot gidi han tren do! vdi lai rong (n - C) de dam bao sU 
hoi tu cua tich phan suy rong trong (2.113). 
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Hinh 2.7 

Trong mo hinh bac hai nay, ta c6: 

F = (aK-(3K 2 -aK' 2 -bK T )e _pl 

v6i cac dao ham: 

F K =(a - 2pK) e -pt F K . = -(2aK + b)e' pt 

F K ' K ' = -2ae _pt F KK -0 F**. = -2pe _pt (2.116) 

F {p * = p(2aK + b)e -pl 

Vay, ta co phtfdng trinh Euler: 


K"-pK'- —K = 

a 2a 


v6i nghiem tong quat: 


K * (t) = Aje ri1 + A 2 e ral +K 


(2.117) 


(2.118) 


d day: 


r i ’ r 2 =77 


77= CL-h** 


p±,Ip" + — 


y a: K - - -■fvfnghiem dac biet cua phuctng trinh vi phan (2.117)) 


Cac nghiem dac trtfng r T va r 2 deu la thrfc, vi bieu thiic du6i dau can 
bac hai la dudng. Hdn ntfa, vi ban than can bac hai nay ldn hdn p, suy ra 
r^ng r, > p > 0 nhifng r 2 < 0. Con nghiem rieng K , khong chSc ch&n ve' dau 
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TOI LTU HQA PONG TRONG PHAN TICH KINH TE 

cua no. Tuy nhien nhting ly do kinh te ma ta se xem xet dadi day khang 
dinh ring no dUdng. Do do, de bai toan co nghTa, ta gia thiet r^ng: 

a> bp (2.119) 

Nghiem dac biet 

Di thu dUdc nghiem dac biet, trade het ta sd dung dieu kien dau K(0) 
- Ko. Dat t = 0 trong (2.118) cho phep ta viet: 

K 0 = A, + A 2 + K (2.120) 

Ta se xet xem lieu co the ap dung dUdc dieu kien cuoi (2.106) hay 
khong. Mac du trong mo hinh khong cho mot trang thai cuoi dudi dang hien 
nao, ban chat otonom cua bai toan gdi y rang no co mot trang thai cuoi an — 
quy mo nha may (von) cuoi cung ma cong ty se md rong tdi. Nha Hinh 2.7a 
da chi ra, ldi nhuan cao nhat dat difdc d quy mo K = a/2p. Theo do, ta 
khong mong ddi cong ty muon md rong vUdt qua quy mo nay, Hdn niia, khi 
xet den chi phf C, cong ty co the chon mot quy mo cuoi cung th&m chi nho 
hdn. ThUc vay, tif kien thtic cua chung ta ve phudng trinh vi phan, nghiem 
rieng K co the’ la mot Ufa chon hdp logic doi vdi quy mo nha may cuoi cung 
K*:,- Tuy nhien, doi chieu vdi (2.118) ta thay rang, trong khi so" hang mu thd 
hai (trong do r 2 < 0) tien tdi 0 khi t -> oo, so hang mu thti nhat (trong do r } > 
0) tien tdi ±oo neu Aj / 0. Vi tren thUc te qui mo nha may khong the la +oo 
hoac -cc, ldi thoat duy nhat la dat = 0. Gin thong tin nay vdi (2.120), ta 
co A 2 = Ko - K , do do quy dao K to'i Uu la: 

K * (t) = (K 0 -K)e r2< + K (2.121) 

Co the lUu y vai dieu ve ket qua nay. Thti nhat, vi r 2 < 0, K*(t) hoi tu 
den nghiem rieng K ; nha vay K thtfc sU la quy mo nha may toi Uu cuoi 
cung K*. Hdn ntfa, khi da cho rang b va p la dudng, K = (a - bp)/2p nho hdn 
a/2p. Nha vay r sau khi tfnh den chi phi dieu chinh, cong ty qua thUc difng 
lai d quy mo tdi Uu nho hdn quy mo lam ede dai ldi nhuan n chi ra trong 
Hinh 2.7a. Cuo'i cung, chenh lech giiia quy md dau va cuoi, Kq - K giam 
theo ham mu. Do do dddng di K*(t) phai co hinh dang tong quat minh hoa 
trong Hinh 2.8. 


B-TUHO 
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K 



Hinh 2.8 

Cac dieu kien hoanh 

Mac du ta co the xac dinh cac h&ng so' tuy y ma khong sU dung cac 
dieu kien hoanh, cung dang quan tam xem dieu kien hoanh (2.105) se din 
ta t6i dau. Set dung thong tin trong (2.116) ta biet r&ng: 

F-K’F k , = (aK-pK 2 +aK' 2 )e" pl (2.122) 

Doi vdi cac so hang chtia K va K’, ta se sti dung K* trong (2.118) va 
dao ham cua no, ttic la: 

K* = Aje* + A 2 e r * l +K 

K*' = A,r 1 e r,t +A 2 r 2 e r!!t 

Thay cac bieu thtie nay vao (2.122), ta thu duoc: 

F*-K*T k *. 

= Aj (a - 2pK) e <r ' “<”* +A t 2 (ar, 2 -13) e (2r ' - p)1 

+ A 1 A 2 (2ar 1 r 2 -2P)e (l '* r -- p)t + A 2 (a - 2pK)e <r ^ p,t 

+ A 2 2 <ar 2 2 -p)e l2r! - p)t + (aK-pK 2 )e- |,t (2.122’) 

Dieu kien hoanh la (2.122’) triet tieu khi t —> oo. Vi r 2 am, ba so' hang 
cuo'i cung khong gay kho khan gi. Nhtfng ham mu trong so' hang thti ba rut 
gon ve e° = 1, vi r, + r 2 = p, va so hang do se khong tier) t6i 0. XSfu hdn, hai 
so' hang diu bung no vi rj > p. De buoc ba so hang diu nay trcf thanh 0, each 
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duy nhM la dat A x - 0. Nhu vay, dieu kicn hoanh dtfa ta tdi dung nhuing gi 
ta da di den tuf nhan xet kinh te. 

Dieu kien hoanh (2.107) khong thtfc sU can thiet trong bai toan nay. 
Nhifng neu ta thuf ap dung no, no cung se bao chung ta dat A l = 0 de bo di 
mot bieu thutc mu bung no. 

Quy dao dau tii toi tfu vdi cd che gia toe linh hoat 

Neu ham chi phi dieu chinh C = C(K’) tinh d£n dly du nhiJng kho 
khan ben trong va ben ngoai cua viec dieu chinh thi quy dao dau tit toi itu 
don gian la dao ham cua nghiem xac dinh (2.121): 

I*(t) = K*'(t) ~ r 2 (K 0 -K)e r3t (2.123) 

Nhung tuf (2.121) ta co: 

(K 0 -K)e rat = K * (t)- K 

Quy dao d&u tu (2.123) co the ddn gian hoa thanh: 

I*(t)= -r 2 [K-K*(t)] (2.124) 

Dieu dang chii y ve (2.124) la no bieu thi chinh xac cd che gia toe linh 
hoat trong (2.112). Chenh lech giuia K (quy mo muc tieu cua nha may) va 
K*(t) (quy mo toi itu tai thdi diem t cua nha may), bi loai trit mot each he 
thong thong qua he so dudng -r 2 . Chi con mot van de chifa giai quyet la, 
trong cd che gia toe linh hoat, -r 2 phai nho hdn 1. Doi hoi nay thoa man neu 
ta dat rang buoc bo sung sau day doi vdi mo hinh: 

7 < 1 + P (2.125) 

Dieu khien cho co che gia toe linh hoat trong (2.124) khac can ban 
trong (2.112) la d ch6 bay gid khong con la mot mlu hanh vi dinh tritdc ntfa 
ma la mot quy tic toi itu noi len tit thu tuc giai. Mo hinh Eisner-Strotz, 
trong dang bkc hai cua no, da dong gop can cuf ly thuyet cho cd che gia toe 
lijih hoat thudng duoc su dung. 

2.2. Hanh vi tiet kiem xa hoi toi itu 

Ta xet ldi giai cua mo hinh cua Frank Ramsey ditdc trinh bay d 
chUdng I. TCf do ta da di den mo hinh sau: 
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2.2.1. Mo hinh 


Cuctieu JlB- U(C) + D(L)]dt (2.126’) 

v6i rang bufic K(0) = Ko (K„ cho tritic). (2.126”) 

2.2.2. Giai mo hinh 

Bai toan nhu phat bieu trong (2.126) co cac bie'n trang thai la K va L. 
Tit ham lay tich phan: 


F = B - U(C) + D(L) trong do C = Q(K,L) * K’ 

Lay dao ham rieng theo L va L’ ta dude: 

dC 

F l =-U'(0 —+ D'(L) ^-MQ l +D'(D [M = U'(C)J 

F } , - 0 

6 day de’ don gian, ta sij£ dung M de ky hieu mtic Idi l'ch bien. Giong 
nhu U(C), M la mot ham cua C va vi v4y gian tiep la ham cua K, L va K\ 
Tiidng ttf doi vdi K, ta co the thu dude cac dao ham: 

Fk =- U ' (C) ^ = - M Qk. 

F k . =-U'(C)^ 7 = -U’(C)(-1)=U'(C) = M 


Cac dao ham nay giup ta ap dung cac phtfdng trinh Euler (2.127). 
TrUdc h*t ta luu y rSng vi F L . = 0, phUdng trinh Euler doi vdi bien L, 
F l - dF L »/dt = 0, rut gon ve F L = 0, do do 


D'(L) = MQ l vdi mpi t > 0 (2.127) 

Mdc kho nhoc bien cua lao dong, tai moi thdi diem, phai dat bang tich 
cua mute ldi fch bien eda tieu dung nhan vdi so san pham bien cua lao 
dong. Doi vdi K, phtfdng trinh Euler F K - dF K >/dt - 0 cho ta dieu kien -MQ K - 
dM/dt = 0, hay: 


dM/dt ^ 

M 


vdi moi t > 0 


(2.128) 
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Ket qua nay cho mot quy tac ve tieu dung: M, mile loi l'ch bien cua 
tieu dung, tai moi thdi diem, phai co toe do tang b&ng gia tri am san pham 
bien cua von. Theo quy t&c nay, ta co the ve do thi dudng di toi Uu doi vdi M. 
Khi da tim dude dudng di toi Uu M, co the dung (2.127) de xac dinh 
dudng di toi Uu L. Tuy nhien, nhu da noi tren day, bai toan suy bien theo L, 
nen chi’ rieng dieu kien ban d£u L(0) la khong thi'ch hop. 

2.2.3. Nhung quy dao von va dau ti£ toi Uu 

Moi quan tarn ldn hdn doi vdi chung ta la dudng di K toi Uu va dudng 
di dau tu (va tiet kiem) lien quan vdi no la K’ Thay vi suy ra cac dudng di 
nay tuf cac ket qua trUdc, ta hay tim thong tin nay bang each tan dung sU 
kien la bai toan hien tai roi vao Trudng hop dac biet II d tren. Khong co t 

nhU mot doi so dudi dang hien trong ham lay tfch phan, phuong trinh Euler 
doi vdi K, la F - K’F k > = hang so, hay: 


B - U(C) + D(L) - K’M - h&ng so" vdi moi t > 0 (2.129) 


Ta luu y r&ng h&ng so nay giut nguyen vdi moi t, ke ca t-»oc. Muc tieu 
kinh te cua mo hinh la co U(C)-D(L) tien tdi mdc hanh phuc nh&t. Dig'u do 
co nghia la U phai ti£n tdi U va M phai tien tdi 0 khi t tien ra vo cUc. Vky 
hang so tuy y trong (2.129) phai la 0. Neu vay, dudng di toi Uu cua K’ Ik: 


B-U(C) + D(L) 
M 


(2.130) 


hay, viet dudi dang hien cua doi so' thdi gian: 

B-U[C(t)]%D[L(t)] 

M(t) 


(2.130’) 


Ket qua nay dUOc goi la quy tac Ramsey. No doi hoi rang, de toi Uu, 
toe do tich luy von tai moi thdi diem phai bang ty so khoang each tCf mtic ldi 
ich rong den mtic hanh phuc nhat chia cho mOfc loi ich bien ciia tieu dung. 
Be ngoai, quy tac nay doc l&p hoan toan vdi ham san xuat. Va dieu do khien 
Ramsey den ket luan sai lam r&ng ham san xuat khong gay anh hudng tdi 
viec xac djnh mtfc hanh phtic nh&t. Theo (2.128); M phai dUOc chon toi Uu 
khi doi chieu vdi Q K . Dieu do co nghia la m&u so cua (2.130’) phu thuoc chu 
yeu vao ham san xu&t vdi tu each la sU bieu thi cong nghe san xuat. 
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2.2.4. Xem xet cac dieu kien hoanh 

Bay gid ta se chi ra ring dieu kien hoanh tarn vo han cung se bat 
buoc rang hang so trong (2.129) phai bang 0. Khi dieu kien (2.105) ap dung 
vao hai bien trang thai trong bai toan hien tai, no doi hoi ring 

lim(F-L'F L .) = 0 va lim(F-K’F K .) = 0. 

Til sii kien la F L > = 0, dieu kien thti nhat trong cac dieu kien nay rut 
gon thanh dieu kien F —> 0 khi t -» x>. Dieu do co nghia la mtic ldi ich rong 
U(C)-D(L) phai tien tdi mOtc hanh phuc nhat. LUu y ring ban than dieu 
kien nay vin de lai hing so trong (2.129) chUa chac chin. Tuy nhien, dieu 
kien kia se co dinh hang so nay tai 0 bdi vi F - K’F k > khong la cai gi khac 

ngoai bieu thtic ve trai trong (2.129). 

Bai toan hien tai ngam chi dinh trang thai cuoi li mite hanh phtic 
nhit. Do do, khong can dieu kien hoanh (2,107). 

Tit quy tac Ramsey, co the di xa them mot budc de tim ducJng di K*(t) 
bing each lay tich phan (2.130’). Tuy nhien, de \km viec do, ta cin cac dang 
cu the cua cac ham U(C) va D(L). Ldi giai tong quat cua (2.130’) se chtia mot 
hing so* tuy y ma no co thi dtfdc xac dinh bcfi di£u kien dau K(0) = K 0 . Va 
dieu do hoan tit viec giai mo hinh. Ta se khong co ging minh hoa mo hinh 
bing nhQng ham cu the; nhtfng se chi ra each phan tich do thi pha doi vdi 
no d muc sau. 

hi. phAn t(ch b6 thi pha 

Trong cac mo hinh toi Mu dong, cac do thi pha hai bien dude sxt dung 
pho bien de thu dude cac kit qua phan tfch dinh tfnh. Dii'u niy die biit 
dung khi trong mo hinh sit dung cac ham tong quat, vi tim thbi gian vo 
han. Doi vefi mot bai toan phep tfnh bien phan vdi mot bien trang thai ddn, 
phUdng trinh Euler la mot phUdng trinh vi phan cap hai. Nhung chuyen doi 
phtfdng trinh do thanh mot he hai phUdng trinh cap m6t dong thdi theo hai 
bien thifdng la mot vin de ddn gian. Khi do do thi pha hai bien co the ap 
dung vao bai toan nay mot each khong kho khan. Trong muc nay ta se minh 
hoa ky thuat vdi mo hinh Eisner-Strotz va mo hinh Ramsey. Sau do ta se 
ap dung do thi pha vao trtfdng hdp tim htfu han. 
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3.1. Do thi pha cua mo hinh Eisner-Strotz 

Trong mo hmh ve dau tit toi tfu cua mot nha may, Eisner va Strotz 
gia thiet cac ham ldi nhu&n 7c va chi phi dieu chinh la cac ham bac hai: 

7i~aK-pK 2 (a,|3>0) [td (2.114)] 

C = aK’ 2 +bK’ (a,b>0) [tit (2.115)] 

Tir phiidng trinh Euler: 

K"-pK'- P K = bp_a (tH (2.117)) (2.131) 

a 2a 


rut ra ldi giai dinh liidng la: 


(p la he so' chiet khau ditdng), 


trong do: K 


K * (t) = (K 0 - K)e _r!t + K (r 2 <0) (tit (2.121)) (2.132) 

a - bp 

2p 


Chung ta th&y rang von K (quy mo nha may) phai tien din mot each 
toi \iu tdi gia tri muc tieu K theo mot quy dao on dinh lam giam theo ham 
mu stf chenh lech giOa gia tri dau va gia tri muc tieu cua K. 

Bay gid La se chi ra phddng trinh Euler co the phan tich nhd do thi 
pha nhu the nao. Ta bat d£u bang viec dUa vao mot bien I (dlu t \i rong): 

I(t) = K’(t) (keo theo F(t) = K”(t)) (2.133) 

No tao dieu kien cho chung ta viet lai phiidng trinh Euler (2.131) nhu 
mot he hai phiidng trinh vi phan c£p mdt: 

r = pI+ P K+ bp " a (nghia la I’ = f(I, K)) (2.134) 

a 2a 

K’ ~ I (nghia la K’ = g(I, K)). 

Day la he thong ddn gian, vi ca hai Mm f va g la tuyen tfnh theo hai 
bien I va K, va tren thtfc te K tham chi vSng mat trong ham g. 

3.1.2. Do thi pha 

Gia sti I = I(t), K = K(t) la nghiem cua he phiidng trinh (2.134). V6i 
moi thefi diem t ta ve cap gia tri (I, K) do bang mot diem tren mat phang toa 
do IK goi la khong gian pha. Khi t = t 0 , ta xem he thong dang nghien cutu d 
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Ch6 dude dac trung b& die'm (I 0 , K.) (l 0 = I(t o); K, = K(t o) ) trong khong gian 
pha. Khi theft gian troi qua, tfle la khi t thay do’i he thong eo the’d yen ch5 
do hoac ddi cho. Diem trong khong pan pha ma he thong a yen do khi thdi 
gian troi qua diidc goi la didm diJng hoac dude goi la diem hay trang thai 
can bang (qua thdi gian). Trudng hdp ngude Iai, he thong se ddi ch6 til ([„ 
K„) duqc mo ta bdi mot quy dao di qua Mm do ma ta s6 got la mot ludng’ 
Huong cua luong cho bdi hudng cua tie'p tuyen vdi no tai die’m nay. Hudng 
cua tiep tuyen vdi ludng dude xac dinh bdi cac dao ham (I’ 0 , K’ 0 ), mdi dao 
ham cho ta mot thanh phln cua vec td tie'p tuye'n. Dudi day, d Hinh 2.9 ta 
dung mm ten de neu len hudng cua tufng thanh phln tiep tuyen tai moi 
diem (I, K) ma luong di qua. Mui ten hudng ve dong bic'u thi I’ > 0, mui ten 
hudng ve tay bilu thi I < 0. TUdng tu, mui ten hudng len phia blc K’ > 0, 

hudng nam K' < 0. Hai mui ten nay giup ta hinh dung dude hudng cua 
luong vec td tong cua chung. 

De ve do thi pha, trade het ta hay ve cac daefng V = 0, va K’ = 0 tren 

mat ph&ng toa do IK. Giao diem cua chiing se cho ta diem diing cua 
he thong. 


Trong (2.134) d§t I’ - 0 va giai doi vdi K ta dude: 


a-bp 
2P 


ap 

P 


I (phddng trinh doi vdi dtfbng cong I’ = 0) (2.135) 


Tddng tu, bang each d&t K’ = 0, ta dude: 

1 = 0 (phudng trinh doi vdi K’ = 0) (2.136) 

Ca hai phUdng trinh nay la nhfing dudng thing trong khong gian pha, 
nhu chi ra trong Hinh 2.9, vdi dudng F = 0 doc xuong, va dudng K' = 0 
trung vdi true tung. Diem can bang duy nhlt cua ca he thong dude xac dinh 
b& giao diem cua true tung vdi dudng I’ = 0, mi theo (2.135) la K = (a ■ 
bp)/2(5, theo (2.119) K > 0. Ta mong doi ring diem can bang nay trung vdi 
nghiem rieng K (quy mo nha may muc tieu) tim dUdc trong (2.118). 

Theo dinh nghia, tat ca cac diem tren dudng 1’ = 0 la dUng theo bien I 
Do do ta da ke mot cap “dudng khung” thing ddng tren dudng nay dl chi 
ra rang luong qua no phai theo hudng thing dutng. TUdng tu, “cac dudng 

khung" nam ngang dude gin cho dudng K’ = 0 dl chi ra ring lulng qua no 
phai theo phUcfng n^m ngang. 
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K 



Hinh 2.9 

Mat khac, cac dUdng I* = 0, K’ = 0 dong vai tro la nhxing dtfdng ranh 
gidi. Do tinh lien tuc cua dao ham F = dl/dt, duong F = 0 se chia mat ph&ng 
IK lam hai mien co I’ < 0, va mien kia V > 0. Dudng K' = 0 cung ttfdng t. Ttr 
(2.134) ta thaydao ham theo I la: 

dV . % dK' 

— =p>0 va —— = 1>0 (2.137) 


Dau dudng cua noi len rang F la ham tang, do do khi I bien thien 

theo chieu tix tay sang dong qua dudng ranh gidi I’ = 0 thi no phai i\i mien 

co I < 0 sang mien co I’ > 0. Ta cung co the nh&n xet nh\i sau tii he phufdng 

trinh (2.124), cho I = 0 va K = 0 ta thay 6 diem goc toa do thi F = a ~ bp < 0 

• a(3 

vay mien d phia chtia goc toa do, ma dudng ranh gidi I’ = 0 chia ra, la mien 
co F < 0. De ky hieu ta ghi dau {-) d ben trai dtfdng F = 0 va dau (+) ben phai 
cua no tren Hinh (2.9). Tifdng tu, dudng K’ = 0 chia mat ph&ng IK lam hai 
mien, do K’ = I ta co K’ < 0 d mien ben trai dtfdng K’ = 0, va K’ > 0 d mien 
ben phai no. 
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Theo nhutng rang buoc ve hudng quy dinh bdi cac dau mui ten ve tren 
mat phang IK va cac dddng khung, la co the ve mot ho cac luong, hay cac 
quy dao, de bieu dien sd van dong cua he thong tti bat ky mot diem ban dau 
ma da cho trddc. Mdi diem phai 0 tren mot luong nao do, va phai co mot so" 
vo ban cac luong. Nhdng thudng chung ta chi ve mot so. Ta c&n kiem tra 
tren Hinh 2.9 r&ng cac luong nay theo cac mui ten doi v6i IK, va noi rieng, 
chung tdOng hop vdi cac dddng khung buoc chung di qua dddng I* = 0 v6i do 
doc vo han va di qua dddng K’ = 0 vdi do doc 0. 

3.1.2. Diem can bang kieuyen ngUa 

Trang thai can bang qua thdi gian cua he thong xay ra tai diem E la 
giao diem cua hai dudng ranh gidi. Theo cau true cua cac luong, ta thay hai 
nhanh on dinh hudng tdi E (mot tut hudng dong nam va mot tut hudng tay 
bac), hai nhanh khong on dinh (mot hddng tdi dong bac va mot hddng tdi 
tay nam), va cac luong khac dau lien hddng tdi E nhdng roi doi hddng ra xa 
no. Trang thai can bdng nhd the goi la diem can bang kieu yen ngda. 

Ro rang rang each duy nhlft de dat tdi mdc muc tieu tai E cua dddng 
von K(t) la di dddc vao nhanh on dinh. Thl du, khi cho so von ban dau K 0 , 
bat buoc ta phai chon I* 0 lam mute d&u td ban d&u, vi chi Ida chon do mdi 
dat chung ta len “con dddng lat gach vang” di tdi can b&ng. T&'t nhien mot 
so von ban dau khac c£n co mot I* 0 khac. Sd rang buoc Ida chon I* 0 nhd the 
dai dien cho dieu kien hoanh. 

Trong tat ca cac luong, thoa man phddng trinh Euler , chi co luong 
thoa man dieu kien do mdi dda den muc ti£u. 

Khi di tren nhanh on dinh hddng tay b&c trong Hinh 2.9, ta th&y mute 
von K khong ngutng t&ng, kdo theo sd thu hep khong ngurng khoang chenh 
lech gida K y va mute von muc tieu K . Day dung la dieu ma (2.132) noi cho 
chung ta. Kern theo sd tang K la sd giam mute dau td I. Lai mot lan nda, 
dieu nay phu hop vdi nghiem da tim dddc trddc day, vi b&ng each lay vi 
phan (2.132) hai l&n theo t, ta tim dddc: 

I*'(t) « K*"(t) - r 2 2 (K 0 -K)e r2t <0 


va trong thl du hien tai, K 0 < K . 
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3.2. Do thi pha cua mo hinh Ramsey ddn gian 

Be dan gian cho viec phan tfch mo hirih Ramsey da neu, ta gia dinh 
r^ng d£u vao lao dong la hang so, do do rut gon ham san xuat thanh Q(K) 
va mo hinh co dang dcfn gian la; 

Ciicdai |lJ(C)dt, 

vdi tieu dung C =Q(K) - K’, 

d^u tM I = K’ = dK/dt, U(C) la ham loi Ich. 

Viet phifdng trinh Euler cho ham dtfcfi dau tich phan U[Q(K) - K’], 

ta co: 

U’(C)Q k - dU’(C)/dt =0. 

Dat M = U’(C) phUdng trinh nay co dang la: 

" MQ K = 0 (tit (5.28)) (2.138) 

hoac bilu didn dudi dang hien sil phu thuoc cua san pham bien vao K. 

-MQ'(K)-M' = 0 (2.138’) 

Vi§t dudi dang (2.138’), ta co the xem nd la phitdng trinh chda hai 
bien K va M. De xac dinh hai bien ta cin mot phitdng trinh nfia. Muon 
the trtfdc het ta .nhan xdt M = U'(C) la ham ldi ich bien mi ta co the’ gia 
thiet ham don dieu giam theo C vi thd'co h&m ngiidc C = C(M). Ta da gia 

thid't tieu dung C = Q(K, L) - K’, thay C = C(M) ta co phUdng trinh thfl hai 
cln tim. 

K' = Q(K) - C(M) (2.139) 

Ket. hdp (2.138 s ) va (2.139), ta dufdc he hai phtfcfng trinh: 

K’ = Q(K)-C(M) (nghia la K’ = f(K, M)) 

M' = - MQ’ (K) (nghia la M’ = g(K, M)) 


(2.140) 
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Hinh 2.10 

Trade khi tiep tuc, can dat mot so" rang buoc dinh tinh nhd't dinh doi 
vdi hinh dang cac ham nay. Gia thiet rang ham U(C) co dang nhu trong do 
thi tren cung cua Hinh 2.10, vdi B la mile ldi ich hanh phuc nhat va C B la 
mdc tieu dung hanh phuc tddng ting. Trang thai bao hoa tieu dung xay ra 
tai C Bj va nhting tieu dung them vtfdt qua mtic do din den sU giam U. Tti 
ham nay, ta co the rut ra ham ldi fch bien M(C) cho bdi do thi ngay d dudi, 
vdi M = 0 tai C = C B . Vi M(C) la ddn dieu, ton tai ham ngUdc C(M), vdi 
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C CM) < 0. Mat khac, gia thiet Q(K ) co dang nhir do thi d goc trai ben dudi, 
a day Q lay gia tri tren true hoanh chfl khong tren true tung. San phSm 
bien cua von Q'(K) > 0 va Q”(K) < 0 vdi moi K > 0. 

3.2.1, Do thi pha 

De xay dung do thi pha, la ve cac difdng K’ = 0 va M’ = 0 trong khong 
gian KM. Ttr (2.140) dat K 1 = 0, M* = 0 ta co: 

Q(K) = C(M) (phitong trinh doi v6i difbng cong K’ = 0) (2.141) 

M =0 (phiicfng trinh do'i vdi dildng cong M’ = 0) (2.142) 

Phtfdng trinh thti hai dirdc nit ra tit gia thiet Q’(K) * 0. 

De ve ditdng K’ = 0 trong khong gian pha KM, ta co the theo each 
duoc neu len trong hinh (2.105). TrUdc het tit gia tri M ta di tfn diem (1) 
tren dudng M = M(C), theo chieu mui ten di xuong ta gap dudng Q = Q(K) a 
diem (2) ma d6 thi da ditdc ve sao cho Q(K) = C(M), do do di^m (2) se cho ta 
gia tri K thoa man phtfdng trinh. Diem (3) giup ta chuy^n gia tri K nay 
sang khong gian pha. Cap gia tri (K.M) tim ditdc se cho ta diem (4) tren 
difdng K’ — 0 trong khong gian pha. 

3.2.2. Diem can bang kieu yen ngua 

Bay gid ta ve lai dudng K’ = 0 trong Hinh 2.11, va them vao do ditdng 
M 1 = 0, ma theo (2.142) no phai trung vdi true K. Giao diem cua hai dudng 
nay la diem can bkng duy nhat E, dac trung bdi K = K B va M = 0, va do do 
tudng ting vdi mtic tieu dung hanh phuc nhat. 

Dudng khung doi vdi dudng K’ = 0 la thSng ddng. Dudng khung dm 
vdi dudng M’ = 0 la njm ngang va ndm hoan toan doc theo no. Vi cac dudng 
khung trung khit vdi dudng M ! = 0, duong M' = 0 se khong chi la ranh gidi 
ma cung la quy tich cua mot vai luong. 

Day dau cua K’ va M’ co the dildc xac dinh tic cac dao ham rieng 

—= Q‘(K) > 0 va |~| = -Q'(K)<0 (tif (2.140)) (2.143) 
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Hlnh 2.11 

Cac dao ham nay mang lai day dau (-, 0, +) theo hifdng tif trai sang 
phai doi vdi K’ va day d£u (+, 0, -) theo hudng tif dtfdi len doi vdi M\ Do do, 
cac dau mui ten doi vdi K chi sang dong trong mien ben phai cua dudng K’ = 
0 va chi sang tay trong mien ben trai no, con cac diu mui ten doi vdi M chi 
ve phia nam trong mien phia tren dudng M' = 0 va chi ve phia bac trong 
mien phia difdi no. 

Cac luong thu dtfflc lai sinh ra mot diem yen ngiia. Khi cho bai, ky von 
ban diu K,„ ta cfin chon mute loi ich bien ban dSu M 0 sao cho he thong dude 
dat len mot trong cac nhanh on dinh dua den diem yen ngtfa. Thi' du, vdi 
Ko < K„, duqc chi ra trong H.inh 2.11, trong do chi co M* 0 , co thl dua ta len 
“con diking lat gach vang” din tdi E. Tat ca cac ludng khac cuoi cung se 
mang lai hoac (1) tich luy von qua mile va khong the dat dtfdc mile hanh 
phuc nM't, hoac (2) giam tich luy von lien tuc “an vao von” va lai khong the 
dat duqc mdc hanh phuc nhat. Nhu trong mo hinh Eisner-Strotz, ta co th4' 
giai thfch doi hoi phai chon dung gia tri dfiu M nhix die'u kien Wdng dudng 
vdi dieu kien hoanh. 
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Cd hmh Eisner-Strotz Ian mo hinh Ramsey deu dita den diem can 
bang yen ngita ,, day khong phdi Id sitiriing khdp ngdu nhien. Doi hoi phdi 
dat he thong vao nhanh dita den ditctng can bang la mot quy tdc tol i/u hod, 
cung nhit mot cdng ty muon cite dai lai nhuan, trong bdi toan tol itu hod 
tinh doi hoi , phdi chon mtic ddu ra cua no theo quy tdc MC = MR. Neu 
diem can bang cua he la mot nut on dink hay mot tieu diem on dinh giong 
nhit tinh huong mb "moi con ditctng de'u ddn tdi Rome" thi se khong can 
quy tdc lita chon bat buoc nao nita va bdi toan tdi itu khong dat ra. Mat 
khac, neu can bdng la mot nut hay tieu diem khong on dinh thi se, khong co 
con ditdng nao dita den mite muc tieu cu a bien trang that. 

IV. TAm k£ HOACH HCfll HAN VA HANH VI Ol/CJNG DAI L0 (KIEL) DI/ONG LCJN) 

Mo hinh Ramsey nhin trade mot tam ke hoach vo han. Nhang con doi 
veil tarn k@ hoach hHu han, chang han 100 nam hoac 200 nam thi sao? Co 
the van ap dung daoc ky thu&t do thi pha hay khong? Cau tra ldi la co. Dac 
biet, do thi pha rat co ich trong viec giai thfch cai goi la “dadng cao toe” khi 
xem xet nhang t&m ke hoach dai nhang hCu han. 

Trong tam htfu han, ta cin ch&ng nhu!ng cho trade von ban dau 
nha trong tradng hdp tam vo han, ma con can cho trade von luc cuo'i K T de 
nghiem trd thanh xac dinh. K T la so von ma ta chon de lai cho cac the he 
song sau ky ke hoach. Viec chon no la hoan toan tuy y. Tuy nhien, neu ta 
tranh su laa chon nha v&y va daa vg bai toan vdi dadng cuoi thang dting 
cut, K t > 0 thi quy dao toi Uu doi vdi K se chSc chan K T = 0, bdi vi muc tieu 
cac dai tong ldi ich trong tam ke hoach hGu han doi hoi den thdi gian T ta 
phai sut dung het von. Hop ly hon, ta se chon mot K T tuy y nhang daong. 
Trong Hinh 2.12, ta gia sii rhng K T > Ko. 

Viec cho trade Ko va K T khong du de xac dinh mot nghiem tdi au duy 
nha't. Chdng han cd the’ xay ra tinh huong trong khong gian pha nha neu ra 
d Hinh 2.12a, cac luong S 1 ,...,S 4 (cung nha cac luong khong ve ra khac), 
deu bat dau ta Kq, va cuoi cung daa ta tdi mute von K T . Thong tin con thieu 
de co the xac dinh Idi giai la do dai thdi ky ke hoach T. 

Cho dadng cong T l la quy tich cac dilm ma cac luong di den sau dung 
T, nam ke ta t = 0. Dadng cong nha v&y, dude goi la dadng dSng thdi (dadng 
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cong vdi thdi gian b&ng nhau), ddbng nay c6 do doc dddng vi ly do sau: 
Luong S lf xa nhat t\i dudng K’ - 0 va vi vay co gia tri K’ ldn nhat trong so" 
bon luong, phai tich luy dtfdc so von 16n nh£ft qua Tj nam (d day la K T ), con 
luong S 4 d thai cite ngtfdc lai, phai ket thuc tai thdi gian Tj vdi so” von it 
nhat (d day khong nhieu hdn Ko). Neu thdi ky ke hoach la T, nam thi luong 
Si ro rang se la Ida chon tot nhat, vi trong khi tat ca cac luong thoa man 
phddng trinh Euler, chi co S t thoa man them dieu kien bien K(0) = K 0 va 
K(T t ) = K t , vdi dtfdng di trai qua dung T, nam. 




Hinh 2.12 










IgKJUHO A DONG TRONG PHAN TirH KINH t£ 


Mo. luong la mot q-uy dao trong khong gi an pha Km . Nhung khj 

IT 4 ‘ ,Ua . thl m ■ 1 di§m Ch5 ban d ™ dong theo ludng Do do 

mo. luong se h0 ta m p t quJ d?o K = R(t) trong kh6ng ^ ^ J ° d ° 

b 7 V °; the ° thdl *“■ C - A** di thdi gian do. vdi K tuong J g v6i 
on , U0 „ g ,o c minh ho , trong HJnh 2 , 12 b, trong dd di sip xip tie K ’ 
. ’ ta ve true thdi gran thing ding hudng xuo'ng chU khong ndm 

ngang hdong sang pha.. Dirut ra cac dudng d. theo thdi g.an nay, ta dZ 
cae Mng dang thd.. Kh. d. xuong theo moi luong trong Hinh 2.12a ta ghi 
4. cac mUc K thu dupe U. cic thd, d.im khic nhau (nghia Ik ta. g,ao djm 

th h JTv g g tMi kh " C nhaU) ' KHl th6n ^ t! " ^ vky dude ve 
hanh do A, tren Hinh 2.12b, ta thu dupe cac dudng di thdi g.an P, P 

trong do P s tifefng dng vdi luong S r 4 

vd- k V b- ^™ t4m kd h °- Ch h£iU h?n T " d ^ di ** B*n to', Uu dm 
ch. gomdoan K,G tren P„ Duong di thdi gian P, la th.'ch hop do. vdi 

. toan nay bo. vi S, da dupe biet la luing th.'ch hp P; ta dUng d d.im G 

k7h h 7 13 dat ^ Kl tr ° ng thdl h?n T - Tu -v ^.en, neu tin, 

ke h°ach dude day ve ph.'a T 2 thi ta phai th bo ludng S, va lay luing S 3 

Duong d. tho. gran to. Uu tUOng Ung dd'i vdi K kh. do se la P„ hay dung hdn 

doan KjJ cua no. Cac gia tri khac cua T cung cd thl dupe phan t.'ch theo 

ach tudng tu. Prong mdi trudng hop, gia tri T khac nhau se mang la, dudng 

d. theo tho, g,an to. uu khac nhau do. vdi K. Va, no. ton. lai. tit ca cac 

dudng d, Ad, gran to. Uu tin, hiu han do'i vdi K la khac vdi dudng di K tb'i 

U tin, vo han P 2 - dudng d. Ramsey - gin vdi ludng S 2 , nhanh on dinh cua 
aiem yen nguta. 

"7 ™ y ’ 13 “ thl tMo lu * n vi hanh oi kieu dudng dai 16 

g cao oc )i cua cac quy dao toi Mu tam htfu han. Tru6c het, hay tuang 

no h m ^ 6t6 C ° n h3i th&nh Ph6 ' C6 nhl& con ^ 

no. chung^Neu khoang each pha, di khong qua dai, co le ddn gian nha't la 

thied A ’ A'-" T 6 7 hUne ^ ^ ^■ Nh,ing kh ° ang Cach db 

h, the thuan Ip, hdn neu chon mot con dudng di di vao mot dudng cao 
Ac v; d, tren dd, cho den mot 161 ra th.'ch hop gin thknh pho muon din 

hu viy hanh v, tUOng tu cung dac trung cho cac dudng di thdi g,an toi uu 
tam hiiu han trong Hinh 2.12b. 


9- tuhd 
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Khi da cho K 0 la mile ban d&u va K T la mdc muon dat t6i cua von, 
neu ta md rong lien tiep tarn ke hoach du xa ve tUdng lai thi dudng di thdi 
gian toi uu co the uon cong, vbi mdc do tuy y, ve phfa dudng di Ramsey P 2 
hoac ve phfa dadng K B - “dUdng cao to'c” trong bi^u do nay. De thay ro hdn 
dieu nay, ta hay so sanh cac diem M va N. Neu tam ke hoach la T. t thi 
dUdng di toi Uu la doan K 0 M tren P 4 , dUa ta t6i mile von K T (diem M) tai 
thdi gian T v Tuy nhien, neu tam ke hoach dude md rong tdi T 5f ta phai chon 
doan KoN tren P^ de thay the, dUa ta tdi mile von K T (diem N) tai thdi gian 
T ft , Khi tam ke hoach T cang keo dai thi quy dao toi Uu ngay cang co xu 
hUcing den gan quy dao Ramsey va dudng thang K B . Ta co the noi no co xu 
hUdng dong vai tro duong 16n hoac noi la co hanh vi kieu dUdng ldn. 

i - ----—--- 

Ro rang ti day co sit so sank thu vi, khi di ditdng ; neu khodng each 
cang xa thi ngi/tii ta cang co xu hitting sit dung dudng cao toe. Khi gidi bai 
toan ve von, neu tam ke hoach cang xa ta cang chon quy dao co dang dieu 
cang gdn vtii ditdng Itin. 

v. Ap dung tinh loi lom, di£u ki£n oO vAo cAc MO HiNH KINH t£ 

Ta da chi ra rang neu ham lay tich phan F(t, y, y’) trong bai toan 
diem diu mut co dinh la lom (loi) theo cac bien (y,y’), thi phtfdng trinh 
Euler la du doi vdi mot cUc dai (cUc tieu) tuyet doi cua V[y]. Hdn ntia, dieu 
kien du nay van ap dung dude khi thdi gian cuoi co' dinh nhUng trang thai 
cuoi bien doi, vdi dieu kien bo sung sau day thoa man: 

[Fy(y- y*)] 1=T <0 

Doi v6i tam nhin vo han, dieu kien bo sung nay trd thanh: 

l 1 ^ [ F ,.(y-y*)]<° (2.144) 

Trong diiu kien nay, Fy» lay gia tri doc theo dudng di toi Uu, va (y-y*) 

bieu thi do lech cua b£t ky quy dao lan c&n chap nhan dUdc y(t) so vdi 
ditong di toi Uu y*(t). 

5.L Ap dung vao md hinh Eisner-Strotz 

Trong mo hinh Eisner-Strotz, ham lay tich phan F(t,K,K’), nhu chi ra 
trong (2.116), co dao ham cap hai sau day: 
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F K -k- - 2ae pI F KK , =F K . K =0 va 
F KK =-2pe^ 


d day tat ca cac tham so la dudng. Ap dung quy tic kiem dinh tinh xac dinh 
dau, ta c6: 


I°1 

= 

Fk'K’ 

< 0 

l D 2 



Fk-k 


Fkk- 

Fkk 


= 4aPe' 2pl > 0 


Suy ra ring dang loan phudng q gin vdi cac dao ham cap hai nay la 
xac dinh am, va ham lay tfch phan F la lom chat theo cac bien (K,K’). 

Doi vdi mo hinh hien tai, dieu kien bo sung (2.144) co dang: 

l»n[F K .(K-K *)]^0 (2.145) 

d day so hang F K ’ cu the phai la 


F k . - “[2ar 2 (K 0 - K)e r2 ‘ +bje' pt (r 2 <0) (2.146) 

Ro rang rang P K » tien tdi 0 khi t tien ra vo han. Con ve thanh phan 

(K - K*) cua (2.145), dang gia dinh cua ham idi nhuan toan phudng bieu thi 
trong Hinh 2.7a gdi y ring khi t tien tdi vo han hieu so giuta gia tri K tren 
bat ky dUdng di lan can chap nhan dUdc va gia tri K* bi chan. Nhu vay, viec 
F K ’ tnet tieu bao dam ring dieu kien bo sung (2.145) co the thoa man nhu 

mot dang thdc. Do do, tmh lom chat cua ham lay tfch phan khien cho 
phudng trinh Euler trd thanh dieu kien du doi vdi mot ctfc dai tuyet doi duv 
nhat cua tong Idi nhuan n(K). 

5.2. Ap dung vao mo hinh Ramsey 

Ham lay tfch phan cua mo hinh Ramsey (ddn gian hoa) la: 

nt,K,K) = B - U(C) = B - U[Q(K) - K’] 

Ta gia sii ring U’(C) > 0, IT(C) < 0, Q(K)' > 0 va Q”(K) < 0. Tif cac dao 
ham cap mot sau day cua F: 

F k = - U’(C) Q’(K) va F K ’ = -U’(C) (-1) = U’(C) 

ta tim dude cac dao ham cap hai: 
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F KK - U”(C)(-1) - -U"(C) 

F kk - = F k , k = U"{C)Q'(K) 

F kk =-U'-COIQ'TOj'-U'COQ-^K) 


Lai ap dung kiem dinh xac dinh dau, ta thay ring: 

I ^1 I = F K'K' > 0 


(2.147) 


Nhifng vi: 


D 2 


F KK' 

f kk- 


f k-k 

F KK 


= U"(C)U’(C)Q’'(K) > 0 


(2.148) 


la khong dtfdng chat, ta khong the noi ring dang toan phtfdng q gin vdi no 
la xac dinh dtfdng va ring ham F la loi chat. Tuy nhien, co the xac lap tfnh 
loi (khong chat) cua ham F bing phep kiem dinh tfnh nua xac dinh dau. Doi 
chieu vdi cac dinh thtic con chfnh, ta thay ring: 

I D°i |-F kk >0 va |D u s| = |D 2 |>0 


Cac bieu thtic nay, cung vdi thong tin trong (2.147) va (2.148), kco 


theo: 


D, >0 va D 2 


>0, trong do |d, | ={|D,|.|D?|}; | f> 2 | =||D a |,|D°|| 


Trd lai dieu kien bo sung (2.144), ta c&n khing dinh ring: 

lim [F k .(K-K*)]<0 (2.149) 


Vi F k , = U’(C), di dang thay ring khi t tien ra vo han (khi ta di ve 
phia mu£c hanh phuc nhat va khi mile ldi fch bien giain on dinh), F K . tien tdi 
0. Con ve so hang (K-K*), ta khong the phat bie’u tong quat ring do lech cua 
K(t) so vdi K*(t) tien tdi 0, hoac bj chan khi t -» •*>. Vi ham san xuat difdc gia 
dinh la co san pham bien dtfdng khap ndi, non difdng cong Q(K) md rong vo 
han ve phfa tren, va khong co gidi han nao cho cac gia tri co y nghia kinh te 
cua K. 

Ve dieu nay, ta thay ring gia thiet ve trang thai bao hoa von giup fch 
trong viec ap dung dieu kien du. Neu Q(K) chtia mot diem bao hoa, thi (K- 
K*) se bi chan khi t cc, va (2.149) co the thoa man nhif mot dang thdc. 
Tren thuc te, khi gia dinh co trang thai bao hoa von, dieu kien (2.149) co 
the thoa man ngay ca neu khong co trang thai bao hoa tieu dung. Vdi diem 
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bao hoa von K bay gid dtfdc dung de dinh nghia “mtic hanh phuc nhat”, tat 
ca cac dudng di chap nhan dUdc phai ket thuc d K . Nhu vay, thanh ph£n 
(K - K*) cua (2.149) phai tien tdi 0 khi t —> Vi F^’ = U’(C) bi chan khi ta 
tien tdi gin miic hanh phuc nhat, (2.149) thoa man nhu mot ding thtic. Do 
do, khi da cho ring ham F la loi, trong trUdng hdp nay, phUdng trinh Euler 
la du do! vdi mot cue ti§u tuyet doi cua tich phan J[B - U(C)]dt. 

E. BAI TOAN CO GIA TRj DE LAI 

Nhu ta biet trong thiic te, gia tri ciia ham muc tieu co the phu thuoc 
vao vj tri cuoi cung cung nhu vao quy dao. Thi du nhu tien thUdng cho vice 
hoan thanh xuat sac mot cong trinh nghien cdu khoa hoc. Co the co gia tri 
de lai ket hop vdi tai san cua mot cong ty b thbi gian cuoi. 

Ta hay xet bai toan sau day:gia sb phai chon tj va y(t); t 0 < t < tj lam 
cue dai phiem ham: 

f F(t,y,y’)dt + G(t t , Xl ) (2.150) 

•'ll 

vdi rang buoc la: 

y(D = >’o> 

trong do y ^ - y(t,) la gia tri cuoi cua ham. 

Bing each sb dung ky thuat tUdng LU nhu d diu chUdng nay ta di den 
mot so ket qua cd ban dudi dang tom tit sau: 

1. Cdc diiu kien can 

a. Phudng trinh Euler: 

F v = dF y ./dt, bj < t < t, 

b. Dieu kien Legendre 

(max) F yy < 0, t 0 < t < t,; 

(min) F yy > 0, t 0 < t < t x ; 

c. Dieu kien bien: 

(i) y(t 0 ) = y y 

(ii) Neu y(t T ) la co dirih thi y(t,) = y! la da biet 
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(iii) Neu ^ la co' dinh thi t, la da biet. 

(iv) Neu t l5 phai thoa man R(tj) = y l5 thi phddng trinh nay cho ta 
mot dieu kien. 

d. Dieu kien hoanh: 

(i) Neu y(t L ) la ta do thi F v , + G y = 0 d tj 
(li) Neu tj la ta do thi F - y F y . + G, = 0 d t x 

(iii) NSu t lt y t phai thoa man R (t : ) = y,, thi: 

F + F y . (R‘ - y') + G y R' + G t = 0 cJ t,. 

2. Thi du. TUdng tadng mot do an nghien cdu va phat trien ma trong 
do ldi ttic giam do'i vdi viec chi tieu nhanh. 

Dat y(t) la ty le chi tieu tien d thdi ky t va z (t) la hieu qua cua do an 
d thdi gian t. Gia set chi phi nghien cufu y(t) lien he vdi hi§u qua cua do an 
theo phudng trinh sau: 

z'(t) = y ,/2 (t) (2.151) 

Tong co gang co hieu qua doi hoi hoan thanh do an la A: 

z(0) = 0, z(T) = A, (2.152) 

trong do T ky hieu thdi gian hoan thanh (dude xac dinh). 

Phan thadng la R khi do an hoan thanh, ty le chiet khau cua no la r. 

Gia tri cua do an d thdi diem 0 (bay gid) la ldi nhuan trif di chi phi 
phat triin: 

eR “ f e ~ rt y( t ) dt (2.153) 

Cue dai (2.153), vdi rang buoc (2.151) va (2.152). 

De bieu dien toan bo bai toan nay theo z va z\ sd dung (2.151) de loai 
y; ta co the viet lai (2.153) nha sau: 

max e“ rT R- jV rt [z’(t)] 2 dt (2.154) 

vdi rang buoc (2.152) 

Vi z khong xuKt hien trong (2.154), phudng trinh Euler la: 
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Z r (t) = cc” , giai cung vdi dieu kien bien (2.152) va dieu kien hoanh, vi 
T co the ttf do. 


Tfch phan va sU dung dieu kien z(0) = 0 cho ta: 


z(t) = ce rt /r - c/r 
Bai loan nay doi hoi rang: 

z'(T) = (rR) ,ft 

Ta cung co: 


ce rT = (rR) ,/2 

Cuoi cung, dat z (T) = A trong (2.155) cho ta: 

(e ,T - 1) c/r = A 

giai (2:157) va (2.158) de tim hai hdng so'chUa bi§t c va T: 

c = (rR) ,/2 - rA 
va 


(2.155) 

(2.156) 

(2.157) 

(2.158) 

(2.159) 


T = -r 1 ln (1 - A(r/R) 1/2 ) 
vi T > 0 nen doi hoi rA 2 < R 
The (2.159) va (2.160) vao (2.155) cho: 


(2.160) 

(2.161) 


z(t) - [(R/r) 1/2 - A} (e rt - 1), 0 < t < T 


(2.162) 


nhu la quy dao toi Uu cua hieu qua nghien cAu va phat trien R & D miln la 
(2.161) duoc thoa man. 


Neu (2.161) khong dude thoa man thi do an khong dude thiic hien. Ttf 
(2.160), thdi ky phat tnen toi Uu T thay doi trUc tiep vdi co gdng doi hoi A 
va nguoc lai vdi phln thudng R; su phat triin ma dl dang hon, phdn thtfdng 
ldn hcfn se thuc diy phat trien. Ket help (2.162) va (2.151) cho.ta quy dao 
chi tieu toi Uu. Neu (2.161) dung thi: 


y(t) = [(rR) l/2 - r A] 2 e 2rt 0 < t < T 
trong do T la da cho trong (2.160). NgUdc lai: 


y(t) = 0, 


0 <t 
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F. CAC BAI TOAN CO RANG BUOC 

0 phAn tren ta da gap cac rang buoc vai lln, mac du khong goi ten no 
ra. Bat cti khi nao mot bai toan co mot dtfdng cong cuoi dtfdc chi dinh hoac 
mot dtfdng thang cuoi th£ng dting hay n&m ngang cut, no dat mot rang 
buoc ma nghiem phai thoa man. Tuy nhien, nhQng rang buoc nhtf v&y g&n 
lien vdi di£m dau mut. Trong phdn nay, ta quan tarn t6i nhflng rang buoc 
quy dmh tong quat dang dieu cua cac bien trang thai. Mot thf du don gian, 
cac bien K va L co the xuii't hien trong mo hinh nhtf cac bien trang thai, 
nhtfng ro rang cac dtfdng di theo thai gian cua chung khong the dtfdc chon 
doc l&p v6i nhau bdi vi K va L lien quan vdi nhau bdi nhtfng xem xet ve 
cong nghe thong qua ham san xuat. Nhtf vay, mo hinh phai co ch6 cho mot 
rang buoc ham san xuat. No cung co the co mot rang buoc gdn mot bien 
trang thai v6i dao ham theo thai gian cua mot bien khac. Thf du, mot mo 
hinh co the chtfa cac bien trang thai nhtf toe do lam phat ky vong n va toe 
do lam phat thtfc p. Toe do ky vong it chiu s tf dieu chinh qua thdi gian, khi 
no lech khoi mute thtfc te p. Stf dieu chinh toe do lam phat ky vong co the mo 
ta bang rang buoc nhtf da gap trtfdc day. 

dn 

dt = J(P-ir) (0<j<l). 

Trong khi mot rang buoc nhtf vay co the, qua phep thay the, bi loai 
khoi mo hinh, no cung co the vln con va dtfdc xii ly dtfdi dang hien nhtf mot 
rang buoc. Muc nay giai thfch dieu do dtfdc thtfc hien nhtf the nao. 

I C A° KI ^ U co B AN GOA CAC RANG BU0C cOA BAf TOAN TfNH Bl£N PHAN 

Muc nay se gidi thieu mot so kieu cd ban cua cac rang buoc trong cac 
bai toan toi tfu hoa dong. Nhtf trong cac bai toan toi tfu hoa tlnh co rang 
buoc, phtfdng phap nhan tut Lagrange dong mot vai tro quan trong trong 
viec giai quyet cac bai toan toi tfu hoa dong co rang buoc. 

LI. Cac rang buoc dang phtfdng trinh dai so 

Ctfcdai V = |F(t,y 1 ,...,y n> y 1 ',... > y n ')dt (2.163) 

vdi m rang buoc doc lap nhtfng ttfdng thfch (m < n) 
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8 ] ( t »yi.-.y n )=c 1 


(Ci,-..,c m la cac hang so) ( 2 . 164 ) 

g n, (t»yi,...,y n )=c m 

va cac dieu kien bien thfch hop. 

m rang bu<?c d6 ]k d P c vai nha ^ khi ton tai mot dinh thtic Jacobian 
khong suy bien cap m doi vdi m trong n bien ma ta co the gia thiet do la m 
bien dau tien: 


J 

(mxm) 


s (yi.-.y,n) 


* o 


(2.165) 


Lilu y ring, trong bai toan nay, so rang buoc m phai nho hdn so bien 
trang thai n. Ne'u khong, vdi (chhng ban) m = n, he phUdng trinh (2.164) 

xac dinh duy nha't cac dtlflng di y (t), va khong con bac til do nao d4 Ina 
chon toi Uu. 


Giong nhir phudng phap nhan tut Lagrange trong toi Hu hoa tinh, bay 
gio ta xay dang ham lay tfch phan Lagrange, bang each them thanh 
phan cho ham lay tfch phan ban dau F trong (2.163) nhu sau: 

7 = F + X,(t)(c ] -g’) +.- + X. m (t)(c m -g m ) 

= F + £^(t)( Ci -g 1 ) (2.166) 

i=l 

Mac du cau true ciia no to ra trung vdi cau true sU dung trong toi uu 
hoa tinh ham Lagrange nay, co hai khac biet cd ban. Thri nha't, trong bai 
loan toi tin hoa tinh so' hang chfla nhan tii Lagrange dupe cong vao ham 
muc tieu ban dau, con d bai toan to'i Uu hoa dong nay, cac s6' hang chda 
nhan tu Lagrange X,, dupe cong vao ham lay tfch phan F, chii khong cong 

vao phie'm ham muc tieu V = jFdt. Thu ha,, trong khuon kho’ hien tai, cac 

nhan tut Lagrange X, khong la cac hang so ma la ham cua t. Do la vi m6i 
rang buoc trong (2.164) dupe gia dinh la thoa man tai moi thdi die’m trong 
[0, T], va moi gia tri cua t c6 the co tudng ting mot gia tri cua nhan t(t 
Lagrange X, gan vdi bieu thde (c, ■ g'). Di nhSn manh su kien la X- co the’ 
thay do. theo t, ta viet X,(t). Ham lay tfch phan Lagrange 7 co cac doi so' 

khong ch. gom cac do. so thong thildng t, y, vh y’. 0 = 1. n), ma con cac 

nhan tu \ (i = 1,..,, m ). 



138 


Chuong //. Phep tfnh bien phan vd ting dung trong kinh te 


Thay F bcJi 7 trong phiem ham muc tieu ta dtfdc phiem ham mdi: 

r O = I* <7dt (2.167) 

ma ta co the cute dai hoa nhtf the no la mot bai toan khong rang buoc. Neu 
nhtf cac rang buoc trong (2.164) dtfdc thoa man sao cho q - g‘ = 0 vdi moi i, 
thi gia tri cua <7 se dong nhat vdi gia tri cua F va cue tri tvf do cua m b 
(2.167) se trung vdi cpc tri co rang buoc ciia V d (2.163)/ 

Bay gib ta giai bai toan bien phan khong co rang buoc (2.167). Theo 
each thong thiidng da biet, cac bien trang thai phai thoa man phitdng trinh 
Euler. Dot vdi bai toan (2.167) nay, nhan tut > vi (t) la cac bien trang thai bo 
sung, cho nen doi khi phitdng trinh Euler con difdc goi la phUdng trinh 
Euler- Lagrange. 

PhUdng trinh Euler-Lagrange lien quan doi vdi cac bien y^ la: 

''7y. - f '7y ’ = 0,vdi moi t e [0, T], (j = 1, n), 

dt 

(so sanh vdi (2.27)) (2.168) 

Doi vdi cac nhan tut Lagrange, mot each tifdng tii, ta co: 

f <7\' = 0 vdi moi t e [0, T] (i = 1,..., m) (2.169) 
1 dt 1 

Tuy nhien, vi trong bi§u thutc cua <7 khong co mat cac , ta co > - 

/v i 

0 vdi moi i, nen m phUdng trinh trong (2.169) rut gon thanh: 

(TXj = 0 hay q - g 1 = 0 vdi moi t e [0, T] (2.169’) 


Noi each khac, dieu nay cho thay Ibi giai cua bai toan (2.167) phai 
thoa man cac rang buoc (2.164). 

1.1.1. Thu tuc thitc hanh giai bai toan bien phan co rang buoc 


Budc 

Noi dung cac budc 

1 

Ap dung phi/ong trinh Euler-Lagrange chi cho n bien trang thai yj nhir trong 
(2.168), 

2 

Lay m rang bu6c nhudang da cho ban dau trong (2.164), 

3 

Giai n + m phifdng trinh nay de tim ede dudng di y,(t) va >.|(t). 
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Hieu nay dan den n phiiong trinh vi phan cap hai, cac nghiem y, thu 
ditdc se chtia 2n hang so'tuy y. Cac king so nay co the’ dugc xac dinh bdi cac 
dieu kicn bien doi vdi cac bien trang thai. 

1.12. Thi du 1: Hay tim dudng cong vdi khoang each ng^n nha't giQa hai 
diem da cho A - (0, y 0f z 0 ) va B = (T, y T , z T ) nhm tren mat (f)(t, y, z) = 0. 


Khoang each gifia 
| (l + y’ 2 +z' 2 ) dt, trong 

khoang each gitfa hai diem 


cap diem da cho dude do bang tich phan 
giong nhn tich phan (l r y’ 2 )' ,2 dt doi vdi 

nam trong mot mat phang. Nh \i vay, bai toan la: 


Ciic tieu 



vdi rang buoc (J)(t,y,z) = 0 

vi y(°) = yo. y(T) = y T , z(0) = Zg, z(T) = z T 

Day la mot bai toan vdi hai bien trang thai (n = 2) vk mot rang buoc 
(m - 1). 

Trong bade thd nha't, ta thiet lap ham lay tich phan Lagrange: 

^ = F + A.(t) (0 - (f>) = F X(t)4> 

= (l + y ,2 +z ,2 ) 1/2 - A.(t)«Jj(t,y,z) 

Lay dao ham rieng ciia phifdng trinh nay lan Itfdt theo y z V z 1 
ta ditoc: ‘ ’ * ’ 


r? y >= y'( 1 + y t^ +z -2j 1/2 

r ? z --X(t)({) z - z’(l + y’ 2 +z' 2 ) 1/2 

Cac dao ham nky dkn tdi hai phirdng trinh Euler-Lagrange: 
-X (t) 4> y - d d t [y(i + y,, +z ,, ) 1/1 ] = 0 

■ X(t ^-d d t[ z ’( 1 + y ' 2+z ' 2 ) 1,2 ] = ° 


Ciing vdi rang buoc: 
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4»(t, y, z) = 0 


cho ta ba phrfdng trinh de xac dinh ba dudng di to'i tfu doi vdi y, z va A 


1.2. Cac rang buoc dang phiftfng trinh vi phan 

Bay gid gia sti ring bai toan la cute dai hoa (2.163) v6i mot tap hdp m 
rang buoc doc lap va ttfdng thich (m < n) gom cac phitong trinh vi phan: 

g: 1 (t > y 1 i...,y n ,y l ',,..,y 11 ’)=c 1 


g m (t > y 1 ,... > y n> y 1 , ,...,y n f )=c r 


(2.170) 


va cac dieu kien bien thich hdp. 

Mac du ban chat cua cac phtfdng trinh rang buoc da thay doi, ve can 
ban ta vin co the ap dung cung mot thu tuc nhu trifdc day. 

Ham lay tich phan Lagrange vin la: 


7 = F + ? M (t)( Cl -g 1 ) + -■+ A m (t,)(c m -g") 

va cac phUdng trinh Euler-Lagrange doi vdi cac bien trang thai y 3 vin 
co dang: 

d 

,7 yj ' dt ‘?y-; ~ 0 v <» t e [0, TJ (j = l,...,n). 


Hdn nu!a, cac phudng trinh tiidng tit doi vdi cac nhan tvL Lagrange X t 
lai mot lan ntfa khong la cai gi khac ngoai phat bieu lai cac rang buoc da 
cho. Do do ta co tong cong n phifdng trinh Euler-Lagrange doi vdi cac bien 
trang thai, cong vdi m rang buoc de xac dinh n + m dudng di, y^t) va Aj<t), 
vdi cac hang so tuy y dtfdc xac dinh bang cac dieu kien bien. 

1.3. Cac rang buoc dang bat ding thtic 

Khi cac rang buoc dtfdc dac triing bdi cac bat dang thfic, bai toan co 
dang nhu: sau: 


Lam ctfc dai 


V = 




vdi rang buoc 
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g (t.yi> •,y 11 ,y 1 1 > ...,y li ’)< Cn 


(2.171) 


va cac dieu kien bien thich hop 

Vi cac rang buoc bat ding thbc ft chat che hon nhieu so vdi cac rang 
upc dang thto, khong C in quy dinh m < n. Ngay ca neu so rang buoc Idn 
hon so bien trang thai, cac rang buoc bad ding thdc gpp lai se khong xac 

J"h dUy nh4t Cac d *° * v a vi vay se khong loai bo ttft ca bac tu do khdi 

t0a " Ch?n ' Tuy nhl ^> buoc bit ding thbc phai tuong thich 

vdi vdi nhau, eung nhu vdi cac khia canh khac eria bai toan. 

C " “ ‘°* n n&y > ta c6 tha ¥ mOt lan nQa vied ham Iffy tich phan 
Lagrange la: 

7 = F + *-i(Wc, -g 1 ) H + k,„(t)(c m -g'") 

Trong khi cac phuong trinh Euler-Lagrange ddi vdi cac bien yf 
, d 

' 7y ' ' dt " ° vai m<?1 1 e f°- T 1 0 = 1,-., n) 

khong khac vdi trudc day. cac phUOng trinh tuong tag dor vdr cac nhan tri 
agrange phar dupe car b.en thich dang de’ phan anh ban chad bid ding 
hue eua cac rang buoc. Di dam bao ring tit ca cac so hang **)(« - g*) triet 

“ °. ng ldl 8131 (dd cik tr ! l "' vu hoa cua va F bing nhau), ta can 
mot mor quan he bu yeu gida nhan tri thu i va rang buoc thd i, dol vdr mor, 
(mot tap hop m phpong trinh): 

?-i(t)(c, -g‘) = 0 vdi moi t e [0,T] (i = m ) (2.172) 
Mod quan he bu yeu niy dam bao ring: 

^ (1) bat cd khr nao nhan td Lagrange khac 0 thi rang buoc thd i se 
thoa man nhtf mot dang thutc chat, va: 

(2) bat cu khi nao rang buoc thd r la mot bad ding thbc chat thi nhan 
tU Lagrange thd r se la 0. Chinh quan he nay dung de' duy tri su ding nhfft 

gida gia trr to, uu cua ham lay tich phan F va gia tri tol Uu cua ham lay tich 
phan (y trong (2.166). 
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1.4. Cac rang buoc dang phtfOng trinh rich phan (Bai toan 

dang chu) 

Kieu rang buoc cuoi cung dude xem xet c* day la rang buoc dang 
phudng trinh tich phan, chang han nhtf: 

^G(t,y,y')dt = k (k la h^ng so) (2.173) 

Mot trong nhdng bai toan sdm nhat co chtia mot rang buoc nhii vay la 
bai toan tim hinh co dien tich Idn nhat dtfdc bao quanh bcii mot dtfbng cong 
co chieu dai da cho. Vi tat ca cac hinh chap nhan di/dc trong bai toan phai 
co cung mot chu vi, bai toan nay dUdc goi la bai toan dang chu. 

Tuy nhien, ve sau, ten goi nay duoc md rong cho tat ca cac bai toan co 
chiia cac rang buoc tich phan, nghla la doi vcfi bat ky bai toan dang tong quat: 

Ctic dai V = |F(t,y 1) ...,y n ,y 1 ',...,y ll ')dt (2.174) 

v6i rang buoc 

|G (t,y lv ..,y n ,y 1 ’,...,y n ')dt = k 1> (2.175) 

| T G m (t,y 1 ,...,y n ,y 1 ',...,y n , )dt~k m (2.176) 

va cac dieu kien bien thich hdp. 

Trong bai toan vdi rang buoc tich phan (d&ng chu), lai mot l&n ntia 
khong can doi hoi m < n, befi vi ngay ca vdi m > n, bac til do chon toi \iu 
khong bi loai bo. 

Co hai dac trtfng phan biet bai toan co rang buoc tich phan (dang chu) 
vdi cac bai toan co rang buoc khac. Thti nhiit, rang buoc trong (2.173) khong 
han che cac bien y tai moi thdi diem, ma chi bdt buoc tich phan mot ham G 
nao do cua chung dat mot gia tri cu the. Do do, theo nghia nao do, rang 
buoc nay gian tiep hdn. Mot dac trtfng khac \k cac gia tri Idi giai cua cac 
nhan ttf Lagrange X L (t) deu la nhUng hdng so, do do chung ditdc vidt ddn 
gian la X;. 
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De kiem chutng rang cac nhan tit Lagrange qua th \ic la nhufng hang so' 
trong ldi giai, ta hay xet trtfdng hdp mot bien trang thai y va mot rang buoc 
tlch phan ddn (m = n = 1). Dau tien, la hay dinh nghla mot ham r’(t) thoa 
man dieu kien: 

Gd.y.y’) - F’(t) = 0 (2.177) 

va ta thay he thitc thu ditdc nay tuan theo cau true tong quat cua rang buoc 
vi phan g(t,y,y’) = c, vdi g = G - V va c = 0. NhU vay, ta da dua rang buoc 
dang tlch phan (2.176) ve rang buoc dang vi phan. Nhd the ta co the sU 
dung each tiep can da thao luan tritdc day dc giai bai toan. 

Tritbc het, ta viet ham Lagrange: 

F = F(t > y # y , )+X(t)[0-G(t f y l y') + r(t)] (2.178) 

= F(t, y,y')-X(t)G(t, y, y T ) + X(t )r (t)] 

(Ta ky hieu ham lay tfch phan Lagrange cu the nay la F chti khong 
phai r? y bdi vi no chi la mot bieu thtic trung gian ma sau nay se dUdc thay 
bang mot ham Lagrange ddn gian hdn). Khac vdi cac bieu thde cj gap tritdc 
day, ta nhan xet rdng F co chtifa mot bien phu them r - mac du r tham gia 
vao F chi d dang dao ham cua no P(t). Bien phu them nay dong vai tro nhii 
mot bien trang thai, cung phai thoa man phudng trinh Euler-Lagrange. 
Viet phitdng trinh Euler cho F ta dutfe hai dieu kien sau: 

F y F y . = 0 vdi moi t e [0, T] (2.179) 

GL 

F r - f F r = 0 vdi moi t e [0, T] (2.180) 

dt 

Vi bieu thtic F khong chiia T, va vi F r = A(/), ta thay rang (2.180) 
rut gon ve dieu kien 

- f Mt) = 0 => X(t) - hang so (2.180’) 

dt 

Dieu nay khang dinh y kien trifdc day cua chiing ta ve tfnh chat hdng 
so cua X. Tit do, ta co the viet nhan td Lagrange cua bai toan vdi rang buoc 
tfch phan (dang chu) ddn gian la X. 

Vdi nhan td Lagrange X hdng so', phiidng trinh Euler-Lagrange 
(2.179) co dang dac biet la: 
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(F v -XG,)-A(F v , -JlG v .) = 0 (2.181) 

Ta th£y ngay ring se thu dude phUdng trinh (2.181) nay khi viet 
phtfdng trinh Euler- Lagrange cho ham F ditdi day, goi la ham Lagrange 
cai bien (khong co so" hang r’(l)): 

<7 = F(t,y,y’) - X G(t, y, y’) (X la hang so) (2.182) 

Chu y ring ham thu dcfdc tir F sau khi bo di thanh phin P. Viec 
dung ham .7 va F deu cung dtfa dSn dieu kien (2.181) de tim y toi Uu. Do do 
trong thiic hanh giai bai toan ta chi cin dung ham Lagrange cai bien cj . 

Thu tuc tren co the dl dang tong quat hoa cho trUdng hdp n bien 
trang thai, m rang buoc tich phan. Trong trtfdng hdp nay, ham Lagrange 
cai bien la: 

7 = F - (XjG 1 + ... + X H1 G m ) (cac A* la hing so) (2.183) 

Thi du 2: Hay tim dUdng cong AB, di qua hai diem da cho A = (0,y 0 ) 
va B = (T,y x ) trong mat phing ty, va co chieu dai k cho trUdc, lam cue dai 
dien tich dtfdi difdng cong. 



H'inh 2.13 

Bai toan nay, nhtf minh hoa trong Hinh 2.13, la: 

v = I'ydt 


Cue dai 
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v6i rang buoc | T (l + y 12 J* L dt = k 


va y(0) = y c y(T) = y T 

Vi bai toan nay co ldi giai ta gia thiet k > L, trong do L la chieu dai 
cua doan thdng AB. 

De tim dieu ki6n cin doi vdi ldi giai, dau tien ta viet ham lay tich 
phan Lagrange (2.182): 

*7 = y-k(l + y' 2 ) (X la hang so) (2.184) 

Vi ham nay khdng chtia t nhif mot doi sb' mot each tUdng minh. Nhu 
da biet, trifdng hop nay phiidng trinh Euler*Lagrange dtfa den dieu kien: 

■ yVTy = <V (Cj la hang so tuy y) (2.185) 

Vi <7y - - A.y’(l + y' 2 ) _W2 , (2.185) eho ta: 

y-^(l + y ,2 ) 1/2 +Xy' 2 (l + y' 2 ) 1,a = c, (2.185’) 

Ta giai phudng trinh nay d6i vdi y\ Hoan vi cac so hang va ddn gian 
hoa, ta co thl viet: 


y-Cn = 


(i+y 2 ) 1 ' 2 


hay (l + y' 2 ) W2 = 


y-c. 


Binh phUdng ca hai v£, sau do trti ca hai ve cho 1, ta dUdc: 


.,.2 _ jMrV 

(y-c ,) 2 


Can b&c hai cua bieu thutc nay cho ta bieu thtic sau cua y’ theo X, y 


va c t : 


y = 


V^ 2 -(y “C 2 ) 2 


y-c. 


la: 


Tuy nhien, vi y* = dy/dt, ket qua cuoi cung co the viet mot each khac 


y-c. 


V* 2 -(y-ci ) 2 


■dy - dt 


(2.185") 


10- TUHD 



146 


Chutyng U. Phep tmh bien phan vd ting dung trong kinh tS 


Day la mot phudng trinh vi phan phi tuyen vdi cac bien tach dude, co 
the giai bang each lay tich phan hai ve. 

Tich phan cua dt, bieu thutc d ve phai trong (2.185’'), ddn gian la t + 
hang so. Va tich phan cua bieu thutc d v§' trai la - ^ -( y „ Cl ) 2 + h&ng so. 

Nhu vSy, bang each dat hai tich phan bSng nhau, ket hop chung hai h&ng 
so tich phan vao mot ky hidu, -c 2 , binh phudng ca hai ve va s6p xep lai, cuoi 
cung ta thu dUdc nghiem tong quat 

(y -c, ) 2 +(t-c 2 ) 2 =X. 2 (2.186) 

Vi day la phUdng trinh doi vdi mot ho dudng tron, vdi tam (c 2 , c k ) va 
ban kinh X, dudng cong phai tim AB phai la cung cua mot dudng tron. Cac 
gia trj cu the cua c lf c 2 va X co the xac dinh tif cac dieu kien bien va phudng 
trinh rang buoc. 

II. CJNG DUNG COA BAl TOAN TINH BIEN PHAN CO RANG BUOC VAO KINH t£ 

Trong khi phudng phap nhan tut Lagrange co the dong mot vai tro 
trung tam trong cac bai toan co r&ng buoc, dac biet la trong cac bai toan vdi 
cac ham tong quat, co the, va doi khi con ddn gian hdn, giai quyet cac bai 
toan co rang buoc bang phep the hoac kbit cac bien. Thuc te, hau het cac mo 
hinh kinh te da thao luan trUdc day chuta cac rang buoc, va trong qua trinh 
giai ta da thay the de dUa cac bien nhat dinh ra ngoai. Trong muc nay, ta se 
xem xet lai mo hinh Ramsey va mo hinh lUa chon giiia lam phat that 
nghiep, de minh hoa phudng phap nhan tut Lagrange. Cac ket qua tat nhien 
se trung hdp bat ke sU dung phudng phap nao. 

2.1. Mo hinh Ramsey 

6 mo hinh Ramsey da trinh bay trUdc, ham diidi daii tich phan trong 
phiein ham muc tieu la: 

F = B - U(C) + D(L), d day C = Q(K,L) - K’. 

Trufdc day b5ng each thay C bang bi^u thutc chUa K, L cua no, ham F 
dude coi la chi chtia hai bien, K va L. 

Bay gib, de chi ra phUdng phap nhan tut Lagrange co the dude ap 
dung nhu the nao, ta hay coi C nhu mot bien ngang hang vdi K va L va 
rang buoc: 
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g(C, L, K, K) = Q(K, L) - K’ - C = 0. 

Vdi each nhin nhan nhu the bai toan co the dat dudi dang bai toan co 
rang buoc: 

Ciicdai j[B - U(C) + D<L)]dt (2.187.1) 

vdi rang buoc Q(K, L) - K’ - C = 0 (2.187.2) 

va cac dieu kien bien (2.187.3) 

Ham Lagrange cho bai toan nay la: 

^ = B - U(C)+ D(L) + A [ - Q(K,L) + K* + C] (2.188) 

Vi bay gid ta co ba bien (C, L, K) va mot nhan td Lagrange A (khong 
phai la hang so), nen phai co ca thay bon phUdng trinh Ruler-Lagrange: 

-j£ '7c - -U’(C) + A = -M + A = 0 A = M (2.189) 

^ ' <E ,7l ‘ = D (L) ‘ X ® L = D(L > ' M( ^ l = 0 ( theo ( 2 - 189 )) (2.190) 
( 7 k- = -AQ k - ^A = -MQ k - ^ - 0 (theo (2.189)) (2.191) 

'?>. - ~ '?*.■ = -Q(K,L) + K’ + C = 0 (2.192) 

Dieu kien (2.189) cho ta thay rang nhan td Lagrange A bang M - ky 
hieu ta sd dung doi vdi ldi ich bien cua tieu dung. Dieu kien (2.190) trung 
vdi (2.127). Tiidng tU, (2.191) mang cung thong tin nhu (2.190). Cuoi cung, 
(2.192) chi phat bieu lai rang buoc. Nhu vay, phudng phap nhan td 
Lagrange se mang lai cung mot ket luan nhu trude day. 

2.2. Mo hinh ltfa chon giufa lam phat va that nghiep 

Mo hinh Ilia chon giua lam phap va that nghiep da trinh bay trude bay 
gid se dude trinh bay lai nhu mot bai toan vdi hai rang buoc. Su xuat 
hien them hai rang buoc lam cho qua trinh giai phiic tap hdn. 

Mot each ddn gian, ta se sd dung ky hieu y de bie’u thi (Y - Y f ) (do 
lech cua thu nhap quoc dan hien tai Y so vdi mdc toan dung nhan cong Y, 
cua no). Khi do ham lay tich phan F - ham ton that - co the dUdc viet la: 
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X = y 2 + a p 2 (a > 0) 

Quan he Philips dtfdc bo sung them cac ky vong va phtfdng trinh dieu 
chinh ky.vong, ma trildc day dude s& dung de dua y va p ra ngoai, gid lai 
bi€n 7i, bay gib se dude chap nh&n nhu hai rang buoc: 

g'^y.p.Tt.Ti’) = py + p - 7i -'0 
71,71’) = j(p - 7i) - n' - 0 

Nhu vay, bai toan co the dat lai difdi dang co hai rang buoc, mot cho 
bdi phddng trinh dai so", va mot cho bcfi phtfdng trinh vi phan. 


Cdc dai J (y 2 + ap 2 )e" pt dt 

(2.193.1) 

vdi rang buoc py + p - re = 0 

(2.193.2) 

j (p - 7l) - 7t’ = 0 

(2.193.3) 

va cac dieu kien bien 

(2.193.4) 

Ham Lagrange cua bai toan la: 


<7 =(y 2 + ap 2 )e" pt +A. 1 (-py-p + 7i) + X 2 (-jp + j7i + 7i’) 

(2.194) 


vdi ba bien y, p va n va hai nhan txi Lagrange (khong rang buoc) X, va X 2 . 


Cac phddng trinh Euler-Lagrange la: 

<7 y - ~ <J y . = 2ye~ pt -(tt t =0 (2.195) 

f T p ' Jt ^ ~ 2ape pt -j^2 = 0 (2.196) 

d d 

• 'T* ‘ r T«' “ ^1 + 1^-2 — X 2 —0 (2.197) 

^ '7v = -Py-P + 7t = 0 (2.198) 

d 

'A, - 'Tv = -IP + jw + it = 0 (2.199) 


Co the giai dong thdi cac phddng trinh nay nhu sau. Mu tien, giai 
(2.198) doi vdi y, the ket qua vao (2.195), va giai doi vdi A., de thu dddc: 
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Pt 

P 


( 2 . 200 ) 


Tigp theo, giai (2.199) theo p: 

p = 7T + y7C’ (2.201) 

The (2.201) vao (2.200) ta khd dadc ti va p trong bieu thiic X^: 

( 2 . 202 ) 


Sau do the ca (2.201) va (2.202) vao (2.196) va giai doi vdi X 2> ta thu 
ditdc (sau khi ddn gian hoa): 


a., = 


i p 2 j 2 


-pt 


(2.203) 


Ket qua nay kdo theo dao ham toln phln: 
d/\,n 


dt 


= -P 


= 2 


"2a^ | 2(l + ap 2 ) j 

e~ pt + 


. J PV 


L j p j 2 


.-pt 


ap ap 2 j-p(l + ap 2 ) (l + a3^) „ 
P 2 j 2 P 2 j 2 71 


J 


(2.204) 




Cuoi cung ta the cac bieu thtic cua X u X 2 va dA. 2 /dt tti ba phadng trinh 
cuoi cung vao (2.197). Sau khi ket hdp va Udc ludng cac so hang ta thu dddc 
ket qua rat ddn gian-: 


71 — p7E — 


a P 2 j(P +j) 
1 +ap 2 


71 = 0 


(2.205) 


Ket qua nay dung la sU trinh bay ngln gon cac dieu kien ta (2.195) 
den (2.199). 

Vi (2.205) dong nh&'t vdi ket qua trade day (2.46), ta mot lln nfla kiem 
tra dUdc la phddng phap nhan tuf Lagrange din den cung mot ket lu&n nha 
trade. Tuy nhien, lln nay phddng phap nhan t* Lagrange doi hoi nhieu 
tmh toan hdn. Do do ta th&y ring doi khi each khu bien sd cap co the ditdc 
viec hdn. Trong trUdng hdp viec khii bien khong lam dtfdc (thi du, trong cac 
ham tong quat), phddng phap nhan tut Lagrange cho thay stic manh cua no 
ro ret nhat. 
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2.3. Kinh te hoc ve cac tai nguyen c6 the can kiet - Mo hinh 
Hotelling ve khai thac toi Mu tren giac do xa hoi 

Quay iai mo hinh cua Hotelling da trinh bay d chifdng I de lam thf du. 
Bai toan tim qua trinh khai thac Q(t) nhtf sau: 

Ctic dai V = N(Q)e p ‘ dt (2.206) 

Vdi rang buoc j^Qdt = S 0 . (2.207) 

Ho rang, day la mot bai toan dang chu. Bdi vi gia thiet ham gia tri xa 
hm rong bi chan tren la co ly, nen tfch phan suy rong trong phiem ham muc 
tieu phai hoi tu. 

Ham Lagrange la: 

7 = N(Q)e pt ->.Q (a la hang so) (2.208) 

Do ham lay ti'ch phan >7 khong chtia dao ham cua Q: cUc tri thu dtfdc 
tit phuang trinh Euler-Lagrange co the' khong hdp vdi cac diem dlu mut da 
cho. Tuy nhien, neu khong co die’m dku mut quy dinh cilng nao thi ta vfin co 
the ap dung phiidng trinh Euler-Lagrange bdi vi = 0 nen trong truing 
hdp hien tai no rut gon ve dieu kien 7 y - 0, hay: 

N'(Q)e _pr -X = 0 (2.209) 


Ap dung cong thtic lay vi phan cho N(Q) ta dude: 

[P(Q) - C‘(Q)]e‘ pt -1 = 0 


(2.209’) 


Y nghia kinh te cua dieu kien nay trd nen de giai thick khi ta nhd lai 
rang, doi vdi mot bdi toan dang chu, nhan tit Lagrange A Id mot hang so. 
Doc theo qua trinh khai thac toi Hu, gid tri P(Q) - C'(Q) gdn vdi thin diem 
bat ky phai co gia tri quy doi ve hien tai dong nhdt bdng A, d day p dong vai 
tro ty sudt chiet khau. Bdng each sdp xep lai ede so hang chut it, ta co the 
gidi thick dieu kien nay nhudbi hoi ring P(Q) - C'(Q) tang vdi toe 06 p: 

_ r{Q)-C\Q) = Ae 1 * (toi uu xa hoi) (2.209") 


Tu phiidng trinh cuoi cung, cung ro rang rhng X co y nghia cua “gia tri 
tai t = 0 cua P(Q)-C’(Q).” Ne'u ham P(Q) va C(Q) la cac ham cu the, ta co 
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the giai (2.209”) de tim Q bieu dien theo X va t, chang han Q(X,t). Ham nay, 
khi the vao rang buoc trong (2.207), tao dieu kien cho ta giai doi v6i X. 

2.3.1. Canh tranh thuan tuy so sank vdi vdi doc quyen 

Mot ket luan chinh dune rut ra tif mo hinh cua Hotelling la canh 
tranh thuan tuy co the mang lai con dubng khai thac trung vdi con dUdng 
toi Uu xa hoi, con mot cong ty doc quyen se chap thuan mot con dUdng khai 
thac bao ton hdn, nhUng gan toi Uu xa hoi. Bay gid ta se xet luan diem nay 
cua ong. 

De ddn gian, gia su! r3ng co n cong ty trong dieu kien canh tranh 
thuan tuy. Cong ty thU i khai thac vdi mUe tif tong du trti S s dudi sU 
kiem soat da biet. Bai toan cua cong ty la cue dai hoa tong ldi nhuan dUdc 
chiet khau qua thdi gian, vdi gia san pham da cho la P 0 : 

Cue dai |°[PoQi-C i (Q i )]e" pt dt (2.210.1) 

vdi rang buoc Jq, dt = Si (2.210.2) 

Ham Lagrange trong trudng hdp nay la: 

<7 = [PoQi - Cj(Qi )) e -pt -XQi 
Tif phUdng trinh Euler-Lagrange cho ta: 

[Pc “ Cj '(Qj )]e" pt -X = 0 

hay: 

P 0 - Ci'(Qi) = Xe pt (canh tranh thuln tuy) (2.211) 

Dieu kien phu hdp tot vdi dieu kien toi Uu cho xa hoi (2.209”), d ch6 no 
cung doi hoi khoang each giUa gia cua tai nguyen co the can kiet vdi chi phi 
bien khai thac no phai tang theo ham mu vdi toe do p. 

Trai lai, bai toan cUc dai hoa ldi nhuan doc quyd'n la: 

Cucdai |°[RQ“ C(Q)]e" pt dt (2.211.1) 

vdi rang buoc Jq dt = S 0 (2.211.2) 


Bay gid ham Lagrange la: 
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[RQ - C(Q)]e -pt -kQ 

PhUdng trinh Euler-Lagrange din tdi dilu kien: 

R'(Q)- C r (Q) = >.e pt (doc quyln) (2.212) 

Di^'u kien nay khac vdi quy tic khai thac toi Uu cho xa hoi. 6 day, 
hieu so gitia doanh thu bien (chd khong phai gia ca) va chi phi bien tang 
theo toe do p, vdi X bay gid la gia tri ban dlu cua hieu so nay. 

2 . 3 . 2 . Cong ty doc quyen va stf bao ton 

Tuy nhien, tii mo hinh cua Hotelling khong chi dUa din ket lu|n rang 
san xuat doc quyln mot tai.nguyen co the can kidt la gin toi Uu, ma con cho 
rang no chech r5 ret ve phia chu nghia bao ton mot each qua mtic. Y kien 
nay dung d6n mtic nao? Cau tra ldi la: Khong phai bao gid cung the, chi tuy 
theo nhutng ho5n canh nhat dinh. Vln de nay da dude nhieu ngUdi nghien 
extu, su dung cac gia thi§t khac nhau. Su khac nhau trong cac gia thilt din 
d§n nhdng ket lu|n khac nhau. Thi du, Stiglitz da chi ra rang nlu do co 
gian cua clu tang theo thdi gian (vdi su kham pha ra nhutng san phlm thay 
th@), ho|c nlu chi phi khai thac la hlng so tren m6t ddn vi khai thlc nhung 
giam theo thdi gian (vdi cong ngh§ tot hdn), thi cong ty doc quyen co 
khuynh hudng bao ton moi trubng hdn so vdi tinh trang toi Uu xa hoi. 
NhUng co kgt lu|n ngUdc lai trong cac nghien ctiu cua Lewis, Mathews va 
Burness, vdi gia thiet rang chi phi khai thac khong doi theo mdc khai thac 
(chi phi von, phi thue mua, v.v... can ban la nhutng chi phi co dinh), va rang 
do co gian cua clu tang theo tieu dung (gia.du thap co the thu hut nhieu 
ngudi chuyen sang sif dung nhutng san pham thay the). 

Trong mot mo hinh con cua Stiglitz, cong ty doc quyen co ham 
clu ngUdc: 

P = (0 < a < 1) 

, Oo co gian cua clu 1/(1 - a). Chi phi tren mot ddn vi khai thac 15 hlng 
so tai mot thdi gian cho trade bit ky, nhung co the giam qua thdi gian: 

C = <Ht)Q W < 0) 

Nhu v|y, ldi nhuan la: 

PQ-C = (p(t)Q°-d(t)Q 


(2.213) 
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va bai toan toi Uu dong cua cong ty doc quyen la: 

Cue dai |°[(p(t)Q K - (|>(t)(Q]e‘ pt dt (2.214.1) 

vdi rang buoc (Q dt = S 0 (2.214.2) 

Mat khac, mo hinh Lewis-Mathews-Burness si dung ham cSu ngude 
P(Q) ding, mac du do co gian cua ciu dude gia dinh la tang theo tieu dung 
Vi chi phi khai thac dude gib dinh la mot khoan chi phi co dinh ('= O), bai 
toan cua cong ty doc quyen la: 

Cue dai 


f[P(Q)Q- d>J e dt 

Vdi rang buoc |°Q dt = S„ 


(2.215.1) 

(2.215.2) 

Co thl ap dung phuong trinh Euler-Lagrange cho m6i mot trong hai 
bai toan nay theo each thic tuong tu nhu doi vii mo hinh Hotelling. TCf qua 
trinh do, ta co the’ suy diln ra toe dp tang to! Uu cua Q doi vdi cong ty doc 
quySn. So sanh toe d5 da vii toe do t&ng xac dinh bii toi Uu xa hoi se cho 
thay cong ty doc quyen bao tin moi truing qua mic hay la chua du. Tuy 
nhien, thay vi phan tlch bai toan (2.214) va (2.215) mot each rieng re ta se 

lkm viec vii mot dang to’ng quat hon gpp lam mot nhflng xem xet co’trong 
(2.214) va (2.215). * 

Cho ham clu va ham chi phi dug c bieu thi dudi dang: 

Q =e gt D(P) [D'(P) < 0] 


(2.216) 

(2.217) 


C = C(Q,t) (Cq > 0, C tq < 0) 

Chung ta se si dung ky hieu MR = R’(Q) V a MC 3 C’(Q), va ky hieu r x 
s (dx/dt)/x doi vii toe do tang cua bien x bat ky. 

Dieu ki|n tfii uu xa hoi rut ra tit phuong trinh Euler-Lagrange 

■209 ) doi hoi rang r (P . Mf:) = p. Si dung cong thic quen thuoe doi vii toe do 
tang cua mot hieu, ta co the viet lai la: 

P MC 


P-MC rp P-MC rM0_P 
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Chuvng //, Phep tmh bien phan va ting dung trong kinh te 


T\t do: 


r p = P 1 “ 


MC 


MC 


1 MO 


(2.218) 


Ta co the chuyen r 5 . nay thanh r Q ttidng ting bang each sti dung sii 
kien la r tJ lien he vdi r P qua do co gian cua c£u e < 0, hay gia tri tuyet doi 
cua no, E = r., nhii sau: 

r Q =g-Er P (2.219) 

The (2.218) vao (2.219), ta tim dude toe do tang toi \iu xa hoi cua Q, ky 
hieu bdi r tJs (s cle chi toi tfu xa hoi), la: 


r Q = g - e[" pf 1 

Os ^ h ^ p 


MC) MC 




(toi Uu xa hoi) (2.220) 


Bieu thtic ttfdng ting doi vdi r Qm (m de chi doc quyen ) co the rut ra 
b^ng mot thu tuc tvtdng tut. Dieu kien r (MR MC) = p, co the dtfdc viet lai la: 

MR MC 


MR-MC r “ R MR-MC*” 0 P ' 


Tit do: 


r MR - P 


1- 


MCi MC 


MR J MR 


l MC 


Tuy nhien, vi MR va P quan he vdi nhau bdi phtfdng trinh: 


MR = P 


1- 


E 


( 2 . 221 ) 


( 2 . 222 ) 


Tit (2.222), ta co the rut ra mot bieu thtic khac doi vdi r MR , cu the la: 


‘MR 


1 dMR = 1 

MR dt P(1 - 1 / E) 

dP/dt 1 


1- 


lidP P dE 


E J dt E 2 dt J 


dE/dt 1 

■+■ — Tij + t'jr. 

P (1 -1 / E)E E E-l 


(2.223) 


Dat (2.221) bang (2.223) va giai de tim r , va sau do the vao (2.219), ta 


ditdc t.oc do tang cua Q trong dieu kien doc quyen: 


- g ' E 


P 1 


MC^ MC 


. + 


MR J MR 


r MC “ 


E-l 


*E 


(doc quyen) (2.224) 
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So sanh (2.224) va (2.220) ta thay r&ng co the xay ra trtfdng hdp: 

r cfe = r d, n = E P n eu MC = r MC = r E - 0 (2.225) 

Tinh huong MC = 0 xay ra khi vice khai thac khong can chi phi. Doi 
v<5i r MC = 0, chi phi bien khai thac phai khong doi thoo thdi gian [C tQ = 0 
trong (2.217)]. Dieu kien r E = 0 thoa man khi do co gian cua cau la h5ng so^ 
theo thdi gian. Tap hdp cac dieu kien nay - cung dUdc Stiglitz xem xet - la 
rat chat, nhung neu chung thoa man thi cong ty doc quyen se theo dung con 
ditong khai thac nhii tritdng hdp toi itu xa hoi ma khong the nao la bao ton 
moi trUdng qua mdc. Liiu y r&ng so hang -Ep la am va keo theo svJ glam Q 
theo thdi gian, neu khong diidc bu lai bdi mot gia tri diidng du 16n cua g. 
Neu c&u doi v6i tai nguyen co the can kiet la dufng (g = 0), hoac dich chuyen 
xuong theo thdi gian (g < 0) do chang han kham pha ra nhting san pham 
thay the, thi r Q phai am. 



Tuy nhien, mot ket cue khac xay ra khi co mot MC dtfdng, bat bien 
theo dau ra (MC = k > 0) cung nhu bat bien theo thdi gian (r MC = 0). V5n 
tiep tuc gia thiet Ang r E = 0, ta tim dude: 




g-E 


P 1 



v ' a r Q m 


= g-E 


P 1- 



(2.226) 
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Chuvng 11. Ph6p tinh biSn phan vit itog dung trong kinh te 


Vi P > MR, suy ra k/P nho hdn k/MR, do do r Qs < r Qm tai rniic b^t ky 
cua Q. Toi Uu hoa xa hoi va cong ty doc quyen bay gid theo cac dudng di Q(t) 
khac nhau. Tuy nhien, nhd lai rang ca hai dudng di phai co cung tong dien 
tich dudi dUdng cong, cu the la S 0 . De thoa man rang buoc nay, dudng di 
Q(t) cua cong ty doc quyen vdi gia tri r Q ldn hdn (thi du -0,03 so v6i -0,05) 
phai dude dac trUng b&ng do doc am it hdn, nhu minh hoa bcfi dudng lien 
net trong Hinh 2.14. Vi mot dudng cong nhu v&y dlin den mcfc khai thac mdi 
dau thap hdn va mdc khai thac ve sau cao hdn so v6i dudng ddt net, trong 
trudng hdp hien tai, cong ty doc quyen thUc sU to ra la mot ngudi bao ve 
moi trUdng so vdi toi Uu hoa xa hoi. 6 day chung ta da dat dUdc cung mot 
ket lu&n nhu Stiglitz, mac du gia thiet khac nhau. 


Tuy nhien, cung co the gap trudng hdp ngUdc lai, trong do cong ty doc 
quyen co khuynh hudng tien hanh khai thac qua sdm. Lai gia dinh rang MC 
= r Mc = 0. Nhung cho do co gian E cua cau thay doi theo toe do khai thac Q. 
Cu the hdn, gia sd E’(Q) > 0 - mot trUdng hdp ma Lewis, Matthews va 
Burness xem xdt. Khi do, khi Q thay doi theo thdi gian, E phai thay doi 
theo, cho du E tu no khong phai la ham cua t. V6i cac gia thiet nay, bay gid 
ta co toe do tang khac 0 cua E: 

_ dE/dt E'(Q)(dQ/dt) E'(Q)Q 
E E E E Q 

Trong phUdng trinh nay, lAy r Q la r Qm . va the (2.227) vao (2.224), ta 


dUdc: 


x, E'(Q)Q 
= g _ Ep+ __ji r(; 


Nhom cac so'hang va giai do'i vdi r^ m , cud'i cung ta dUdc: 

^ “ 1-E’(Q)Q/(E-1) (2.228) 

han trai vdi: 

r q s = g - Ep (tii (6.60) vdi MC = r Mc = 0) 

Gia sii rang g - Ep < 0. Khi do de dang chi ra r < r . Va, theo Hinh 

Qm Qs 

2.14, cong ty doc quyen trong trUdng hdp nay lai chong bao ton moi trUdng. 
Ta co the thay rSng, mlu so trong (2.228) la mot phan so dudng khi 
dMR/dQ < 0. Nhung doanh thu bien giam noi chung la mot tinh chat dUdc 
thCTa nh$n cua tinh hudng doc quyen. Do do, ta co the thay tti phan tich 
hien tai rang doc quyen khong the nao dong nghia vdi chu nghia bao ton. 
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CHtfONG III 

DIECI KHIEN TOI ttU Vfl 
OfNQ DgNQ TRONG KINH TE 

A. DIEU KHIEN TOI lfU: NGUYEN LY Cl/C DAI 

Phep ti'nh bien phan la phUdng phap co dien de giai quyet cac bai toan 
toi Uu dong. No doi hoi tinh kha vi cua cac ham dUa vao bai toan, hdn nvia 
no doi hoi nghiem cua bai toan phai la diem trong. 6 chUdng nay, ta se 
trinh bay phUdng phap m6i cho phep giai bai toan toi Uu hoa dong vdi 
nhting dieu kien rong rai hdn. Trong ly thuyet nay bai toan toi Uu hoa dong 
dUdc dat ra dudi dang bai toan dieu khien toi Uu, b day co mot so" bien dUdc 
dung lam cong cu toi Uu hoa goi la bien dieu khien. 

Khong giong nhu phep tinh bien phan nhim tim ra dUdng di toi Uu 
cho trang thai y, muc dfch hang dlu cua ly thuyet dieu khien toi Uu la xac 
dinh dUdng di toi Uu cho bien dieu khien, u. Tat nhien, mot khi da tim thay 
dUdng di dieu khien toi Uu, u*(t), chung ta se tim thay dUdng trang thai toi 
Uu, y*(t), tUdng ling. Tren thUc te, cac dUdng do thUdng dUdc tim ra trong 
cung mot qua trinh. NhUng sU co mat cua bi£n dilu khien b vi tri trung tam 
lam thay doi dinh hudng cd ban cua bai toan toi Uu dong. 

Co hai cau hoi dUdc dat ra. (1) Cai gi lam cho mot bien trd thanh bien 
dieu khien? (2) No dUdc dua vao bai toan toi Uu dong nhu the nao? De tra 
ldi hai cau hoi nay, chung ta hay xem mot minh hoa kinh te ddn gian. Gia 
sd mot nen kinh te co mot trtf ludng hutu han S mot tai nguyen co the can 
kiet (nhu than hoac dau), nhu trong mo hinh Hotelling, vdi S(0) = S 0 . Vi tai 
nguyen nay dang bi khai thac (va sU dung), nen trtf ludng tai nguyen nay se 
bi giam theo cong thtic sau: 
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Chutyrtg Hi. Dieu khien toi UU va ung dung trong kinh te 


-■= -E(t), d day E(t) bieu thi toe do khai thac tai nguyen d thdi 
dt 

diem t. 

Bien E(t) dddc coi nhd mot bien dieu khien bdi vi no co hai tfnh chat 
sau. Thti nh&'t, no la bien ma chung ta co the Ida chon ttf do theo y minh. 
Thd hai, viec chon bien E(t) cua chung ta co anh hddng den bien S(t), bi$n 
bieu thi trang thai cua nguon tai nguyen d thdi diem bat ky. Do do, bien 
E(t) gio'ng nhu banh lai ma chung ta co the dung de “lai” bien trang thai 
S(t) den cac vi tri khac nhau d thdi diem t btft ky theo phUOng trinh vi phan 
dS/dt = *E(t). Nhd lai mot each khon ngoan cua bien dieu khien nay, chung 
ta co the lam toi Uu mot tieu chuan thde hien nao do dddc bieu thi bang 
phiem ham muc tieu. ChSng han, chung ta co th6 cho rftng xa hoi muon toi 
da hoa tong ldi Ich nhan dddc til viec sd dung nguon tai nguyen trong mot 
khoang thdi gian cho trddc [0, T]. Neu truf lddng cuoi la td do (khong bi gidi 
han), bai toan toi du hoa dong co the co dang nhd sau: 

T 

Lam ede dai JU(E)e _pt dt 
o 

dS 

vdi rang buoc — = -E(t) 
dt 

va S(0) = S 0 S(T) td do (S 0 , T cho trddc) 

6 mo hinh nay, chi co bien dieu khien E dddc dda vao trong phiem 
ham muc tieu. Tong quat hdn, phiem ham muc tieu co the phu thuoc vao 
(cac) bien trang thai cung nhd (cac) bien dieu khien. Thi du nay, bien trang 
thai S chi phu thuoc vao bien dieu khien E, nhdng noi chung bien trang 
thai co the bi anh hddng bdi (cac) bien trang thai khac va cac bien dieu 
khien, cung nhd ca bien t. 

Vdi nen mong nay, bay gid chung ta bddc vao thao luan v£ phddng 
phap dieu khien toi du. 

I. BAI TOAN DON GiAn NHAT COA 0l£u KHliN TOI Oil 

De ddn gian, dau tien chung ta xet bai toan chi co mot bien trang thai 
y va mot bien dieu khien u. Nhd da gdi y d tren, bien dieu khien la mot cong 
cu cho phep chung ta tac dong len bien trang thai. Nhd vay, b£t cti dddng di 
dieu khien u(t) nao dddc chon cung se keo theo mot dddng trang thai y(t) 
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gan v6i no. Nhiem vu cua chung ta la chon ra dtfOng dieu khien chap nhan 
difdc u*(t), cung vdi dxibng trang thai chap nhan di iac y*(t) gin v6i no, lam 
toi \iu phiem ham muc tieu tren mot khoang thdi gian cho trade [0, TJ. 


u 



(a) (b) 


Hinh 3.1 

1.1. Nhufng net dac biet cua cac bai to an dieu khien td'i \tu 

Dieu dang chu y cua ly thuyet dieu khien toi au la de ch5p nh&n, quy 
dao (dtfdng dieu khien) chi can lien tuc tufng khuc. Dieu nay co nghia la no 
dadc phep co nhdng bade nhay, nha dadc minli hoa trong Hinh. 3.1a, mac 
du khong chip nhan bade nhay vo han. Mot minh hoa cho s\i dieu khien 
lien tuc ttfng khuc trong ddi song hang ngay la viec bat tit cong tic dien. 
M6i khi chung ta bkt (u = 1) va tit (u = 0), dating di dieu khien lai trai qua 
mot bade nhay. 

Mat khae, dudng trang thai y(t) phjii lien tuc tren toan bo khoang 
thdi gian [0, T]. NhUng, nhu minh hoa trong Hinh 3.1b, no co the co mot so 
hflu han cac dilm nhon hoac cac goc. Dieu do co nghia la, de’ la chap nhan 
dt^c, mot dudng di trang thai chi cln kha vi tilng khuc. Chu y rang moi 
diem nhon tren dudng di trang thai deu xay ra d thdi diem dudng dieu 
khien thuc hien mot bude nhay. Ly do cua sir triing khdp thdi diem nay nim 
O thu tuc tim nghiem cua bai toan. Mot khi chung ta chon doan dudng dieu 
khi^n toi Uu doi vdi khoang thdi gian [0,t,), ch&ng han la dudng cong ab 
trong Hinh 3.1a, thi chung ta co gSng xac dinh doan dudng di trang thai toi 
uu tUdng-Ung. Dudng di nay co thd’ la dudng cong AB trong Hinh 3.1b, ma 
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Chuang HI. Dieu khien toi Uli vd ting dung trong kinh te 


diem dau cua no thoa man di@'u ki£n ban dau da cho. Vdi khoang thdi gian 
tiep theo, [t 1; t 2 ), chung ta lai xac dinh doan dudng di trang thai toi Uu dUa 
tren cd sd dudng cong dieu khien toi Uu cd tim dUdc trUdc do, nhung l&n nay 
chung ta phai l£y diem B nhu la “di^m dau” cua doan dudng di trang thai 
toi Uu. Do do, diem B vrfa la diem cuoi cua doan thii nh&t, vcta la diem ddu 
cua doan thOf hai cua dudng di trang thai toi Uu. Vi vay, khong the co sU 
khong lien tuc d B, mac du rat co the xuat hien mot diem nhon. NhU cac 
dudng dieu khien chlfp nMn dUdc, cac dUdng trang thai chap nhan dUdc 
phai co mot gia tri y xac dinh v6i moi t nam trong khoang thdi gian [0, T]. 

Mot net dac biet khac rat quan trong la ly thuyet dieu khien toi Uu co 
the xri ly trUc tiep rang buoc do! vdi bien dieu khien u, thi du nhu rang buoc 
u(t) e J l/ vdi moi te [0, T], d day f W ky hi&u mot t&p hdp dieu khien bi chan 

nao do. Tap hdp dieu khien tren thuc te co the la mot tap hdp loi dong, nhu 
u(t) e [0,1], Viec V/co the la mot t&p hop dong co nghia la cMp nhan ca cac 

nghiem goc (nghiem bien), day la dieu m6i nam ngoai khuon kho co dien. 
Khi dac diem nay dUdc ket hdp vdi kha nang co budc nhay tren dudng dieu 
khien dUa den mot sU kien thu vi, dUdc goi la nghiem bang-bang. Gia s \1 t&p 
hdp dieu khien la J U = [0, 1], neu gia sii dUdng dieu khien toi Uu co budc 

nhay nhu sau: 

u*(t) = 1 v6i t e [0, ti) 

u*(t) = 0 vdi t € [tj, t 2 ) (tj < t 2 ) 

u*(t) = 1 vdi t e [t 2 , T] (t 2 < T) 

thi sU dieu khien nhu the giong nhu ta dap vao mat nay cai horn sat roi lai 
d&p vao mat kia noi tiep nhau; do do co ten la “bang-bang’'. 

Cuoi cung, chung ta de y r&ng bai toan ddn gian nh£t trong ly thuyet 
dieu khien toi Uu, khong giong nhu trong phep tmh bi£n phan, co trang thai 
cuoi tU do (dudng cuoi thang dilng) chti khong phai mot diem cuoi co dinh. 
Ly do chlnh la nhu sau: Trong qua trinh di den dieu kien cap mot cd ban 
dUdc goi la nguyen ly cite dai, chung ta se set dung khai niem mot Au tuy y. 

Tuy nhien, bat ky mot Au tuy y nao cung phai keo theo mot Ay ttfdng ling. 

Neu bai toan co mot trang thai cuoi co*dinh, chung ta can chu y xem li§u Ay 
ay co dan den trang thai ay hay khong. Do do, viec lUa chon Au co the 
khong tuy y mot each hoan toan thtfc sU. NgUdc lai, neu bai toan co mot 
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trang thai cuoi tu do (difdng cuoi thing dutng), thi chung ta co the cho Au 
tuy y ay din den bated vi tri nao rna no co the’ va khong phai din do ve ndi 
di tdi cuoi cung cua y. Dieu nay lam don gian bai loan. 

1.2. Bai toan 

Dua tren cac thao luan d phln trade, chiing ta co the" dat bai toan ddn 


gian nil at cua dieu khien toi Uu nhu sau: 

r 

Cue dai V = jF(t,y,u)dt (3.1.1) 

n 

vdi rang buoc y = f(t,y,u) ( 3 . i .2) 

y(0) = A, y(T) tu do (A, T cho trade) (3.1.3) 
va u(t) € '// vdi moi t e [0, T] (3.1.4) 


0 day, cung nhu sau nay, cluing ta se chi lam viec vdi bai toan cUc 
dai. Bang each do, cac dieu kien can doi vdi ldi giai co the dUdc phai bieu vdi 
nhieu net dac thd hdn va ft gay lam lan hdn. Khi gap mot bai toan cUc tieu, 
chung ta luon co the daa no ve cUc dai blng each them dau am vao trade 
phiem ham muc tieu. Thi du, cUc tieu |F(t,y,u)dt tadng daong vdi cUc dai 

F(t,y,u)dt. 

Trong (3.1), phiem ham muc tieu van co dang tich phan xac dinh, 
nhang ham lay tich phan F khong co doi so* y’ nhu trong cac phep tmh bien 
phan. Thay vao do, co mot doi so mdi u. Su co mat cua bien dieu khien u doi 
hoi moi lien ket giita u va y phai dude chi dinh, de cho ta biet rang u se 
anh hudng mot each cu the nha the nao tdi dudng di cua bien trang thai y. 
Thong tin cho bdi phUdng trinh v = f(t,y,u), trong do y bieu thi dao ham 
theo thdi gian cua y, dy/dt, la each ky hieu khac cua ky hieu y’. Tai thcJi 
diem khdi dau, hai doi so dau tien trong ham f phai dUdc lay gia tri cho 
trade t = 0 va y(0) = A, nha the chi co doi so thd 3 la tuy cho chuhg ta chon. 
Doi vdi mot gia tri u dUdc chon d t = 0, chang han Ui(0), phaong trinh nay sc 
cho mot gia tri cu the cua y , Thi du y,{()), gia trj nay quy dinh hudng di 
chuyen cu the cua bien y. Mot gia tri khac, u 2 (0) ndi chung sc cho ta mot gia 
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Chifcfng III. Dieu khien tot uu va ting dung trong. kinh te 


tri khac, y a (0), qua ham f. Va mot lap luan LUdng tu co the ap dung v6i cac 
thdi diem khac. NhU vay, phudng trinh nay cung cap mot cd che ma vdi no 
viec chon Ida bien dieu khien u, ta co the chuyen thanh mot kieu di chuyen 
cu the cua bien trang thai y. Do do, phudng trinh nay dude goi la phitdng 
trinh chuyen dong cua bien trang thai (hay goi tat la phi/ctng trinh trang 
thai). Thong thudng, lien he gitia u va y co the dUdc mo ta thich hdp bhng 
mot phudng trinh vi phan c£p mot y = f(t,y,u). Tuy nhien, neu kieu bien 

thien cua bien trang thai y khong the thau tom bang dao ham b&c nhd't 
y ma cdn si dung dao ham bkc hai y s d 2 y/dt 2 , thi phudng trinh trang 
thai se co dang phudng trinh vi phan c&p 2, ma chung ta phai dua ve mot 
cap phudng trinh vi phan clip 1. Rac roi la, trong qua trinh nay, chung ta 
phai them mot bien trang thai vao bai toan. 

Chung ta si dung chut f d§ ky hieu ham so trong phudng trinh 
chuyen dong, va si dung chtf F de chi ham dudi dau rich phan trong phiem 
ham muc tieu. Ca hai ham F va f deu dUdc gia thiet la lien tuc theo tat ca 
cac doi so cua chung, va co cac dao ham rieng cap 1 lien tuc doi vdi t va y, 
nhUng khong ciln thiet phai doi vdi u. 

Phan con lai cua bai toan (3.1) bao gom vice cho cac dieu kien bien 
va cac tap hdp dieu khien. Ngoai each cho trUdc dUdng cuoi thang la ddn 
gian nhat, cung co the xet each cho trUdc cac diem cuoi. Ve phlin tap hdp 
dieu khien, trUdng hdp ddn gian nhat la cho tap hdp md W- (~oo, +co). Neu 
nhu v&y, sU lua chon u se khong bi rang buoc,va ta khong can phai neu len 
u(t) e W khi giai hai toan. 

1.3. Mot trriing hup dac biet 

Xet bai toan trong do sU lua chon u khong bj rang buoc, va phudng 
trinh chuyen dong co dang ddn gian: 

y = u. 

Khi do bai toan dieu khien toi Uu trd thanh: 

T 

Lam cUc dai V= j*F(t,y,u)dt (3.2.1) 

o 


vdi rang buoc y = u 


(3.2.2) 
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va y(0) = A, y(T) ttf do, (A,T cho trade) (3.2.3) 

Bang each thay u bdi y trong ham lay tfch phan, chiing ta viet lai bai 
toan nhu sau: 

T 

Lametfedai V = j*F(t,y,y)dt (3.20 

o 

vdi rang buoc y(0) = A, y(T) ttf do, (A,T cho trade) 

Day dung la bai toan bien phan vdi dUdng cuoi thing dting. Moi lien 
quan can ban giuta phep tmh bien phan va ly thuyet dieu khien toi au la ro 
rang. NhUng cac phUdng trinh chuyen dong gSp trong cac bai toan did'u 
khien toi Uu noi chung phiic tap hdn nhieu so vdi trong (3.2). 

II. NGUYEN LY CtfC DAI 

Ket qua quan trong nhat trong ly thuyet dieu khien toi Uu la dieu 
kien can cap mot cho ldi giai cua bai toan va dude goi la nguyen ly cUc dai. 
Thuat ngd nay dUdc nha toan hoc Nga L. S. Pontryagin va cac cong sU cua 
ong dat ra. Nguyen ly cUc dai dUdc phat bieu dUa tren khai niem ham 
Hamilton va bien hiep trang thai. 

2.1. Bien hiep trang thai va ham Hamilton 

Co ba loai bien da dUdc trinh bay trong phat bieu bai toan (3.1): t (thdi 
gian), y (trang thai), va u (dieu khien). Trong qua trinh giai con mot loai 
bien khac xuat hien. No dUdc goi la bien hiep trang thdi (hay bien phu ) ky 

hieu la X. Nha ta se thay, bien hiep trang thai na na nha nhan td 

Lagrange, va vi v£y, ve ban chat no dong vai tro "gia bong" danh gia tarn 
quan trong cua bien trang thai doi vdi muc tieu cUc dai. Giong nha y va u, 
bien X c6 the l&y cac gia tri khac nhau tai cac thdi diem khac nhau. Nha 
vay, ky hieu X thac te la viet tat cua X(t). 

Bien hiep trang thai dude daa vao bai toan dieu khien toi Uu thong 
qua ham Hamilton hay goi tat la Hamilton , co vai tro noi bat trong qua 
trinh giai. Ky hieu blng H, Hamilton dUdc dinh nghla la: 

H(t, y, u, X) = F(t, y, u) + *.(t) f(t, y, u) (3.3) 

H la ham cua bon doi so: t, y, u va 1. Luu y ring, trong (3.3), ta da 

gan he so' 1 cho F, X(t) cho f. Noi mot each chat che, Hamilton phai dude viet 
lai la: 
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H(t.y, u, X) = A 0 F(t, y, u) + >,(t) f(t, y, u) (3.4) 

cl day A. (1 la mot hang so khong am, cung chua xac dinh. Tuy nhien, tren thuc. 
te, tinh huong a { , bang 0 xay ra chi trong nhdng hoan canh khong binh 
thitdng nao do ina Idi giai cua bai toan thUc su doc lap vdi ham lay tich 
phan F, nghia la, ham F khong c:6 anh hifdng gi doi vdi qua trinh giai. Hau 
het cac bai toan gap trong kinh te hoc la nhting bai toan ma ham F co anh 
hitdng, do do cac nha kinh te gia thiet X 0 > 0, roi chuan hoa no bang 1. 


2.2. Nguyen ly ctfc dai 


Khac vdi phitdng trinh Ruler, la mot phifdng trinh vi phan cap hai cua 
bicn trang thai y, nguyen ly cite dai gom hai phUdng trinh vi phan cap mot 
cua bien trang thai y va bien hicp trang thai X. Ngoai ra nguyen ly cite dai 
con co mot ddi hoi nita la Hamilton ditdc cite dai thco bien dieu khien u tai 
moi thdi diem. De de hieu, dau tien ta so phat bieu va thao luan cac dieu 
kien co lien quan, trifdc khi trinh bay cd sd hdp ly cua nguyen ly cite dai. 


Doi vdi bdi loan trong (3.1), va vdi Hamilton dinh nghia trong (3.3), 
cac dieu kien cua nguyen ly cite dai la: 

Max H(t, y, u,A) doi vdi moi t e [0, T] (3.5.1) 

u 


i 

i 


DH 


A=-™ 

cy 


(phitdng trinh chuye’n dong doi vdi y) (3.5.2) 
(phitdng trinh chuye’n dong doi vdi A), (3.53) 


A/T) = 0 (dieu kien hoanh) (3.5.4) 

Ky hieu MaxH nghia la Hamilton ditdc cite dai theo rieng u vdi tit 

u 

each. Id bien lu’a chon. Mot each t.itdng ditdtig debieu thi diSu kien nay la: 

H(t,y,u*,A) > H(t,y,u,A) doi vdi moi t <= [0,T] (3.6) 


d day u* la dieu khien toi Uu, va u la mot gia tri dieu khien bat ky khac. 
Sau nay, de ddn gian, ddi khi ta se sd dung ky hieu ngan hdn “Max H” de 
chi doi hoi nay ma khong da dong den u dudi dang hien. Ta se nhan thay 
rang chinh doi hoi cite dai H theo u nay da sinh ten goi “nguyen ly cUc dai”. 

Mdi ddu co the nghl rSng ddi hoi rang trong (3.6) ditdc the hien co 
dong hdn trong dieu kien cap mot ollfdu - 0 (khi dua them mot dieu kien 
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cap hai tlrich hdp). Su that, doi hoi MaxH la dieu kien rong hdn nhicu so 

u 

vdi doi hoi nay. 


<•(»n l»‘ I 



Hinh 3.2 

Trong Hinh 3.2, ta ve ba dudng cong, m6i dUdng bieu thi mot dang co 
the cua Hamilton H theo bien dieu khien u tai mot thdi diem cu the, vdi cac 
gia tri cu the cua y va X. Mien dieu khien dude gia dinh la khoang dong [a, 
c], Doi vdi dUdng cong 1, kha vi theo u, cue dai cua H xay ra tai u = b, mot 
di§m trong cua mien dieu khien W; trong trUdng hdp nay, phUdng trinh 

£H/£u = 0 co the dung de xac dinh dieu khien toi ufu tai thdi diem do. Nhifng 
neu H co dang dudng cong 2 thi dieu khien trong V/lam cUc dai H lai tai u = 

c, mot di§m bien cua V/. NhU vay, dieu kien r?H/c?u = 0 khong ap dung dUdc, 

cho du dudng cong la kha vi. Va trong trUdng hdp cltfdng cong 3, vdi 
Hamilton tuyen tinh theo u, ctfc dai cua H xay ra tai u - a, mot diem bien 
khac, va dieu kien dHJihi = 0 mot lan nda lai khong ap dung dtfdc bdi vi 
khong d dau dao ham nay bang 0. Do do can co mot phat bieu rong hdn 
MaxH • "IhUc te, trong nguyen ly ede dai, tham chi khong doi hoi Hamilton 

kha vi theo u. 

IrUdng hdp Hamilton tuyen tmh theo u dang dac biet quan tam. Mot 
la, khi do H co do thi theo u nhii mot dtfdng thang va dieu khien toi tiu luon 
luon tim dtfdc tai mot bien cua u. (Neu H la mot dtfdng th&ng n&m ngang, 
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thi khong co dieu khien toi du duy nhat nao). Quan trong hdn, trddng hop 
nay la mot Thi du ve' tinh huong hoc bua trong phep tmh bien phan ma bay 
gid co the trd nen de dang giai quycl trong ly thuyet dieu khi£n toi du. 
1 rong phep tinh bien phan, bat cti khi nao ham lay tich phan la tuyen tmh 
theo y, dan den K y y = 0, phddng trinh Kuler co the’ khong mang lai mot 

nghiem thoa man cac dieu kien bien da cho. Trai lai, trong ly thuyet dieu 
khien toi du, trddng hdp nay khong co van de gi. 

Ta nhan xet ring dieu kien y = dWdk khong la cai gi khac ngoai viec 

nhac lai phddng trinh chuyen dong doi vdi bien trang thai da neu ra trong 
(3.1). Bien diin lai y nhd mot dao ham rieng cua H theo bien hiep trang 

thai X chi la de chi ra tmh doi xhng giufa phddng trinh chuyen dong nay va 
phddng trinh chuyen dong cua bien trang thai vdi phddng trinh chuyen 
dong cua bien hiep trang thai. Tuy nhien, lufu y ring trong phddng trinh 
chuyen dong doi vdi bien hiep trang thai, X la dot cua dao ham rieng cua H 
theo bien trang thai y. Hai phddng trinh chuyen dong dddc goi gdp chung la 
he Hamilton, hay he chinh t&c. Tuy co nhieu phddng trinh vi phan phai giai 
trong ly thuyet dieu khien toi du - mot phddng trinh cho moi bien trang 
thai va moi bien dieu khien - nhdng chung deu la phddng trinh vi phan c&p 
mot. Vi bien dieu khien khong bao gid xuat hi£n d dang dao ham, khong co 
phddng trinh vi phan nao doi vdi u trong he Hamilton. Nhdng tii nghiem cd 
ban cua (3.5), neu muon, ta co the rut ra mot phddng trinh vi phan doi vdi 
bien dieu khien. Va, trong mot so' mo hinh, co the la thuan tien hdn khi lam 

viec vdi mot he thong dong theo cac bien (y,u) thay cho he chinh tic theo cac 
bien (y, X ). 

Dieu kien cuoi ciing trong (3.5) la dieu kien hoanh doi vdi bai toan 
trang thai cuoi td do - bai toan vdi mot ddcJng cuol thing ddng. Nhd ta 

mong ddi, dieu kien nhd vay chi liSn quan tdi dieu phai xay ra tai thdi gian 
cuoi T. 

2.3. Thu tuc ap dung nguyen ly ctfc dai trong thtfc hanh 

Trong muc nay ta se trinh bay cac bddc tim dieu khiin toi du theo 
nguyen ly ede dai qua cac vi du sau: 

Thi du 1 . Hay tim dddng cong co khoang each ngan nhat tuT mot diem 
da cho P tdi mot dddng thing cho trddc I, Ta da gap bai toan nay trddc day 
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trong phep tmh bien phan. De phat b’ieu lai no nhu mot bai toan dieu khien 
toi Uu, hay xem P la (0, A) va gia sci, khong m<*t tmh tong quat, ring dubng 
thing L la mot dubng thing diing. (Neu vi tri da cho cua L khong thing 
diing, no luon luon co the lam cho trb thanh thing ddng bing mot phep 
quay thich hdp cac true toa do.) Ham F s\i dung trUdc day, (1 + y’ 2 ) 1 ' 2 co the 
dude viet lai la (1 + u 2 ) 1/2 , vdi dieu kien ta dat y = u ( hay y* = u). Va, de 

chuyen bai toan cUc tieu khoang each ve bai toan cue dai, ta phai gan dau 
trh cho ham lay tfch phan cu. Khi do, bai toan cua chung ta la: 

Cilc dai V = J - (l + u 2 ) 12 dt (3.7.1) 

vdi rang buoc y = u * (3.7.2) 


va y(0) = A, y(T) til do, (A, T cho trade) (3.7.3) 

Vi bien dieu khien khong bi rang buoc, nen dieu khien toi Uu se la 
mot nghiem trong. 

Thu tuc giai bai toan nay nhu sau: 

Btfdc I. Ta bat dau bing viec xay diing ham Hamilton: 

H = - (1 + u 2 ) 1/z + Xu (3.8) 

Do H la kha vi va phi tuyen, ta co the ap dung dieu kien c&p mot doi 
vdi cUc tri de thu dUdc: 

^ = -i(l + u 2 )' 1/2 ( 2 u) + X = 0 


Phitdng trinh nay cho ta nghiem: 

u(t) = x{l-^Y 12 

cH 

Tiep tuc vi phan — theo u, cho ta: 
du 


c 2 H 


du 


= -(l + u a )~ 3/2 < 0. 


(3.9) 


Nhu vay, ket qua trong (3.9) lam cUc dai H. Tuy nhien, vi (3.9) bieu 
thi u theo X, bay gid ta phai tim mot nghiem doi vdi X. 

Butic II. De lam viec do, ta dUa vao phudng trinh chuyen dong doi vdi 
bien hicp trang thai X = -dHIdy trong (3.5). Trong (3.8) bieu thiic cua H 
khong chtia y, ta co: 
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rH 

X = - — =0 /.(l) = hang so (3.10) 

<y 

Dieu kien hoanh X(T) = 0 trong (3.5) la du de xac dinh hang so". Vi neu 
X la mot hang so, t.hi gia tri tai t = T eung la gia tri cua no doi v6i moi t. 
Nhif vay, 

X*(t) = 0 vdi moi t e [O.TJ (3.10’) 

Theo (3.9), ta eo the ket luan rang: 

u*(t) = 0 vdi moi t e [0,T] (3.11) 

Btfdc III. TCr phtfdng trinh chuyen dong y = u , ta co the viet: 

y = 0 =s> y(t) = h&ng so' (3.12) 

Hon ntia, dieu kien dau y(0) = A giup ta xac dinh hang so' nay va viet: 

y*(t) = A (3.12’) 

Ditong di y* nay dude minh hoa trong Hinh 3.3, la mot dUOng thing 
nlm ngang. 



Hinh 3.3 

Thi du 2. Tim dieu khien toi Uu: 


Cue dai 

v = jf< 2 >" 

- 3u) dt 

(3.13.1) 

vdi rang buoc 

y = y + u 


(3.12.2) 


o 

ii 

42*- 

y(2) tu do 

(3.13.3) 

va 

u(t) e W= 

= [0,21 

(3.13.4) 
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Trong bai toan nay cac ham dm dau tfch phan va phifdng trinh 
chuyen dong la cac ham tuyen tmh theo u va tap hop dieu khien la Up 
dong, ta co the ky vong xay ra nghiom bien, 

Bucfc I. Thiet lap ham Hamilton cua (3.13), tiic la: 


H - 2y - 3u + X (y + u) = (2 + X) y + (X - 3) u. 

Ham nay tuyen tmh theo u, v6i do doc r?H/du = X - 3. Vi chi can xet H 
bien thien theo u, ncu tai mot thdi diSm da cho, ta tim dude X > 3, thi H se 
la mot dufdng rang doc len giong dtfctag 1 trong Hinh 3.4; de cite dai H, ta 
phai chon u* = 2. Mat khac, neu X < 3 thi se la ditdng 2, va khi do ta phai 
chon u* = 0. Tom lai: 


u*(t) 


J 2] 


f > | 

loj 

neu 

X(t) U 


(3.14) 


Tat nhien. ca u* - 2 l&n u* - 0 la cac nghiom bien. Ta th&'y d day H la 
tuyen tmh theo u, cac dieu kien cap mot thong thuSng dR/du = 0 khong ap 
dung ditdc trong viec tim u*. 

Bitdfc II. Nhiem vu tiep theo cua chiing ta la xac dinh /t(t). 



Hinh 3.4 

Td phifdng trinh chuyen dong doi vdi X, ta co phifdng trinh vi phan: 
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% = --— = -2-X hay \ + \ = -2 

dy 

Nghiem tong quat cua no la: 

A.(t) - ke"’ - 2 (k tuy y) 

Vi hang so tuy y k co the dude xac dinh la k = 2e 2 , bang each sil dung 
dieu kien hoanh k(T) = M2) = 0, thi nghiem rieng la: 

X* (t) = 2e 2 e _t - 2 = 2e 2 " 1 -2 (3.15) 

Ta thay rang \*(t) giam on dinh l xi mot gia tri dau a*( 0) = 2e‘ 2 - 2 % 
12,778 xuong gia tri cuoi ?-*(2) = 2-2 = 0. Nhit vay, luc dau ldn. hdn 3, 
nhung ve sau giam xuong nho hdn 3. Ta co the tim dude thdi diem tdi han, 
khi X = 3 va d thdi diem do dieu khien toi \iu phai chuyen tCc u* = 2 sang u* 
= o, bang each dat X*(t) = 3 trong (3.15) va giai doi vdi t. Ky hieu thdi diem 
cu the do bkng x, ta co: 

x = 2 - In 2,5 * 1,08 ( 316 ) 

Do do, dieu khien toi itu trong (3.14) co thi phat bieu lai cu thi hdn 
theo hai pha la: 

Pha I : u * j = u * [0, t) = 2 1?) 

Phall: u*„ *u*[x,2] = 0 

NhU dude bieu diin bang do thi trong Hinh 3.5a, dieu khien toi ifu 
nay la mot thi du vl dieu khien kieu bang-bang. 

Btfcfc III. Mac du bai toan chi doi hoi tim dieu khien toi tfu, ta co the 
tim dUdng trang thai toi Uu trong hai pha. Trong pha I, phiidng trinh 
chuyen dong doi vdi y la y = y + u = y + 2, hay: 

y - y = 2 vdi gia tri dk u y(0) = 4 

Nghiem cua no la: 

y* 1 s y*[0,x) = 2(3e t -1) (3.18) 

Trong pha II, phiidng trinh chuyen dong doi vdi y la y = y + 0 , hay: 

y — y — 0 

vdi nghiem tong quat: # 

y* n = y*[x, 2] = ce 1 (c tuy y) . (3.19) 
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(a) 




Hlnh 3.5 

6 day c khong the dddc xac dinh bcfi dieu kien d£u y(0) “ 4 cho trong 
(3.13) bdi vi ta da cl pha II, vifdt qua t = 0. No cung khong ditdc xac dinh bdi 
b£t cd dieu kien cuoi nao bdi vi trang thai cuoi la t \1 do. Tuy nhien, ta nh6 
lai r&ng quy dao y toi du doi hoi phai la lien tuc, nhd minh hoa trong Hinh 
3.1b. Do do, gia tri d£u cua y*n phai dat. bang gia tri cua y*[ lay tai x. Bdi vi: 

y*!(T) = 2(3e T - 1) (theo(3.18)) 

va 

y*n(x) = ce (theo (3.18)) 

bang each dat hai bieu thde nay b&ng nhau va giai doi vdi c, ta tim difdc c = 
2(3 - e' T ), do do dddng di toi du y trong pha II la: 

y*ti = 2(3-e' T )e l ~ 5,32 e l (c tuy y) (3.19’) 

Gia tri cua y* tai thdi diem chuyen hiidng xap xi b&ng 2(3e 109fi - 1) = 


15,74. 
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Bang each ket noi hai dubng di (3.18) va (3.19’), ta thu dUdc toan bo 
dudng di y* doi vdi khoang theft gian [0,2], nhu chi ra trong Hinh 3.5b. 
Trong thi du cu the nay, difcfng di ket noi nay ngiu nhien trong giong mot 
duting cong mu, nhung thtic te hai doan nay la nhting phan cua hai ham mu 
rieng re. 

III. Nf:N TANG HOP LY CIJA NGUYEN LY CLTC DAI 

Bay gid ta se giai thich nen tang hop ly cho nguyen Iy ctic dai. Chung 
ta se khong co y dinh dtia ra mot chting minh chi tiet - chting minh day du 
do Pontryagin va cac cong sti cua ong dtia ra - d day ta chi trinh bay mot 
each nhin nhan khac ve bai toan. de lam cho nguyen ly cue dai co the tin 
cay dtidc. Dieu nay ve sau se tang stic manh khi ta so sanh nguyen ly ctic 
dai vdi phtidng trinh Euler va cac dieu kien khac cua phep tmh bien phan. 

3.1. Mot each nhin khac ve bai toan dieu khien 

De ddn gian, d day ta gia thiet bien dieu khien u khong bi rang bupc, 
nen u* la mot nghiem trong. Them ntia, ham Hamilton dude gia thiet la 
kha vi theo u, va dieu kien <?H/3u = 0 co the dtidc sti dung thay cho dieu 
kien “MaxH”. Nhu thudng le, ta lay diem dau la co" dinh, nhung diem cuoi 

cho phep thay doi. Dieu nay se giup ta rut ra cac dieu kien hoanh nao do 
trong qua trinh thao luan. Khi do bai toan la; 

Cue dai V = |F(t,y,u) dt (3.20.1) 

vdi rang buoc y = f(t,y,u) (3.20.2) 

va y(0) = y 0 (cho trtfdc) (3.20.3) 

3.2, Thu tuc rut ra dieu kien hoanh 

BUdc I. Nhu btidc dau tien de di den nguyen ly ctic dai, ta hay ket 
hdp phUdng trinh chuyen dong vao phiem ham muc tieu, va bieu diin lai 
phiem ham theo Hamilton. 

Ta thay rdng, neu bien y luon luon tuan theo phUdng trinh chuyen 
dong, thi bieu thtic [f(t,y,u)-y] se chac chan lay gia tri 0 doi vdi moi t 

trong khoang [0, Tj. NhU vay, sti dung khai niem nhan til Lagrange, vdi moi 
gia tri cua t ta co the tao ra bilu thtic X<t)[f(t,y,u) - v], vtin nhan gia tri 0. 
Lay tong >.(t)[f(t,y,u) - y] theo t trong theft ky [0, TJ vim cho ta gia tri 0: 
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|W)[f(t,y,u)-y] dt= 0 (3.21) 

Do do, ta co the cong them tlch phan trong (3.21) vao phiem ham muc 
tieu cu ma khong anh hfldng den ldi giai. Nghia la, ta co the lam viec vdi 
phiem ham muc tieu nidi; 

r<)* V+j\(t)[f(t,y,u)-y] dt 
f T 

= J{F(t,y,u) + A.(t)lf(t, y, u)— y]}dt (3.22) 

trong do ham dudi dau tich phan la ham Lagrange. Ta thay <v co cung mot 
gia tri nhu V, chirng nao phddng trinh ehuve’n dong trong (3.20) diroc 
nghiem dung qua suot thdi gian. 

Thay ham Hamilton: 

H(t.y,u) = F(t,y,u) + X(t) f(t,y,u) 
vao (3. 22), khi do phiem ham mdi trd nen: 

/ w= |[H(t,y,u,X)-A(t)y]dt 

= |H(t,v,u,\)dt- |\(t)ydt (3.22’) 

Dieu quan trong la co su: phan biet ro rang gifla mot ben la so hang 
thfl hai trong Hamilton, X(t) f(t,y,u) va ben kia la bieu thflc nhan id 
Lagrange X(t)[f(t,y t u)-y]. Bieu thflc sau co chfla y dfldi dang hien, con 
bieu thflc dau thi khong, Bang each lay ti'ch phan tflng phfln, ta co: 

- Jx.(t)ydt = - ?,(T)v t + MO)v 0 + | F y(t)ldt 

Dung ket qua nay ta vict. lai phiem ham muc tieu mdi la: 

r ° ~ | [H(t,y,u,?t) + y(t)) v jdt - X(T)y T + X(0)y o (3.22”) 

Bieu thflc *V chfla ba so hang thanh phfln cong tmh Q 2 , O a> Lflu y 
rang trong khi so' hang Cl ] la tich phan trai ra tren toan bo ky ke hoach [0, 
T], so hang Q 2 chi lien quan tdi thdi gian cuoi va chi lien quan tdi thtfi 
gian dau. 
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Biidc II. Gia tri cua m phu thuoc vao dUdng di theo thdi gian dUdc 
chon doi vdi ba bie'n y, u va X, cung nhil phu thuoc cac gia tri dude chon doi 
vdi T va y T . Trong bUdc nay, ta se t&p trung vao X. 

Bien X la nhan tti Lagrange, khac can ban vdi u va y, vi viec chon 
dUdng di X(t) se khong gay anh hiring nao doi vdi gia tri cua chiing nao 
phUdng trinh chuyen dong y = f(t,y,u) con dung, nghia la chiing nao ma: 


y - vdi moi te [0, T]. 

ax 


(3.23) 


Cho nen, d4 lam m&'t anh hiring cua X(t) doi vdi «), ta buoc Idi giai 
phai thoa man (3.23) nhu mot dieu kien din. Day la mot trong ba diiu kien 


cua nguyen ly cue dai. 

Btfdc III. Bay gid ta chuyen sang dUdng di u(t) va anh hUdng cua no 
doi vdi dUdng di y(t). Neil dUdng di tot nhat u*(t) da biet, va neu ta lam xao 
dong no bdi mot dUdng cong xao dong p(t), ta co the sinh ra cac dUdng di 
dieu khien “d lan c&n” do la: 

u(t) = u*(t) + e p(t) (3-24) 

m6i gia tri cua £ cho ta mot dUdng. NhUng do phUdng trinh chuyen dong 
y _ f(t,y,u), m6i e cung se lam xao dong dUdng di y*(t). Cac dUdng di y 
sinh ra d lan c&n ma co the viet la: 


y(t) = y*(t) + e q(t) (3.25) 

Them nda, neu T va y T co the thay doi, ta cung co: 

T = T* + e AT vay T = y T * + £ Ay T (3.26) 


dT _ dy T 

(keo theo —- - AT va -— 
ds de 


Ay T ) 


T a cac bmu thde u va y trong (3.24) va (3.25), ta co the bi&u dwn «} 
theo e, nen ta lai co the ap dung dieu kien cap mot d^/de = 0. Dang mdi cua 
W la: 

ro= | T(£> (H[t,y * +eq(t),u * +ep(t),X] + X[y * +eq(t)]}dt 


- X(T)y T +X(0)y o 


(3.27) 
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Btfdc IV. Bay gid ta ap dung dieu kien dwfde = 0. Bang each lay dao 
ham <V theo c thi dao ham cua so'hang tich phan trong (3.27) la: 



dH <i\ dH 
—q(t) + —p(t) 
dy du. 


- A.q(t)][dt + [H + Xy\ =7 ~ (3.28) 

de 


Dao ham cua so hang thti hai trong (3.27) theo £ la: 

wrr\ d y T d^(T)dT _ 

' yT ^dT dT = ~ X(T>Ay T -y T MT)AT 

(theo (3.26)) (3.29) 

So hang A.(0)y 0 trong (3.27) la hang so, co dao ham bang khong. Nhtf 
vay dffitie la tong cua (3.28) va (3.29). Khi cong hai bieu thtic nay, ta de y 
rang mot thanh ph£n cua (3.28) co the viet nhti sau: 

M=t ~ = X(T)y T AT (theo (3.26)) 


Nhtf vay, khi dat tong cua (3.28) va (3.29) bang 0, dieu kien cap mot, 
sau khi sap xep lai, trd thanh: 


d<?)ldz 


f 


dH - 
■— + X 
dy 


q^ + ^pCt) 

du 


dt 


+ [H] t=T AT-X(T)Ay T = 0 


(3.30) 


Ba thanh phan cua dao ham nay co lien quan den nhufng cai tuy y 
khac nhau: Ti'ch phan chtia cac dtidng cong xao dong tuy y p(t) va q(t), con 
hai thanh phan kia ttidng ting chtia cac AT va Ay T tuy y. Do do, tting thanh 
phan trong ba thanh ph&n nay phai dtidc dat b&ng 0 de thoa man (3.30). 
Bang each dat thanh ph&n tich phan bang 0, ta co hai dieu kien: 




m 

dy 


va 


dH 

du 


= 0 


Dieu kien thti nhat cho ta phudng trinh chuyen dong doi vdi bien hiep 
trang thai X. Dieu kien thti hai bieu thi dang hep yeu hdn cua dieu kien 
MaxH - Hep hdn vi nhu ta da nhan xet b muc tren, no khong bao gom 

dtidc trtidng hdp bai toan co nghiem bien. Vi bai toan ddn gian nhat co mot t 
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co dinh va y T ta do, so" hang AT trong (3.30) tu dong bang 0, nhung Ay T thi 
khong. De lam cho bieu thiic -X(T)Ay T triet tieu, ta phai dat rang buoc: 

X(T) = 0 

Dieu nay giai thfch cho dieu kien hoanh (3.5.4) trong (3.5). 

, % , . N c\i 

Ta thay rang, nhu da noi 0 bade II, dieu kien y --lam mat anh 

0>K 

hUdng cua X doi vdi gia tri cua phiem ham muc tieu. Nluing trong nguyen ly 
c\ic dai no khong dUdc chon tuy y, ma doi hoi phai tuan theo phUdng trinh 

chuyen dong X ~-va phai ket thuc vdi mot gia tri cuoi bang 0 khi bai 

toan co mot trang thai cuoi tU do. 

tv. cAc ei£u kiEn cuoi khac 

Dieu gi se xay ra doi vdi nguyen ly ctfc dai khi dieu kien cuoi khac vdi 
dudng thang ddng? Cau tra Idi tong quat. la ba dieu kien dau tien trong 
(3.5) se van dung, nhung dieu kien hoanh se co dang hdi khac. 

4.1. Diem cuoi co dinh 

Bai toan co diem cuo'i co dinh (khi cho trade trang thai cuoi va thdi 
gian cuoi) khong phai la bai toan “ddn gian nhat” trong ly thuyet dieu khien 
toi itu. Viec dat diem cuoi co" dinh lam bdt mot phdn do tu do cua dtfdng 
cong xao dong p(t) doi vdi bicn dieu khien u. Do mol lien he giiia u va y 
qua phudng trinh chuyen dong y = f(t,y,u) mot sU xao dong tadng dng 

trong dudng di y*(t) ma no phai ket thuc tai mot trang thai cuoi dinh trade, 
thi viec chon dudng cong xao dong p(t) khong thuc sa la tuy y. Khi do cau 
hoi nay sinh la lieu ta van co the tim ldi giai mot each thich hdp tuf dieu 
kien dH/du - 0 hay khong. 

Rat may la, tmh vOng chac cua nguyen ly cUc dai khong bi anh hudng 
bcfi sU thoa hiep trong tinh tuy y cua p(t). Tuy nhien, de ddn gian, ta se 
khong di vao chi tiet de chdng minh di§m nay. Vdi cac muc dfch cua chung 
ta, chi edn neu len rang, vdi mot diem cuoi co dinh, dieu kien hoanh dUdc 
thay bling dieu kien: 


y(T) = y T 


(T, y T cho trade) 
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4.2. Dirtng thing cuoi nim ngang (Bai toan dig’m mat cuoi 
CO dinh) 

Ne'u bai toan co mot dudng thing cuoi nim ngang thi y T co dinh (Ay T 

0) nhung T thi khong (AT la tuy y). Tit cac sd'hang thanh phin thd hai va 

thu: ba trong (3.30), de dang thay ring did'u kien hodnh dm v6x tracing hap 
nay la: b ,F 

[ h Lt=° (3.31) 

Ham Hamilton phai dat gia tri 0 tai thdi gian cuo'i to! Uu, nhang 
khong co rang buoc nao doi vdi gia tri cua k tai thdi gian T. 

4.3. Diicfng cong cuoi 

Trong trudng hop cho trade dudng cong cuoi y T = <|>(T) thi AT vi Ay T 
khong tuy y, ma lien he vdi nhau bdi quan he Ay T = <t>'(T)AT. Sd dung quan 

he nay dd khd Ay T , ta co the' ket hdp hai so' hang cum cung trong (3.30) 
thanh bieu thtic: 

[h], =t AT - X(T)f (T)AT = [H - Xf]„ T at . 

Tit day suy ra ring, vdi AT tuy y, die'u kien hodnh phai la: 

(332) 

4.4. Ditdng cuoi thing dufng cut 

Bay gia hay xet bai toan trong do thdi gian cuoi T co dinh, nhUng 
trang thai cuoi tu do thay do’i, chi chiu die'u ki6n y T > y mi „, b day y ral „ la mhc 
cho phep toi thi§u cho trifdc cua y. 

Chi co the co hai loai ket cue trong nghiern toi Uu: y T * > y min , hoac y T * 

= y r ln ;^ trlWng hap thil nhit, rang buoc cuoi tu dong thoa man. Do do co 
the giainhu doi vdi bai toan co dudng cud! thing dilng binh thudng va 
dung dieu kien hoanh: 

X(T) = 0 Vl3i y T * > y m ,» ' (3.33) 

., 6 ^“8 h< ?P th * hai y T * = yroi „, ta co thi giai nhu doi vdi bai toan 

diem cuoi co dinh. Nhu vdy trade het ta giai bai toan bing each xem nhu 
trudng hap cd dudng cadi khong cut Ne'u y T * > y mi „ thi bai toan da giai 
xong, neu nguqc lai, tile la y T * < y mm , ta dat die'u kien y T = y ral „ va giai nhu 
doi Vdi bai toan co diem cuoi co dinh. 

12- TUH0 
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4.5. Dtfofng cuoi nam ngang cut 

Bai toan trong do trang thai cuoi la co dinh, nhUng thdi gian cuoi cho 
phep thay doi vcfi rang buoc T < T max , d day T mflX la gia tri cho ph6p 16n nhat 
cua T . Khi do trong nghiem toi Uu ta co hoac T* < T max hoac T* = T mox . 

Cach giai giong nhU doi vdi bai toan co dudng cuoi thing ddng cut ttic 
la ho&c svt dung didu kien hoanh: 

[ h Lt = 0 (3.34) 

Hoac scf dung dieu kien cuoi T = T max . 

[h], =t 2 0 v<3 > T* = T m „ (3.35) 


4.6. Cac thi du tfng dung 
Thi du 1 

Cue dai V = £-u 2 dt (3.36) 

vdi rang buoc y = y + u 

va y(0) = 1 y(l) = 0 

V6i cac diem diu mut co" dinh, ta khong cin dieu kien hoanh nao 
trong bai toan nay. 

B \idc I. Vi ham Hamilton la phi tuyen: 

H = -u 2 + X( y + u) (3.37) 

va vi u khong bi rang buoc, ta co the ap dung dieu kien cap mot: 

dH 


du 


= -2u + X. - 0 


(3.38) 


Dieu kien nay mang lai u = XI2 y hay chmh xac hdn. 


u(t) = ^X(t) 

JU 


(3.39) 


Vi d 2 H/du 2 = - 2, nghiem u(t) nay lam cUc dai H. De xac dinh u(t) ta 
con cin phai xac dinh A,(t). 

Btfdc II. Tti phuong trinh chuyen dong hiep trang thai: 
dH 




rkr 


X 
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ta thu diroc nghiem tong quat: 

Mt) = ke_l (ktu yy) ( 3 . 40 ) 

O i xac dmh^hlng so k ou the’, ta nghl den diSu kien bien, nhdng 5 bai 
, d.em cuo, CO dinh nay, dieu kiSn bien cho trade do) vdi y khong an 

b^dcin. C D ° d6 ta Ph " tim dl,dng y(t) ’ mu5n ^ ta -g 

Btfdc III. PhifcJng trinh chuye’n dong do) v6i y la y = y + u . S d dung 

(3.39) va (3.40) ta co thl viet lai phttdng trinh nay \& y = y + i ke -t hay . 

2 

y - y=-ke _t 

2 

Day la phiftlng trinh vi phan kieu dy/dt + u(t)y = w (t) - vdi u(t) =-l va 
w(t) “ g ke ' 1 - Co the tim ditoc nghiem cua no la: 




c + 


I — ke "* 

J 2 


y(t) = e 

= e'fc+ Jike'e'dt 


e ( - ,dt dt 


= e l ^c-Ike' 2t 

= ce t -I k e- t (ctuyy) (3.41) 

BMc TV. Bay gid cac dieu kten b,en y(0) = 1 va y(l) = o co thi ap 

ung dhoc true tiep, va chung cho ta cac gifi tri xac dinh sau day do) vdi c 
va k: 

.2 


C = 


1 

1 -e 2 


k = 


4e z 
1 - e 5 


Do do, thay cac bie’u thde nay vao (3.41), (3.40) va (3.39), ta co cac 
nghiem xac dinh sau day doi voi ba dudng di toi Uu: 


y*(t) = —L_e l - 


1 - e s 


1 - e 
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4e 2 

l-e a 


o p 2 

u* (t) = —— 

1 -e 2 

Thi du 2. Ta hay xem xet lai thi du trtidc, vdi dieu kien cuoi y(l) = 0 
ditdc thay bdi rang buoc: 

T = 1 y(l) > 3 

Day la bai loan vdi ditdng cuoi th&ng diing cut. Dau tien ta se thit giai 
bai toan nay nhit the la ditdng th&ng cuoi thiing dting cua no khong bi cat 
cut. Neu y*(l) > 3 thi bai toan da ditdc giai; neu ngitdc lai, ta se giai lai bai 
toan b&ng each dat y(1) = 3. 

BtfbJc I. Hamilton v&n giohg nhit trong thi du 1, va nghiem doi vdi 
bien dieu khien van la: 


u(t) = -X(t) 


(tit (3.39)) 


(3.42) 


Bitcfc II. Mac du nghiem tong quat doi v6i X van la: 

X(t) = ke _t (tit (3.40)) (3.43) 

bay gid ta co the sit dung dieu kien hoanh doi vdi T = 1, ttfc la X(l) = 0 de 
xac dinh hang so' tuy y. Ket qua la k = 0, nen: 

X*{t) = 0 (3.43’) 

Sau do suy tit (3.42 

u*(t) = 0 (3-44) 

Blidc III. Tit phudng trinh chuyen dong cua y ta tim ditdc: 

y = y + u=y (theo (3.44)) 

Nghiem tong quat cua phiidng trinh vi phan nay la: 
y(t) - ce l , 

d day hang so c co the ditdc xac dinh la c = 1 tit dieu kien ddu y(0) — 1. Nhit 
vay, ditdng di trang thai toi itu la: 

y*(t) = e l 


(3.45) 



T0\ l/U HOA PQNG TRONG PHAN TICH KINH TE 


181 


Btfdc IV. Ta phai kiem tra (3.45) doi vdi cac rang buoc cuoi. Tai thdi 
gian cuoi codinh T - 1, (3.45) cho ta y*(l) = e. Ket qua nay vi pham rang 
buoc cuoi y(l) > 3. Bay gid ta phai dat y(l) = 3 va giai lai bai toan vdi diem 
cuoi co' dinh. 


Thi du 3 


Cue dai V = | - 1 dt 

vdi rang buoc y = y + u, 
y(0) = 5, 


va 


y(T) = 11, T tu do, 
u(t) e [-1,1]. 

Thi du nay minh hoa bai toan vdi mot dudng thang cuoi nam ngang. 
Them nuta, no minh hoa loai bai toan dUcfc goi la bai toan thdi gian toi itu . 

Phiem ham muc tieu: 

It 


f 


- 1 dt = -t 


“ -T 


Ro rang, cite dai tich phan nay la cite tieu T. 

Bi^dc I. Dd bat d£u, hay lap ham Hamilton: 

H = -l+k(y + u ) (3.46) 

Bdi vi ham H nay tuyen tmh theo u, di£u kien 3H/du = 0 khong ap 
dung dude. Va, vdi bien dieu khien bi gidi han trong khoang dong [-1, 1], ta 
ky vong gia tri toi tfu cua u tai mot thdi diem bat ky la mot gia tri bien, 
hoac -1 hoac 1. Dac biet, neu X > 0 (H la mot ham tang cua u), thi u* = 1 
(bien tren); nhUng neu X < 0, thi u* = -1. Kha n&ng th (t ba, neu X = 0 tai mot 
gia tri nao do cua t, thi Hamilton se co do thi la dudng nkm ngang so vdi vdi 
u, va u* se trd nen khong xac dinh tai thdi diem do. M6i quan he n&y giuCa 
u* va X co the co dong trong cai goi la hcim dau, ky hieu bdi sgn, va dude 
dinh nghla nhu sau: 


(3.47) 


y = sgn x <=> y = < 

r 

kxd 

■ neu x < 

> 


-1 


< 


trong do kxd viet tat cua chut "khong xac dinh". 
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Lilu y rSng ndu y la mot ham dau cua x thi y (neu xac dinh) chi co 
the nh4n mot trong hai gia tri, va gia tri cua y phu. thuoc vao d&u (khong 
phu thuoc do ldn) cua x. 


Ap dung vao bai toan hien tai, ham nay trd thanh: 


u* = sgrft hay u* = 


1 

-1 


ncu X 


0 


(3.48) 


Mot lan ntfa, ta thAy rang thong tin ve X la can thiet de co the xac 
dinh u. 

Biidc II. Tit (3.46), phifdng trinh chuyen dong doi vdi bien hiep trang 
thai la; 

ay 


Lay tich phan ta difdc: 

X(t) = ke _l (k tuy y) (3.49) 

Td ket qua nay, ta th&y d&u cua X(t) xac dinh bcri d£u cua h£ng so' k. 
Do do, trtf tinh huong k = 0 de A.(t) = 0 doi vdi moi t (tinh huong trong thifc 
te khong xay ra d day), u* phai xac dinh v& gift nguyen mot dau. Do do, 
mac du trong thi du hien tai, ham Hamilton la tuyen tinh theo bien dieu 
khien u va dan den mot nghiem bien, no khong h§' san sinh ra hidn tiidng 
bang-bang. 

R^ng buoc ve dAu cua k n&m trong dieu kien hoanh [H] t=T = 0. Sd 

dung H trong (3.46), X trong (3.49) va dieu kien cudi y(T) ”11, ta co the viet 
dieu ki§n hoanh la: 

-1 + ke _T (ll + u*) - 0. 

* 

Vi u* hoac la 1 hoac -1, dai hfdng (11 + u*) phai difdng, e‘ T cung 
dddng. Do do, k phai diidng de thoa man dieu kien nay. Khi do suy ra rAng 
X(t) > 0 vdi moi t va r Ang: 

u*(t) = 1 (3.50) 

Bi^dc III. Vdi u* = 1 do'i vdi moi t, ta co the bieu dien phtfdng trinh 
chuyen dong cua bien trang thai, y = y + u, la: 

y - y = i 
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Day la phtfdng trinh vi phan tuyen tinh c&'p mot vdi he so h&ng so' va 
mot so hang hang so. Nghiem xac dinh cua no cho ta dtfdng di y toi ilu: 


y*(t) = 


a 


b 

+ — 
a 


= 6e l -1 [y(0) = 5] 


(3.51) 


Biidc IV. Sau khi da tim dude u*(t) va y*(t), ta tim A.*(t). Vdi muc 
dich do, dau tien ta quay lai dieu ki$n hoanh [H] t=T = 0 de tim gia tri cua 

hang so'k. Tti (3.50) va (3.51) di£u kien hoanh bay gib rut gon thanh: 

-1 + ke _T (6e T -1 + 1) = 0 hay 6k = 1 


Nhii vay 



. The ket qua nay vao (3.49) cho ta dubng di toi Uu X\ 


b 


(3.52) 


Btfcfc V. Ta xac dinh gia tri cua T*. De tinh gia tri do, hay nhd lai 
r^ng gia tri trang thai cuo'i da cho la y(T) = 11. Di£u nay, ket hop vdi diibng 
di y*(t) thu dude tren day, cho ta 11 = 6e T - 1, hay e T = 2. Vi v&y, 

T* = In 2 


4.7. Tinh hang so cua Hamilton trong cac bai toan otonom 

Cac thi du da thao lu&n tren day d£u la cac bai toan otonom, nghia \k 
cac ham so' trong tfch ph&n vk f trong phitdng trinh chuyln dong khong 
chtia t nhtf mot do! so' dudi dang hidn, Mdt h§ qua quan trong cua dac ti'nh 
nay la Hamilton toi Uu - Hamilton lSTy gia tri doc theo cac difbng di to'i ufu 
cua y, u va X - se co gia tri h&ng so' qua suot thbi gian. 

De tM'y dieu nay, dau tien ta hay xet dao ham theo thbi gian cua 
Hamilton H(t,y,u,X) trong trUdng hdp tong quat: 

dH dH dH . 5H . OH ,• 

—— = —■ + — y + — u + — X. 
dt dt dy dX 


Khi H dat ciic dai, ta co <3H/£u = 0 (doi vdi nghiem trong) hoac 
u = 0 (do'i vdi nghiem bien). Nhit v4y so' hang thd ba trong ve phai b&ng 
khong. Hdn nQa, nguyen ly cue dai cung phat biiu r&ng y = cH/dA. va 
X = -6H / dy. Cho nen so' hang thti hai va thd tu d ve phai triet tieu nhau. 



Chuvng Ml. Dieu khien toi uu vd ung dung trong kinh tS' 


K£t qua cubi cung H\ Hamilton dtfdc Udc ludng doc theo quy dao toi Uu cua 
cac bien thoa man phtfdng trinh: 

dH* dH* 


dt dt 


(3.53) 


Trong trtfdng hdp dac biet bai toan co dang otonom, vi t vang mat 
trong cac ham F va f nhif mot doi so” diidi dang hien, Hamilton cung khong 
chiia doi so t. Do d6, ta co dH * / dt = 0, nen: 
dH * 

= 0 hay H* = hang so' (doi vdi cac bai toan otonom) (3.54) 
dt 

Trong Thf du 3 chang han, ta thay rang: 

H* = -1 + X * (y * +u*) = -1 + 1 e -t (6e' t -1 + 1) = 0 

6 

v6i moi t. 

V&y d bai toan co dudng cuoi nkm ngang, neu no lai la otonom thi dieu 
kidn ho&nh thoa man vdi moi t, cho nen khdng cin dat ra. 

v. so sAnh ph£p tinh bi£n phAn VA Lf THUYfUT Ol£l) KHI^NTfil iru 

NhU da chi ra trong (3.2) va (3.2’) ta da thby bai toan dieu khien toi 
itu co the chuyln doi thanh bai toan bien phin. NgUdi ta co the phan van 
lieu doi vdi bai toan da dtfdc chuyin dbi nhd v&y, cac dieu ki£n toi tfu doi hoi 
cua nguyen ly cdc dai co tddng ditdng vdi nhutng dieu kien toi Uu cua phep 
tinh bien phan hay khong, t\ic la cd cho cung ldi giai hay khdng. Cau tra lbi 
la co: 


Doi vdi b&i toan (3.2), h&m Hamilton lh: 


H = F(t,y,u) + X u (3.55) 

Gia sil hhm nay kha vi theo u, ta co thd ke ra cac di£u kien sau day 
cua nguyen ly cue dai: 

' S * = F ^=° 
du 

. dH 
y “ dX " U 

X(T) = o 


(3.56) 
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PhUdng trinh thii nh5t trong (3.56) co the dude vi§t lai la X = -F u 

Mat khac dao hkm cua H theo y ta ditoc ^ = dF + X , nhung theo phudng 

dy dy 

trinh thii hai y = u , nen ta co: 




(3.57) 


Lay vi phan (3.57) theo t cho ta: 


Fy 

dt y 

Ket hdp vdi phudng trinh thuf ba trong (3.56) ta di den: 

Fy - f Fy = 0 
y dt y 

Bieu thiic nay trung vdi phUdng trinh Euler. 

Khi lam Hamilton ctfc dai theo u, did'u kien <?H/3u phai di kem vdi 
dieu kien cin cap hai tfWdu 2 < 0. Lay dao ham biiu thiic dH/du trong (3.56) 
cho ta: 

e*H 


c*u 


= F _ F < 0 

2 UU A yy — W 


Day chinh la dieu ki§n c&n Legendre. Nhu v&y, nguydn ly ctfc dai 
nh^t quan mot each hoan toan vdi cac dieu kien cua phep tfnh bien phan. 

Bay gid ta hay xdt cac dieu kien hoanh. Doi vdi bai toan did'u khie’n 
vdi dtfdng cuoi thdng diing, diS'u kien hoanh la X(t) - 0. Tuy nhien, theo 
(3.57) bi6u thiic nay co the vi&t la [—Fy ] t _ T = 0, hoac ttfdng dufdng: 

[Fy ] t .T = 0 

Lai mot lln nQa, day chfnh la dieu kien hoanh trong phep tfnh bien 

phan. 

Doi vdi bai toan vdi dudng cuoi nam ngang, dieu kidn ho&nh dieu 
khien toi tfu la [h] (=t = 0. TCr (3.55), bieu thiic nay nghla la [F + Xu] t=T = 0 . 
Tuy nhien, khi sd dung (3.56) mot Mn niia va sau khi thay y cho u ta co 
the chuyen dieu kien nay thanh: 

[F — Fy y] t= ,T =0. 
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Chuong Iff . DiSukhien toi uo vd ting dung trong kinh tS 


Day dung la dieu kien hoanh trong ph6p tinh bien phan. Cung co the 
chi ra ring dieu kien hoanh cua bai toan v6i dddng cong cuoi y T = <J>(T) trong 
ly thuyet dieu khien toi du co the dddc chuyen thanh dieu kien tddng ting 
trong phep tinh bien phan va ngddc lai, 

C. MOT SO CfNG DUNG KINH TE CUA NGUYEN LY CLfC DAI 

•I. CHU TRINH (VONG) KINH DOANH CHIU ANH HlfftNG cOA CH(NH TRI 

Nguyen ly cdc dai dddc ap dung nhanh chong va kha pho bien vao cac 
bai loan kinh te. Nhiing ting dung cua no co mat d hlu het cac lmh vdc 
thddng gap trong kinh te hoc vi mo va vi mo den nhiing chu de nhd danh 
bit thuy san, ke hoach hoa thanh pho va kiem soat 6 nhilm. Trong muc 
nay, ta gidi thieu mot mo hinh ly thu ctia William Nordhaus, mo hinh nay 
cho thly r^ng trong mot neh d£n chu td san, nhiing co glng cua dang chmh 
tri dddng nlm quy£n nhlm ng&n chan dang (hay cac dang) doi thu hit cing 
minh co thl thuc day ho theo duoi cac chmh sach kinh te mang lai mot kilu 
dang nhat dinh cho ty le that nghiep va toe do lam phat trong vong moi ky 
blu cKieu dang nay lap di lap lai qua cac ky bin cd nhd mot chum cac 
vong kinh doanh chi co nguon goc chmh tri. 

1.1. Ham phieu bau va sii ltfa chon Phillips 

Doi v6i viec kilm soat Chinh phu cua Dang dddng nlm quyen, trong 
mot nen dan chu td san phai theo duoi cac chinh sach loi cuon da so cd tri 
de giti chien thing trong cac cuoc blu cti. Trong mo hinh hi§n tai, ta chi tip 
trung chu y vao cac chinh sach kinh te, va thde te chi vao hai bien kinh te. 
U (ty le that nghiep) va p (toe do lam phat). Bdi vi nhiing anh hddng xlu 
cua thlt nghiep va lam phat hinh nhd la nhiing moi quan tam chu ydu cua 
cd tri, viec Ida chon tieu diem chu y nhd vly chic chan la hop ly. 

Ta co the mo ta phan bng cua cac cft tri doi vdi ty le that nghiep U, toe 
do lam phat p bang ham phieu bau (gpp): 

v = v(U, p) (v y < 0, v k) < 0) (3-58) 

d day v la mot thddc do kha nang gianh dddc phieu bau cua dang dddng 
nam quyen. Cac dao ham rieng cua v theo moi doi so la am, bdi vi gia tri cao 
cua ca U va p deu din den mat philu bau. Tren Hinh 3.6 co minh hoa ba 
dddng dong phieu , tdc la dddng v(U, p) = hlng so; dddng cao nhat gin vdi v 
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thap nhat. Khai niem dddng cong dong phieu nh£h manh sd kien la, ve 
phfa chinh tri, co sd Ida chon giuta hai bien.U va p. Neu Dang dddng quyen 
khong lam vui long cti tri bang viec gay ra lam phat cao hdn, no co the hy 
vong bu lai so phieu bau bi mat qua viec giam du mtic ty 16 that nghiep. 



Ben canh sd Ida chon mang tfnh chinh tri, hai bien nghien ciiu con co 
quan he Ida chon vdi nhau ve mat kinh te do he thdc Phillips giufa v va p co 
bo sung them toe do lam phat ky vong; 

p = 4>(U) + a rr (4»* < 0, 0 < a < 1) (3.59) 

Phddng trinh (3.59) noi r£ng toe do lam phat thdc te' p ch^ng nhdng 
phu thuoc vao ty le that nghiep U ma con phu thuoc vao toe do lam phat ma 
ngd6i ta dd doan dddc til trddc va it nhieu mang tinh chu quan it. Thi du cf 
thefi ky t, toe do lam phat la 5%, nhdng trddc thefi ky t ngddi ta co the dd 
doan rang lam phat d thdi ky nay la 3%. Cach dd doan co dieu chinh dda 
tren sai so dd doan da mac phai, dddc goi la dd doan thich nghi. 

Tt = b(p-7i) (b > 0) (3.60) 

Tong cong, bay gid ta co ba bien, U, p va it. Nhdng bien nao phai dddc 
coi la bien trang thai va bien nao la bien di£u khien? La bi6h trang thai, 
no phai di v6i mot phddng trinh chuyen dong trong bai toan. Vi (3.60) tao 
thanh mot phddng trinh chuyln dong doi v6i n, ta co the xem n nhd la mot 
bien trang thai. Mat khac, bien U khong co, nhdng vi no co the anh hddng 
len p qua (3.59) va roi lai n thong qua (3.60), ta co the sd dung no nhd mot 
bien dieu khien. Tuy nhien, set dung U nhd mot bien dieu khien doi hoi gia 
thi6t an rang chinh phii dddng nhiem co kha nang thdc hien bat ky ty le 
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Chuvng lit. Dieu khien toi uu va ting dung trong kinh te 


that nghiep nao ma no chon tai thdi diem bat ky. Con ve bien p, (3.59) chi 
ra rang gia tri cua no tai thdi gian t bat ky se trd thanh xac dinh khi cac gia 
tri cua bien trang thai va bien dieu khien dude biet. Nhif v&y ta co the coi 
no khong phai la bien trang thai ma cung khong la bien dieu khien, ma 
cung nhU v, chi la mot ham cua hai bien kia. 

1.2. Mo hinh dieu khien toi u*u cua chu trinh kinh doanh chiu 
anh hu’dng cua chinh tri (ttf ban) 

Gia sU rang Dang vifa chien thang b§u erf tai t = 0, va cuoc bau erf 
tiep theo dinh se drfdc to chrfc sau T nam tai t = T. Khi do Dang dtfdng 
quyen co tong cong T nam de gay anh hrfdng cac crl tri bang nhrtng thanh 
tuu cua no (hay nhflng ve ben ngoai cua nhulng thanh tUu do) de gianh 
phieu b^u cho minh. Tai thdi diem b&t ky trong ky [0, T], cap gia tri cua U 
va p se xac dinh mot gia tri v. Nhrfng cac gia tri khac nhau co the phai dtfdc 

danh trong so khac nhau tuy thuoc thdi gian xay ra. Neu cac erf tri khong 

nhd mot each he thong va chiu anh htfdng nhieu hdn bdi nhring srf kien xay 
ra gan thdi gian biu erf thi cac gia tri v cua phan sau cua thdi ky [0, T] phai 
dddc gan trong so nang hdn so vdi cac gia tri den sdm hdn. Khi do ta co the 
trinh bay bai toan dieu khien toi Uu cua dang drfdng quyen nhU sau: 

Cue dai v(U,p)e rl dt (3.61.1) 

vdi rang buoc p = ({>(U) + aTi (3.61.2) 

Tc=b(p-Tr) (3.61.3) 

va 40) = *(T) tu do (ti 0 , T cho trtfdc) (3.61.4) 

Ta neu vai nh£n x6t ve (3.61). Thrf nhtft, h£ thong trong so dUdc cho 
bdi hkm mu e rt , trong do r > 0 ky hieu toe do lang quen. Ham nay chi ra 
ring cac gia tri v tai nhring thdi diem sau drfdc gan trong so' nang hdn do do 
no khong phai la mot thrfa so chiet khau. Thrf hai, quan he Phillips la mot 
kieu rang buoc mdi so vdi dang bai toan di&u khien ma ta da phat bidu tuy 
nhien ta co the khrf bien p bang each the phrfdng trinh do vao ham phieu 
bau va phUdng trinh chuyen dong. Khi do phUdng trinh p se bien mat. Thrf 
ba, nhif dieu ki6n bien chi ra, dang dUdng nam quyen doi mat vdi mot 
drfdng cuoi thing drfng, vi T (thdi gian bau cif) da xac dinh. Thrf tU, mac du 
ty le that nghiep U tren thiic tS phai la khong am nhUng trong each dat bai 
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toan dang (3.61) ta dc no tU do cho tien. Bdi vi neu no dUa cten nghiem U*(t) 
khong chap nhan dUdc ve mat kinh te thi ta co the dat lai bai toan v6i tap 
dieu khien thich hdp. 

De giai bai toan mot each djnh lUdng cu the Nordhaus gia dinh cac 
dang ham dac biet sau day; 

v(U, p) = - U 2 - hp (h > 0) (3.62) 

p = (j - kU) + an <j,k >0, 0 < a < 1) (3.63) 

Tu (3.62), co the th&y r&ng cac dao ham rieng cua v qua thUc la am. 
Trong (3.63), ta thay rang quan he Phillips <{>(U) dUdc* tuyen tinh hoa. Sii 
dung cac ham dac biet nay, va sau khi the (3.63) vao (3.62), bay gid ta co 
bai toan: 

Cue dai | (-U 2 - hj + hkU - ha7i)e rt dt (3.64.1) 

vdirangbuoc it = b[j - kU - (1 - a)?t] (3.64.2) 

va ti(0) = ti 0 7i(T) tu do (tu 0 , T cho trifdc) (3.64.3) 

1.3. Cufc dai Hamilton 

Hamilton cua bai toan nay la: 

H = (-U 2 - hj + hkU - ha7t)e n + Xb[j - kU - (1 - a)7i] (3.65) 

Cue dai H theo bien dieu khien U, ta co phudng trinh: 

au 

- (-2U + hk)e rt - Xbk = 0 . 

<3U 

Td day ta giai ra dUdng di dieu khien: 

U(t) = ik(h-J.e' rl ) (3.66) 

Vi <7 2 H/£U 2 =-2e rt <0, dUdng dieu khien trong (3.66) thUc sU lam 
cue dai Hamilton tai moi thdi diem, nhu nguyen ly cUc dai doi hoi. 

Vi con co mat X trong nghiem U(t) ta phai tim dUdng di X(t). 

1.4. Quy dao hiep trang thai toi tfu 

PhUdng trinh chuyen dong vefi bien hiep trang thai X la: 
r^H 

X = - ~ hae rt + Xb(l - a) 



Chuxxng If/. Dieu khien t6i uu vd ting dung trong k inh te 

Viet lai no dtfdi dang: 

X - b(l - a)A. = hae rt . 

Day la mot phUdng trinh vi phan tuyen tfnh cap mot. Bang each thu 
tnlc tiep, chang han, ta thay nghiem tong quat doi vdi X la: 

l(t) = x c + x = Ae b(I_ * |t + e rt (3.67) 

B 

trong do B - r - b + ab, A la mot h'ang so tuy y phai xac dinh. 

De xac dinh A, ta co thl sd dung dieu kien ho&nh doi vdi bai toan 
dUdng cudi thing ddng, A.(T) = 0. Cho t = T trong (3.67), ap dung dieu kien 
hoanh va giai doi vdi A, ta thay ring A = ( ha/B)e BT Vay nghiem xac dinh - 
dudng di hiep trang thai t6i Uu - la: 

X, * (t) = ^-[e rt - e BT+b(l a )' I (3.67-) 
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1.5. Quy dao dieu khien toi u!u 

Bay gid ta da tim dUdc A.*(t), tat ca con lai la the (3.67’) vao (3.66) de 
rut ra quy dao dieu khien toi Uu. Sau khi ddn gian hoa, ket qua la: 

U *< t >=^K>-- b ) + l>ae B(T - l) ] (3.68) 


Day chmh la quy dao dieu khien ma Dang duong quyen phai theo vi 
loi ich cua viec dude bau lai d nam T. 
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Ta co nhkn xet rang mtic th&"t nghiep cuoi kh/2 la mot liidng dudng. 
Va vi U*(T) la thap nhat tren toan bo dudng di U*(t), cac gia tri U* tai moi 
gia tri cua t trong [0, T] phai deu duong. Dieu nay co nghia la each dat bai 
toan de U tu do ma ta da hi\i y tren day, trong trudng hdp hien tai khong 
gay nen rac roi nao ve dau cua U. Tuy nhien, de co y nghia kinh te, U*(0) 
phai nho hdn 1, hay hien thde hdn, phai nho hdn mot ty le th&'t nghiep toi 
da U mw < 1 co the chiu dung dude. Trtf khi cac gia tri tham so" khi£n cho 
U*(0) < U 

max» bai toan cln phai dat lai bang viec difa vao rang bude U(t) e 

[0, U m J. 


Quy dao that nghiep toi Uu dien hinh, U*(t), dude minh hoa trong 
Hinh 3.7, d do chung ta th&y kieu dang do thi cua U*(t) dUdc lap lai qua cac 
ky bau ctjT ke tiep nhau tao ra cac chu ky kinh doanh do anh hudng chinh 
tri. Tuy nhien, dang cong cua dudng di U*(t) khong luon luon phai la !om 
nhu trong Hinh 3.7. Bdi vi, lay vi phan (3.69) theo t ta thay rang 


d 2 U* 

dt 2 


= i Bkhbae B(T_t) J 


> 


< 


0 khi 


B 


0 


< 


(3.70) 



Hinh 3.7 

Cac tham so cung co the lay cac gia tri khac nhau d cac ky bau cti 
khac nhau, va diting U*(t) d ky trUdc khong hoan toan lap lai d ky sau, 
nhUng kieu dang dau ky thi cao sau roi giam din la cai ton tai dai ding. 

1.6. Dtfcfng trang thai toi tfu 

Khuynh hudng chu ky gay bdi chinh tri trong bien dieu khien U cung 
gay anh hudng sang hien trang thai n, va vi v&y cung sang ca mile lam phat 
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Ch uong III. Dieu khien tdi uu va ung dung trong kinh tS 


thUc p. Kieu tong quat la toe do lam phat to'i Uu tUdng doi thap d d£u moi 
chu ky bau cd, nhUng trai qua mot sU tang on dinh. Noi each khac sil bi£n 
thien cua p* co khuynh hudng ngUdc vdi cua U*. 

Ta nhd r&ng nhiilng ket luft'n cua mo hinh hi£n tai - cung nhU cua b&'t 
ky mo hinh khac — g&n ch&t vdi cac gia thiet ma ta thtia nh&n. Noi rieng, 
cac dang dac biet dude chon doi vdi ham phi&u b£u trong (3.62) va doi vdi 
quan he Phillips vdi ky vong (3.63) ch&c ch&n co anh hudng quan trong doi 
vdi nghiSm cuoi cung. NhU thay so'hang tuyen tinh -hp trong (3.62) hang so 
hang phi tuyen -hp~. Ta se lam thay doi dang ke nghiem U*(t) cung nhU 
nghiem p*(t). 

II. sCr DUNG NANG LL/ONG VA CHAT LUONG M6! TRUONG 

Khi mot quoc gia co mot tai nguyen chu yeu co th§ can kiet, chang 
han nhien lieu, thUdng ngUdi ta phai quan tam den v&'n de sik dung no then 
thdi gian nhU the nao cho tot nhat. Tren the gidi ngay nay ngUdi ta cung rlit 
lo l&ng ve chat lUdng moi trUdng ma ho dang song. Chung ta da thao luan 
nhdng van de lien quan khi trinh bay phep tinh bien phan. Neu viec sU 
dung nhien lieu co the can kiet sinh ra 6 nhiem nhU mot san ph&m phu kem 
theo thi dudng di thdi gian toi Uu doi vdi sd dung nang lUdng la gi? Ta se 
xem xet cau hoi eau hoi nay co the giai quyet b&ng ly thuyet dieu khien toi 
Uu doi vdi mo hinh Bruce A, Forster nhU the nao. 

2.1. Ham ldi ich xa hoi 

Cho S{t) ky hieu tru: lUdng nhien lieu va E(t) ky hieu toe do khai thac 
nhien lieu (va sti dung nang lUdng) tai thdi gian t bat ky. Khi do ta co: 

S - -E (3.71) 

Viec sii dung nang lUdng E de lain ra hang hoa va dich vu tieu dung 
C, nhUng cung san sinh ra mot luong 6 nhiem P lam giam bdt ldi ich (sU 
chiu dung). Do do, thay vi viet mot ham ldi ich ddn gian U(E), ta dung ham 
ldi ich mdi, ham ldi ich co hai doi so', C(E) va P(E). Forster da dUa ra ham 
tieu dung va ham 6 nhiem nhU sau: 


C = C(E) 
P = P(E) 


(C* > 0, C” < 0) 

(F > 0, P” > 0) 


(3.72) 

(3.73) 
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Noi each khac, cac ham nay cho biet ring sd dung them nang lddng 
lam tang tieu dung vdi to'c dp giam din, no sin sinh ra 6 nhilm vdi to'c do 
tang len. Trong mo hinh nay, dl ddn gian, 6 nhilm difdc gia dinh la khong 
tich luy; nghla la, no la mot luong se khue'ch tan va khong tich trii lai. Thi 
du cho tinh huong nay la loai 6 nhilm thai tit oto. 

Ham led l'ch xa hoi dude gia thiet phu thuoc vao tieu dung va 6 nhiem 
vdi cac tmh chat nhtf sau: 


U U(C, P) (U c > 0 , Up < 0, U cc < 0, U PP < 0 , U CP = 0 ) (3.74) 


trong do U 0 = 


dU 


Ucc - 


d 2 U 


3C' — ? C 2 

Tmh ch£t U c > 0 va U cc < 0 , noi r^ng ldi fch bien cua tieu dung la 
duong nhdng giam din. Trai lai, U P < 0 va U PP < 0 , nm ring ldi fch bien cua 
o nhiem la am va giam din (khi cho 6 nhilm tang them mot don vi thi U P co 
the giam tti ch^ng han -2 xuong - 3 ). 

Vi ca C va P den Iddt no lai phu thuoc E, rot cuoc ldi fch xa hoi chi 
phu thuoc sii dung nang lUdng, do do ta co the lay E lam bien dieu khien. 
Trong mo hinh, bien S bieu thi miic nang litdng d M tr€i co mat trong (3.71) 
Audi dang dao ham. Vi the' ta co the’ xem S la bien trang thai va (3.71) la 
phudng trinh chuyen dong cua no . 

2.2. Mo hinh dieu khien to! tfu cua s* dung nang Udng 

Neu co mot Uy ban Nang ltfdng dtfdc trao nhiem vu xay diing ke 
hoach va vach chtfdng trinh to'i itu sit dung nang ltfdng E cho mot thai ky [0, 
TJ, thi bai toan toi Mu dong ma no phai giai co the co dang: 

| U[C(E), P(E)] dt (3 75 


Cue dai 


vdi rang buoc S = -E ^ ^ 

S(0) = S n S(T) > 0 (S 0 , T cho trtfdc) (3.75.3). 
Vi thdi gian cuo'i la co djnh, bai toan co dudng cuoi thing dting cut. 
2.3. Ctfc dai Hamilton 

Ham Hamilton d day la: 

H = U[C(E), P(E)] - XE 


13- TUHO 


(3.76) 
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Ta co the tim gia tri E lam cUc dai H bang each dat dao ham cap mot 
cua no bang 0: 

= U c C'(E) + UpP'(E) -X = Q (3.77) 

6 E 

Giai phUdng trinh nay ta dtfdc bibu thtic cua E theo X. 

Vi U c va U P cung nhu U, phu thuoc E. Lay dao ham cap hai cua H 
theo E ta co: 

— - U oc C 2 +U c C"+U P pF 2 +U P P M < 0 
dE 2 

(theo (3.72), (3.73), va (3.74)) 

Dau am cua no bao dam r&ng (3.77) cUc dai H. 

2.4. Cac dtfdng di hiep trang thai va dieu khien toi ifu 

Tuy nhien, de dUa ra nhieu thong tin hdn ve E tit (3.77), ta din xem 
x6t dUdng di thdi gian cua X. Theo nguyen ly cUc dai va do S khong co mat 
trong H ta co: 

= 0 keo theo X(t) = c (h&ng so) (3.78) 

<7S 

De xac dinh hang so c, ta dha vao dieu kien hoanh. 

Doi vdi bai toan nay, vdi dtfdng cuoi th£ng ddng cut, dieu kien hoanh 
tong quat co dang: X(T) > 0, S(T) > 0, A.(T) S(T) = 0 (3.79) 

Trong thuc hanh ta dat X(T) - 0 (nhu the dudng cuoi khong bi cut) roi 
xem nghiem co thoa man S(T) > 0 hay khong. Vi ^(t) la mot hling so theo 
(3.78), dat MT) - 0 cung co tac dung la dat X(t) = 0 vdi moi t. 

Vdi X(t) = 0, (3.77) rut gpn ve mot phUdng trinh theo mot bien E, 

U c C’(E) + U P P(E) = 0 (3.80) 

ma ve nguyen tac no co the giai de tim dUdng di dieu khien toi Uu. Vi 
phUdng trinh nay doc lap doi vdi t, nghiem cua no la hang so qua suot thdi 
gian: 

E*(t) = E* (hSng so) (*) 
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TO! l/U HOA PONG TRONG PHAN TlCH KINH t£ 


Ta hdy xem xet y nghla kinh te'cua (3.80). Bleu thiic ue tr&i cua 
phiidng trinh do ludng dnh hudng cia viec sit dung ndng heong len lOi ich xd 
hoi thong qua 2 con dudng. So hang thd nhdt, U c C'(E), Id dnh hitctng duong 
qua neu dung. So hang Up PW) Id dnh hudng dm qua 6 nhiim. Do do (3 80) 
not rang can chon mot gid tri E* lam can bdng hai dnh hudng nay, cung 
nhU quy tac quen thuqc cUc dqi lai nhu&n ; MC = MR dbi hoi mot cong ty can 

bang nhitng dnh hudng chi phi vd doanh thu khi tea chon sdn luong 
san xuat. 

2.5. Quy dao trang thai toi tfu 

Bay gid ta kidm tra xem nghiem E* trong (*) co the’ thoa man rang 
buoc S(T) > 0 hay khong. Muon the, ta phai tim throng trang thai S(t). 

Vdi viec Sir dung nang ludng khong do’i, phudng trinh chuye’n dong 
- -E co the de dang lay tich phan de dude: 

S(t) = -Et + k (ktuyy) 

Hon nuta, bang each dat t = 0 trong kgt qui nay, dl dang tha'y ring k 

bleu th, tru luqng nhien lieu ban diu S 0 . Nhu vay, dubng trang thai toi uu 
CO the viet la: 

S*(t) = S 0 - E*t 

va E* dong vai tro la toe do khong do’i s it dung nang luqng, 

Xet ba gia tri minh hoa cua E* trong Hinh 3.8, trong do E*. < E* < 

E\ Vdi t 6 c do su dung nang luqng thap E*„ trit ludng t 6 'i Uu S*(t) co dang 

duttag thang ho, doc xuong, de’ cho S*(T) dUdng. Mat khac, vdi t& do s* 

ung nang luqng E * 2 cao hon, trfl ludng nang luqng S*(T L ) = 0 nhien lieu bi 
keo xuong 0 . 

Nhung trudng hop con lai, E* 3 , trQ Iriqng se sdm can kiet, ro rang vi 
Pham quy djnh S(T) > 0. NhU vdy, neu nghiem cua chung ta E* trong (*) 
thuoc kreu E*. hoac E * 2 thi dieu kien hoanh (3.79> thoi man va bai loan 
duac giai. Nhung ndu nghiem gio'ng nhu E*,, thi ta phai dat S(T) = 0 va giai 
bar toan nhu bar toan vdi trang thai cuo'i da cho. Trong trudng hop do, gl a 
tn E co the tim dude true tiep t\i bkng each chon t = T va S(T) = 0: 

g 

E * = “m" (neu (*) vi pham S*(T) > 0 ) 




c. y NGHIA KINH TE CCia NGUYEN LY Cl/C DAI VA PHAT 
TRIEN BAI TOAN OIEU KHIEN TOI l/U 

'• Y n GHTA KINH t£ CIJA NGUYEN LY Cl/C DAI 

Robert Dorfman da chi ra rftng mgi ph£n ciia nguyen ly cUc dai co thl 
gan cho mot y nghla kinh te ve' true quan, va co thi lam cho m5i die'u kien 
cua no trd nen dang tin cAy Ui each nhln thong thifdng. 

Hay xet mot cong ty co ghng cUc dai lqi nhuan cua no tren khoang 

1 f an [0 : T] ; Ch0 biSn tr ?«e tWi la soluong von K, va bien dieu khiin u, 
a mot quyet dmh k.nh doanh nao do ma cong ty phai xac dinh tai mSi thdi 
diem (nhu ngan quy cho quang cao hay climb sach hang ton kho). Cong ty 
at dau tai thdi gian 0 vdi vo'n K„, nhung so' vo'n cuoi con de* ngd. Tai mot 

1 m bat ky ’ lyi nhu ? n cia ty phu thuoc vao so'vS'n ma no dang cd 
cung nhu chrnh sach u mi, no chon luc do. Nhu vay ham Id, nhuan eda no la 

li' ’ U) ' NhUng ** chon chinh sach u cung lien quan tdi toe do thay 
do, cua K theo thdi gian; nghla la, K bi anh hiring bd, u. Tu do, bai toan 
□ieu khien toi Uu la: 

cue da, n = | T ji(t,K,u)dt (3.81. 1} 

V^i rangbuoc K = f(t,K,u) (3 81 2) 

K(0) = Ko K(T) til do (Ko ,T cho tra 6 c) (3.81.3) 
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1.1. Bien hiep trang thai nhtf la gia bong 

Nguyen ly cUc dai dat cac dieu kien len ba loai bien: dieu khi4'n, trang 
thai va hiep trang that. Bien dieu kbi@n u va bien trang thai K da dude gan 
cac y nghia kinh te. Con bien hiep trarig thai \ thi sao? 

Nhif da noi tut trade, X ch^ng khac nao mot, nhan lit Lagrange va nha 
vay, phai co y nghia cua mot gia bong. De khang dinh dieu do, hav viet hai 
phiern ham {3.22”) cho hop v6i hai toan hien thdi, va xet gia trj cua phiem 
ham tai nghiem: 

n * = | r [H(t,K*,u*,X*) + K (T)K *(T) + A.*(0)K o 


duoc: 


Lay dao ham cua fl* theo von ban dau (da cho) va von cuoi (tdi Uu) ta 


dn * _ pu * 

~- = **<0) va ~zirr:~ = - X * (T) 


cK, 


oK * (T) 


(3.82) 


Nhtf vay , A*00), gid tri hiep trang thdi ban dau ditdc xac dinh mot 
each tdi ilu, la mot thildc do do nhay cua tong Idi nhuan tdi Uu U !: doi vdi 
von dau dd cho. Neu ta co them mot ddn vi (vo cimg be) von ban dau, IT se 
lefti them, mot hldng A*(0). Do do, bieu thtic nay co the xem nhit gid tri tinh 
quy hay gid bong cua mot defn. vi von ban dau. Trong dao ham. rieng th(c hai 
trong (3.82), gid tri cuoi cua diidng hiep trang thdi tdi itu A*(T), Id dm cua 
toe do thay doi cua H* theo so von cuoi tdi itu. Neu ta muon delai them mot 
ddn vi von (sit dung it di mot ddn vi) d cuoi ky kehoach , thi ta phai hy sinh 
tong Idi nhuan bang mot hieing Id A*(T), Cho nen, lai mot Ian nita, gid tri A* 
tai thdi gian T do gid bong cua mot ddn vi von d cuoi ky. 

Noi chung A*(t) la gid bong cua von tai thdi diem . cu the do. Tuy nhien 
de khang dinh dieu nay , ta phai viet bieu thde nhan til Lagrange la 
f (l, K,u) — K]chti khong la A(t)[K — /(/, AT, 2/)]. Neu khong thi gid 
bong cua K Id A* se dm. 


1.2. Hamilton va trien vong Idi nhuan 

Hamilton cua hai toan (3.81) la: 

H = 7r(t,K,u) + X.(t)f(t,K,u) 


(3.83) 
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Chuang III. DiSu khien t6\ uu vd ting dung trong kinh te 


Thanh phan thti nh£t b v£ phai la ldi nhu&n tai thdi gian t, dem lai 
tti so von hien co K va quyet dinh chon tai thdi diem do. Chung ta co the 
coi no la “ldi nhuan trtidc m&t ttidng ting vdi chlnh sach u”. Trong thanh 
phan thti hai cua (3.83), ham f(t,K,u) chi toe do thay doi cua von (hien vat), 
K, ttidng ting vdi chmh sach u, nhting khi ham f dtidc nhan vtii gia bong 
Mt), no dtidc chuyen doi thanh gia tri bang tien. Vi vay, thanh phan thti hai 
cua Hamilton bieu thi “toe do thay doi cua so" tien von ttidng ting v6i chmh 
sach u”. So" hang thti hai co the xem nhti la so" ldi nhuan ma u se dem lai 
trong ttidng lai, vi ti'ch luy von la chuan bi dieu kien cho muc tieu ldi nhutin 
tudng lai. Hai anh htidng cua u doi vdi ldi nhu&n trtidc m&t va ttidng lai co 
tinh chat canh tranh nhau: Mot quyet dinh chmh sach u tao thu&n ldi cho 
ldi nhu&n trtidc m£it thi no thticfng doi hoi hy sinh ldi nhu&n ttidng lai. Vay 
Hamilton bieu thi ldi nhuan trien oong trtitic mat va ttidng lai cua cac quyet 
dinh chmh sach. 

Nguyen ly ctic dai doi hoi ctic dai Hamilton theo u. Dieu nay co nghia 

la tai moi thdi diem, cong ty phai ltia chon quyet dinh ctic dai tong ldi 

nhu&n trien vong. Noi rieng, cong ty phai can doi gitia trien vong thu dude 

them ldi nhuan trtidc m&t va trien vong bi mat them ldi nhu&n ttidng lai. 

Qua v&y tti dang yeu cua dieu kien “Max H”: 

dH dn , . 5f 

-= _ + a,(t)— = 0 

<?u du du 

ta co: 

(3.84) 

<7U dU 

He thtic nay noi rang phai ltia chon u* the nao cho tti do ni'u tang u 
thi ldi nhuan bien trtidc mat co them phai bang so'ldi nhuan bien ttidng lai 
bi mat di. 

1.3. Cac phifting trinh chuyen dong 

Nguyen ly ctic dai co lien quan den hai phtidng trinh chuyen dong. 
Mot doi vdi bien trang thai K, dtidc dtia vao nhti mot phan cua bai toan 
(3.81), no mieu ta each thtic ma quyet dinh cua Cong ty anh htidng len toe 
do thay doi von. Phtidng trinh chuyen dong doi vdi bien hiep trang thai la: 
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cK dK {) dK 


hoac, sau khi nhan ca hai ve v6i -1, 

-1 = 


dn .... S£ 

Bk +W Bk 


(3.85) 


V6 trai cua (3.85) ky hieu toe dp giam cua gia bong theo thdi gian, 
noac toe ao sut gia cua gia bong. 

Phitang trinh chuyen dong dbi hoi toe do nay vi do Idn bdng tong hai 
SO hang a oe phdi cua (3.85). So hang thd nh&t , bteu thi dong gop 

bten cua von vao lot nhudn hien thdi, va so hang thd hai McftoK) bHu thi 
dong gop bten cua von vdo viec nang cao gid tri cua von. Nguyen ly cite da, 

do, hoi rang gia bong cua voh gidm vdi tab do md voh dong gop vdo Idi 
ntiuan hien thdi va titang lai cua cong ty. 

1.4. Cac dieu kien hoanh 

Con cac dieu kien hoanh thi sao ? Vdi mot trang thai cuoi ta do K(T) 
tm mot thoi gian cuoi cd dinh T (dudng cuoi thing ddng), dieu kien do la: 

MT) = o 

Bieu nay cd nghia Id gid bong cua von phdi Id 0 tai thdi diem cuoi. Ly 
o la gia tri cua von doi vdi cong ty b&t ngudn tit kha nang sink lai nhudn 
cua no. Kh, cho mot tarn ke'hoach edng T, thi chi nhdng lai nhudn too ra 
rong thdi ky [0, T] Id cd y nghia. va bat ky so von ndo con lai d luc cuoi T 
qua muon de dita vdo sd dung, se khdng cd gid tri kinh teddi vdi cong ty. Vi 
vay, hoan loan tit nhien Id gid bong cua von tai thdi diem T phdi bdng 0 Tit 
do ta khdng ky vong cong ty ban tam den tick luy voh mot each nghiem 

k cuoi ky ke hoach. Bung hon, deh luc T, no se edging dung cho hei 
so von cua minh. 

Doi vdi mot cong ty cd y dinh tiep tuc tin tai vudt qua thdi ky ke' 

oach [0, T], co the la hdp ly ndu quy dinh mot mile chip nhan dude t6i 

thieu nao do dm vdi von cuo'i ky, chlng han K mi „. Ta't nhien, trong triidng 

<?P do ta co mot duong cuoi thing ddng cut. Dieu kien hoanh bay gid quy 
dinh rang 


X(T)>0 va [K*(T) - K mm ]^.(T) = 0 (tit (3.35)) 
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Chuxyng Hi Dieu khien tdi uu va ung dung trong kinh te 


Neu K*(T) vUdt hdn K^, thi rang buoc doi vdi so von cuoi khong phat 
huy tac dung. Ket cue giong y nhu neu khong co han che nao, va dieu kien 
cu >»(T) = 0 se ap dung dUdc. NhUng ndu gia bong cuoi ^(T) khac 0 (dUdng), 
thi gidi han K min thuc sU la rang buoc theo nghia no ngan khong cho cong ty 
den cuoi ky sd dung hdt von. So von cuoi ky cong ty thUe sU de lai la dung 
bhng mtic K mjn . 

Cuoi cung, xet trUdng hdp dUdng cuoi n&m ngang. Trong trUdng hdp 
do, cong ty da dinh trUde mdc von cuoi ky, chang han K T0 , nhUng tU do chon 
thdi gian dat muc tidu. Dieu kien hoanh: 

= o 

noi r&ng hay chon luc cuoi T sao cho tong Idi nhu&n trUde mat va tudng lai d 
luc do phai bling 0. N6i each khac, cong ty khong nen dat tdi mtic K T0 tai 
thdi gian khi tong Idi nhuan trade m£Lt va tUdng lai (gia tri cua H) vln 
dUdng. 

II. HAM HAMILTON THEO GlA TR| HI$N THOI 


Trong cac ting dung kinh te cua ly thuyd't dieu khien toi Uu, ham dudi 
d&u tich phan F thudng chtia thtia so' chiet khau e' pt . Mot ham F nhu the 
noi chung dang: 


F(t,y,u) =G(t,y,u)e _pt 

(3,86) 

cho nen bai toan dieu khien toi Uu la: 


Cue dai V = | T G(t,y,u)e- pt dt 

(3.87.1) 

vdi rang buoc y = f(t,y,u) 

(3.87.2) 

va cac dieu kien bien 

(3.87.3) 

Theo dinh nghia, ham Hamilton co dang: 


H = G(t,y,u)e" pT + kf(t,y,u) 

(3.88) 


NhUng vi nguyen ly ctic dai doi hoi ltfy vi phan cua H theo u va y, va 
vi sU co mat cua thifa so' chiet khau lam tang tinh phtic tap cho cac dao 
ham, Do do de thutin Idi ta dinh nghia ham Hamilton mdi khong co thtia so 
chiet kh£u. Hamilton nhti vtiy dtidc goi la Hamilton theo gia tri hien thdi , d 
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day thuat ngfl "gia tri hien thdi (khac vdi gia tri quy ve “hien tai”) dung de 
chi tinh chat “chUa chidt khau” cua Hamilton mdi. 

Khai niem Hamilton theo gia tri hien thdi cdn co mot khai ni&m di 
kem 1& nhan tii Lagrange theo gia tri hien thdi. Do do ta hay dinh nghia 
nhan td Lagrange (theo gia tri hien thdi) m6i m la: 

m = Xe pt (ham y X = me' pl ) (3.89) 

Khi do, Hamilton theo gia tri hien thdi, ky hieu la H c , co thd dUdc viet 

la: 

H c = He pt = G(t,y,u)+mf(t,y,u) (theo (3.88) va(3.89)) (3.90) 

Nhit ta chd ddi, H c bay gid khong co thita so chiet kh&u. Luu y rang 
(3.90) keo theo: 

H ■ H c e ^ pt (3.90’) 

2.1. Nguyen ly cvtc dai cai bien 

Neu ta chon lam viec vdi H c thay vi s\i dung H thi ta't ca cac dieu kien 
cua nguyen ly cUc dai phai dude xet lai de xem co can sit cai bien khong. 

Dieu kien thd nhat trong nguyen ly la cUc dai H theo u tai moi thdi 
diem. Khi chuyen sang Hamilton mdi ta chi can thay the H bdi H c ; 

Max H c vdi moi t e [0, T] (3.91) 

Phudng trinh chuyen dong doi vdi bien trang thai trUdc day la 
y = dH/dX. Vi dH/dX = f(t,y,u) = dH c I dm (theo (3*88) va (3.90)), phudng 
trinh nay gid la: 

• cH c - 

y - — (phUdng trinh chuyen dong doi vdi y) (3.92) 

De cai bien phudng trinh chuyen dong ddi vdi bien hiep trang thai, 
X = -aH/oy, d£u tien ta se bien doi moi ve cua phudng trinh nay thanh mot 
bieu thtic bao ham nhan tii Lagrange mdi m, va roi dat hai ket qua b^ng 
nhau. Doi vdi ve trai, ta co, b&ng each lay dao ham (3.89), 

X = me _pl - pme" pt . 

Sii dung dinh nghia cua H trong (3.90’), ta co the" viet lai ve phai la: 
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Chutfng III. Dieu khien toi uu va utig dung trong kinh tS 

_5H = ffl.e-pt 

dy dy 

Dat hai ket qua nay b&ng nhau va gian Udc thifa so chung e~ pl , ta 
dude phudng trinh chuyen dong cai bien sau day: 

c?H j 

m =-- + pm (phtfdng trinh chuyen dong doi vdi m) (3.93) 

dy 

So vdi phifdng trinh chuyen dong ban dau doi vdi A,, phifdng trinh 
chuyen dong mdi doi vdi m chtia them so" hang pm. 

Con phai xem xet cac dieu kien hoanh. Ta se lam viec do chi doi vdi 
trUdng hop difdng cuoi thang dting va difdng cuoi nSm ngang. Doi vdi 
trifdng hdp difdng thSng cuoi thdng ddng, ta co: 

X(T) = 0 =* [me' pl ] l=T = 0 (theo (3.89)) (3.94) 

=> m(T)e' pT = 0 

Doi vdi trUdng hop difdng thing cuoi nam ngang, suy luan tifdng ttf 
cho thay r5ng: 

[H] l=t =0 => [H c e~ pt ] UT = 0 (theo (3.90’)) (3.95) 

=> [H c ] t . T e- pT =0 

2.2, Cac bai toan otonom 

Nhif mot trifdng hdp dac bidt cua bai toan (3.87), ca hai ham G va f co 
the khong chiia doi so t; nghla la co the co dang: 

G - G(y, u) va f = f(y, u) 

Khi do bai toan trd thanh: 


Cifc dai 

V = | G(y,u)e“ pl dt 

(3.96.1) 

vdi rang buoc 

* = f(y,u) 

(3.96.2) 

va cac dieu kien bien 

(3.96.3) 


Vi ham difdi dau tich phan G(y,u)e~ pt van chiia t difdi dang hien, noi 
mot each chat che thi bai toan khong otonom. Tuy nhien, b&ng each s \i dung 
Hamilton theo gia tri hidn thdi, ta co the difa thifa so' chiet khau e~ p * ra 
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ngoai sil xem xet. Chinh vi ly do do, cac nha kinh te co khuynh hifbng coi 
bai toan (3.96) nhu mot bai toan otonom - theo nghia dac biet la doi so t 
dUdc dUa vao bai toan dudi dang hien chi qua thiia so chiet khau. 

Tat nhien, Hamilton theo gia tri hien thdi la ap dung dude cho bai 
toan (3.96) cung nhu no ap dung dUdc cho bai toan (3.87). Va tat ca cac dieu 
kien nguyen ly c\ic dai cai bien (3.91) den (3.95) van dung. Nhtfng Hamilton 

theo gia tri hien thdi cua bai loan otonom (3.96) co them mot tinh chat 
khong co trong bai toan (3.87). Vi H c bay gib co dang dac biet: 

H c = G(y, u) + mf(y, u) 


khong phu thuoc doi so" t, nen gia tri cua no lay doc theo cac dddng di toi Uu 
cua tat ca cac bien phai la hang so" qua suot thdi gian. Nghia la: 



= 0 hay 


H*= hang so" (bai toan otonom) (3.97) 


2.3. Mot each nhin khac ve mo hinh Eisner-Strotz 

Xet bai toan di£u khien otonom sau day mo phong theo mo hinh 
Eisner-Strotz, ma trade day ta da nghien efiu nhu mot bai toan cua dhep 
tinh bien phan vdi tam vo han: 


Ciic dai 

V = jV(K)-C(I)]e' pt dt 

(3.98.1) 

vdi rang buoc 

K = I 

(3.98.2) 

va cac dieu kien bien 

(3.98.3) 


Trong do: tc la ldi nhuan, K la so von, C la chi phi dieu chinh, va I la 
dau tu rong. 

Bien trang thai duy nhat la K, va bien dieu khien duy nhat la I. Cac 
ham 7t va C co cac dao ham: 

*”(K) < 0 C’(I) >0 va C"(I) > 0 

Tti ham Hamilton: 

H = [n(K) - C(I)]e' pt + 

ta viet cac dieu kien theo nguyen ly ciic dai (khong ke dieu kien hoanh) 
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Chuxmg III. Dieu khien toi uu v£ ting dung trong kinh tS 


— = -C'(I)e- pt +X = 0 

dl 

K = — = I 
DX 

X = = -rt'(K)e“ pt 

dK 

Tuy nhien, neu ta sv£ dung Hamilton theo gia tri hien thdi, ta co: 


H c = 7r(K)-C(I) + 

ml (theo (3.90)) 

(3.99) 

va cac dieu kien nguyen ly cUc dai ttfdng diidng: 


5Hc - C' (I) + m 

dl 

= 0 (theo (3.91)) 

(3.100) 

k dHc -1 

(theo (3.92)) 

(3.101) 

dm 


dH c 

m = c +pm- 

c K 

- 7 i'(K) +• pm (theo (3.93)) 

(3.102) 


Dang sau ddn gian hdn bcJi vi no khong chtia thtia so" chiet khau e pt 
Til (3.100) ta th&y r&ng: 

m = C’(I) > 0 => ^- = C"(I)>0 

dl 


nghia la, m la ham tang ddn dieu cua I. Theo do, ta co the viet ham ngUdc 
y = C M : 

I = vp(m) (\j/’> 0) (3.103) 

The (3.103) vao (3.101), ta co the bieu thi K theo m: 

k = \j/(m) (3.104) 

Gop vdi nhau, (3.104) vh (3.102) tao thanh he hai phtfdng trinh dong 
thdi theo cac bien K va m. Sau khi giai cac phtfdng trinh nhy de tim cac 
dUdng di K*(t) va m*(t), va xac dinh h&ng so" tuy y dtfa tren cac dieu kien 
bien va dieu kien hoanh, ta co the tim dtfdc diidng di toi itu I*(t) qaa (3.103). 

in. cAc di£u k£n dO 

Nguyen ly ctfc dai cho ta cac dieu kien c£n doi vdi di^u khien toi tfu. 
Noi chung, cac dieu kien nay la khong du. Tuy nhien, khi nhting dieu kien 



TQI iru HQA PONG TRQNG PHAN TfCH KINH TE 205 

lom thoa man thi c * c kien cho bdi nguyen ly cUc dai la du doi vdi mac 
dich cUc c!ai. Ta se trinh bay difdi day hai dinh ly ve dieu kien du nhu vay’ 

3.1. Dinh ly dieu kien du Mangasarian 

Dinh ly ve dieu kien du cho bdi 0. L. Mangasarian phat bieu rang: 

Doi vdi bai toan dieu khien toi Uu: 


Cue dai V = |p(t,y,u) dt (3.105.1) 


vdi rang buoc v = f(t,y,u) 


(3.105.2) 


va y(0)-y f j (y 0 , T cho trUdc) (3.105.3) 

thi cac dieu kien can cua nguyen ly cue dai cung la du doi vdi cUc dai toan 
cue cua V neu (1) ea hai ham F va f kha vi va lom dong thdi theo cac bie'n 
(y,u), va (2) trong nghiem toi uu thi X(t) > 0 vdi moi t € [0, T] neu f la phi 
tuyen thco y hoac theo u (3.106) 

fN§u f tuye'n tmh theo y va theo u thi ).<t) khong can rang buoc nao vi 

dau.] 

De chiing minh dinh ly nay, tnl6c tien ta hay nhd lai rSng vdi 
Hamilton: 


H - F(t,y,u) + X f(t,y.u) 

ditdng di dieu khien toi Uu u*(t) - va cac dudng di y*(t) va X*(t) gin vdi no - 
phai thoa man nguyen ly cUc dai, nen: 

=F u(t,y*,u*) + A.*f tJ (t,y*,u*) = 0 . 

Ta suy ra: 

F u (t,y*,u*) = -X*f 1J (t,y*,u*) (3.107) 

Hdn nuta, tft phudng trinh chuy&i dong cua bien hiep trang thai 
X = -dH t dy , ta phai co: 

X* = -F y (t, y* t u*) - X * f y (t, y* U *) . 

Ta suy ra rang: 

F y (t,y*,u*) ~ -X* -X* f y (t,y*,u*) ( 3 . 108 ) 
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Chumg III. Dieu khien toi uu va utig dung trong kinh tS 


Cuoi cung, trong triidng hdp cua ta bai toan co dUdng cuoi thang 

ddng. 

Dieu kien diu va dieu kien hoanh la: 

y 0 * = y 0 (da cho) va X*(T) = 0 (3.109) 

Bay gib gia sd ca hai ham F va f la lom theo (y,u). Khi do, vdi hai diem 
phan biet (t,y*,u*) va (t,y,u) trong mien xac dinh, ta co: 

F(t,y,u) - F(t,y*,u*) < F y (t,y*,u*)(y-y*) + F„(t,y*,u*)(u-u*) (3.110) 

f(t,y,u) -f(t,y*,u*) < f y (t,y*,u*)(y-y*) 

+ yt,y*,u*)(u-u*) (3.110) 

Lay tich phan ca hai ve ciia (3.110) tren {0, T], bat dang thdc do trd 
thanh: 

V-V* < |^F y (t,y*,u*)(y-y*) + F u (t,y*,u*)(u-u*)]dt 

- f [-X*(y-y*)-X*f y (t,y* u*)(y-y*) 

-k*f u (t,y*,u*)(u-u*)]dt (3.111) 

Thanh phin thti nhat cua tlch phan cuoi ciing, lien quan tdi bieu thutc 
X * (y - y*) , co the lay tich phan tiing phan va dem lai: 

£ _X*( y -y*)dt= |\*[f(t,y,u)-f(t,y*,u*)]dt 

Thay ket qua nay vao (3.111) ta co: 

V-V* < j\* [f(t,y,u) -f(t, y*,u*)-f y (t,y*,u*)(y - y*) 

-f u (t,y*',u*)(u-u*)ldt <0 (3.111’) 

Bat dang thdc cuoi cung suy tii gia thiet X* > 0 trong (3.106), va sU 
kien la bieu thbc trong ngoac vuong trong ham dubi dau tich phan la < 0 
theo (3.110’). Do do, ket qua cuoi cung la: 

V<V* (3.110”) 

Chdng to V* la mot cdc dai (toan cue), nhii da neu trong dinh ly. 

Ta nh^n xet ring neu ham f la tuyen tinh theo (y, u), thi (3.110’) trb 
thanh mot dang thtic that si i. Trong trUdng hdp do, bieu thtic trong ngoac 
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vuong d du6i dau tich phan trong (3.111 ? ) bang 0, va ta co the co ket qua 
mong muon V - V* < 0 khdng can xet den dau cua X*, nen rang buoc trong 
(3.106’) co the bo qua. 

Dinh ly tren dua tren cd sd cac ham F va f la lom ngat, cac bat d&ng 
thdc yeu trong (3.110) va (3.110’) se trd thanh cac bat d&ng thufc ngat, cac 
b&t. dang thtic trong (3.111), (3.111*) va (3.111”) cung vay. Nguyen ly cdc dai 
khi do se la dieu kien du cho mot cdc dai toan cue duy nhat cua V. 

Mac du chdng minh dinh ly tien hanh tren gia thiet dddng cuoi thdng 
ddng, nhdng dinh ly cung dung doi vdi cac bai toan khac vdi T co' dinh (diem 
cuo'i co' dinh hoac dddng cuo'i th&ng ddng cut). De thay dieu nay, hay nhd lai 
rang, trong chdng minh djnh ly dieu kign hoanh X*(T) = 0 trong (3.109) 
dddc ap dung trong qua trinh tich phan tting phan de lam cho bieu thiic - 
X*(T)(y T - y T *) triet tieu. Nhung bieu thde nay cung se triet tieu neu bai 
toan mot trang thai cuoi y T0 co' dinh, khi do bieu thde da neu trd thanh - 
^*(T)(y T0 - y T *), va no phai bUng 0 bdi vi y T * phai bang y^. Hdn nda, neu bai 
toan co dddng cuoi thang ddng cut, thi hoac dieu kien hoanh X*(T) = 0 thoa 
man (neu diem cut khong la diem rang buoc) hoac ta phai xut ly bai toan 
nhd bai toan vdi trang thai cuoi co dinh tai diem cut. Trong moi trddng hdp, 
bieu thde da neu se triet tieu. Nhd vay, dinh ly Mangasarian ap dung dddc 
neu T cd dinh. 

Trong dng dung dinh ly nay, co the ket hdp cac dieu kien cua 
Mangasarian (1) va (2) thanh mot dieu kien lom doi v6i Hamilton. Neu cac 
ham F va f ca hai la lom theo (y, u), va neu X la khong am, thi Hamilton H 
= F + Xf la tong cua hai ham lom cung phai la lom theo (y, u). Vi v&y, dinh 
ly co the dddc phat bieu lai theo tinh lom cua H. 

3.2. Dinh ly dieu kien du Arrow 

Dinh ly dieu kien du cua Kenneth J. Arrow, s vL dung dieu kien yeu 
hdn dinh ly Mangasarian, va co the dddc coi nhd tong quat hoa dinh ly nay. 
Dddi day, ta se chi ra phan cot loi cua no ma khong nhac lai chdng minh. 

Tai mot thdi diem bat ky, khi da cho cac gia tri cua cac bien trang 
thai va hiep trang thai y va X, ham Hamilton dddc cdc dai bang u*, phu 
th uoc vao t, y va X: 
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Chu&ng III. Dieu khiSn toi uu vd dog dung trong kinh te 


u*=u*(t, y,X) (3.112) 

Khi thay (3.112) vao Hamilton, ta thu dupe bieu thtic ma ta goi la 
ham Hamilton cdc dai hoa\ 

H°(t,yA) = F(t, y, u*) + X f(t, y, u*) (3.113) 

Liiu y rang khai niem H° khac vdi khai niem Hamilton toi Hu H* da 
gap trong (3.53) va (3.54). Vi H* ky hieu Hamilton lay gia tri doc theo tat ca 
cac dUOng di toi Uu, nghia la lay gia tri tai y*(t), u*(t) va X*(t) doi vdi moi 
diem thdi gian, cac doi so'y, u va X ta't ca co the’ dUdc the' va dUa ra ngoai dt> 
lai H* nhu mot ham so'chi cua t: H* = H*(t). Trai lai, H° dUdc lay gia tri chi 
theo u*(t); nhu vay, trong khi doi so" u co the dupe the de dUa ra ngoai,. cac 
doi s o'khac v^n con lai, nen H° = H°(t,yA) van la mot ham so'vdi ba do'i so'. _ 

Binh ly Arrow phat hieu rang , trong bai toan diiu khien toi tiu (3.105), 
ede diiu kien cua nguyen ly cite dai Id dieu kien du doi vdi cilc dai hoa toan 
cue cua V, neu ham Hamilton cite dai hod H° xdc dinh trong (3.113) Id 1dm 
theo bien y doi vdi moi t trong khoang thin gian [0,T] va vdi X da cho._ 


Ly do de dinh ly Arrow co the dupe coi nhu tong quat hoa dinh ly 
Mangasarian - hay dinh ly Magasarian nhu trUdng hop dac biet.cua dinh ly 
Arrow - la nhu sau: Neu ca hai ham F va fla lorn theo (y,u) va X > 0, nhu 
gia dinh bdi Mangasarian, thi H - F + X( cung la lorn theo (y, u), va tU do 
suy ra rSng H° la lorn theo y nhu gia dinh bdi Arrow. NhUng H° co the la 
lorn theo y ngay ca neu F va f khong 16m theo (y, u), ma dieu do khien cho 
dieu kien Arrow la mot doi hoi y£'u hdn. 

Giong nhu dinh ly Mangasarian, dinh ly Arrow thUc sU vln dung do! 
vfli cac kieu dieu kien cud! vdi T co dinh khac. Cung vay. mac dir dinh ly 
dude didn ta qua ham Hamilton H thong thudng va dang “cUcdai” H° cua 
no, no cung co the diSn dat lai, sd dung Hamilton theo gia tri hien thdi H c 

va dang cUc dai hoa H°c cua no. 

3.3. Cac thi du 

Thi du 1. Ta da thao luan bai toan khoang each ngan nM't: 


Cue dai V = | T -(l + u 2 ) 1 ' 2 


dt 


vdi rang buoc y = u 
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va y(0) = A y(T) ta do (A, T cho trade) (tii (3.7)) 

Ta hay ap dung ca hai dinh ly dieu kien du. 

Doi vdi dinh ly Mangasarian, ta nhdn xet rling ca ham F va f deu 
khong phu thuoc y, nen dieu kien lom chi lien quan den u. Tti ham F, ta thu 
dude: 

F u = - u (l + u 2 ) 12 va F uu = - u(l + u z ) 3,2 < 0 

NhU vay, F la lom theo u. Con ve ham f, f = u, vi no tuyen tinh theo u, 
no ta dong la lom theo u. Ngoai ra, sU kien f la tuyen ttnh lam cho dieu kien 
(3.106) trd nen khong can thiet. Do do, cac dieu kien Mangasarian thoa 
man, va nghiem tim thay trade day khong lam c\ic dai V (ma lam cac tieu 
khoang each) toan cue. 

Mot khi cac dieu kien Mangasarian thoa man, khong c&n thiet phai 
kiem tra dieu kien Arrow mJa. Nhang neu ta muon ap dung dinh ly Arrow, 
ta co the tien hanh kiem tra xem Hamilton cUc dai hoa H° co la lom theo y 
khong. Trong thi du hien lai, Hamilton la: 

H = -(l + uT 

Khi thay dieu khien toi Uu: 

u(t) = X.(l-?J 2 )" 1/2 (tuf (3.9)) 

vao H de khd u, bieu thde H° thu dude chi eh da X, khong chufa y. Nhif vay 
H° la tuyen tinh va vi vay la lom theo y vdi X da cho, va no thoa man dieu 
kien du Arrow. 

Thi du 2. Bay gid ta hay kiem tra xem nguyen ly cac dai co phai la 
dieu kien du doi vdi bai toan dieu khi§n mo phong rad hinh Eisner-Strotz 
hay khong: 

Cue dai f [it(K)-C(I)]e" pt dt 

vdi rang buoc K = I 

va cac dieu kien bien (tif (3.98)) 

d day ic w (K) < 0, C’(I) > 0, va C”(I) > 0. 

Doi vdi cac dieu kien Mangasarian, ta co the! th&y ngay rang ham 
f(f = I) la tuyen tinh va lom theo I. De kiem tra tinh lom cua ham F theo cac 


14-TUH0 
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Chuong ///. Bi4u khien tdj uu vd ring dyng trong kinh te 


bien (K,I), ta c£n cac dao ham rieng c&p hai cua F - [tc(K) - C(I)]e pt . Cac dao 
ham nay la: 

Fkk = *"(K)e~ pt < 0 
Frj = F lK = 0 
F (l = -C M (I)e _pt < 0 

NhU v&y, theo quy tac kiem dinh doi vdi tinh xac dinh dau, ta tim 
difcfc a day | Dj < 0 va | D 2 | > 0, chdng to F la lom chat theo (K, I). Vi dieu 

kien (3.106) lai khong cin thiet , cho nen cac dieu kien Mangasarmn hoan 

toan thoa man. 

De kiem tra lai dieu kien du Arrow, ta nhd lai (3.100) va (3.103) 
r&ng, vcfi Hamilton theo gia tri hien thdi: 

H c = tc(K) - C(l) + ml [ti£ (3.99)] 

bang each dat dH c Id 1=0, giai ra doi v6i m theo I va roi viet I nhd mot ham 
nglide cua m, ta co the bieu thi dieu khien toi du d dang. 

I — iy(m) [td (3.103)] 

The dieu khien toi du nay vao H c cho ta Hamilton theo gia tri hien 
thdi ede dai hoa: 

H° = 7 c(K) - C[\|/(m)] + miy(in) 

Vi dH° r fdK=n'(K) va d 2 H° IdK 2 =n ,, (K) < 0 , Hamilton theo gia tri 
hien thdi ciic dai hoa la lom chat theo bien trang thai K. Nhd vay, dieu kien 
du Arrow thoa man. 

Vigc kilm tra tmh lom trong thi du hien tai hdi kho khan hdn so vdi 
trong hai thi du trddc, bbi vi mac dii mo hinh ddn gian nhdng no gin vdi cac 
ham tong quat. Thddng thi cac mo hinh dude xay dung vdi nhdng gia thiet 
tit dau ve tinh loi hoac lom, bimg each do tranh sM can thiet kiem tra cac 
dieu kien du. 

IV. cAc bAi toAn voi nhi£u BIEN TRANG THAI VA Blf:N Bl£lJ KHl^N 

De ddn gian, cho den nay ta chi tap trung vao nhflng bai toan co mot 
bien trang thai va mot bien dieu khien. Viec tong quat hoa cho cac bai toan 
co nhieu bien trang thai va bien dieu khien ve nguyen tac la rat de dang. 
Nhdng, thu tuc giai trd nen phde tap hdn. 
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4.1. Bai toan 

G.a SU co n bien trang tha,, y,.y,„ va m bie'n dieu khien, u, u 

Ha, so n va m khong co rang buoc ve' do 16n tUOng doi; co thl xay ra n’< m n 

S'u Tv" g tha ,’ ^ t9i thdl g,an t '. Cflng nhU vto cac gia tri cua m 6, bier, 

t Z "' ^ 1 NhU ^ W toan pha, co n phuong 

trmh vi phan dang: s 

yi =f 1 (t,y lf ...,y n ,u 1 ,... J u m ) 


y a f n (t,yi,...,y n ,u 1 > ... > u ni ) 

va phai co n dieu k.en di« do! vdi cac bien y. Gia sit bai toan la bai toan co 

t r C0 " n .' ta Cflng Ph " C6 " di " U kl6n «*° ^Udc do, voi cac b,en 
1 blen dl6u khlgn «• ™ th« Pha, chin m pt gidi ban trong mien 
dmu kh,en Ncu g.a thiet cac Him dgu va cuoi co dinh, b.M toan dieu 
khien toi tfu co the dtfdc bieu diln la: 

v = jF< t .y 1 .-.,y 0 ,u 1 .u ra ) dt 

y i = fl (t>y,,-.,y„,u 1 ,...,u ni ) 


Ciic dai 
vdi rang buoc 


va 


y* fn ^ t >> r n*"»y n ,u 1 ,...,u m ) 
yi( 0 ) = y 1 0,..,y o (0).= y tt0 
yi(T) = y 1T ,...,y n (T) = y nT 

U,(t)6 W r ... , U m (t) E W 


(3.114) 


khien 


Sa dung Chi so j cho cac bien trang thai va chi so, cho cac bien dieu 
ten, ta co the phat bieu lai bai toan nhu sau: 

Cue da, V=|p(t,y 1 .y n ,u 1 ,...,u m )dt (3.114M) 

vdi rang buoc y, = fifty,.y„,u,.) (3.114’.2) 


va 


y i (0) - yjot-tyj(T) = y jT (3.114’.3) 
U|( fc ) G J// \ (i “ m, j = 1, n ) <3.114\4) 
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Chuvng III. Dieu khien tdi ult va urtg dung trong kinh te 


De phat bieu gon hdn, ta co the sti dung ky hieu vec td. Dinh nghia 
vec td y va vec td u la: 



"yi" 


U 1 

y = 


u = 



_y n _ 


_ U m _ 


thi ham dudi dau tfch phan F trong (3.114’) co the dude viet gon la F(t, y, u). 
Cung nhu vay, cac doi so trong cac ham f 1 co the dUdc dcfn gian thanh (t, y, 
u). Neu ta dinh nghla them hai vec td: 



>1 i 


f 1 (t, y,u) 

y = 


f(t, y,u) = 



_y n _ 


f n (t,y,u)_ 


thi cac phUdng trinh chuyen dong co the dUdc viet gop trong mot phUdng 
trinh dudi dang vec td: y = f(t,y,u). Md rong each nay cho cac dieu kien 

bien ta co the viet y(0) = y 0 va y(T) = y T , 3 day y(0), y 0 , y(T) va y T tat ca deu 
la vdc td n chieu. Va, cuoi cung ta co the bieu thi nhflng gidi han mien dieu 
khien bang phat bieu vec td u(t) e '//. 

Do do, d dang vec td, phat bieu cua bai toan dieu khien toi Uu ddn 
gian la: 


Cue dai 

V = jF(t,y,u) dt 

(3.114M) 

vdi rang buoc 

y = f(t,y,u) 

(3.114”.2) 


y(0) = y 0 y(T)-y T 

(3.114”. 3) 

va 

u(t)e W 

(3.114”.4) 


Nhin be ngoai, no khong khac gi so vdi bai toan vdi mot bien trang 
thai va mot bi£n dieu khien. Su khac nhau duy nhat la, trong (3.114”), mot 
so' ky hieu bieu thi vec td. Tuy nhien, lufu y rling ngay ca trong phat bieu 
dang vec td cua bai toan, khong phai tat ca cac ky hieu deu bieu thi vec td. 
Ky hieu V ro rang la mot dai lUdng vo hudng, va cac ky hieu t va T cung the. 
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4 -2. Nguyen ly da. doi vdi bai toan nhi4u bie'n trang thai va 
bien dieu khien 

Vi?c mo rong nguyen ly cue dai cho taring hdp nhieu bien titdng doi 
de dang. TrUdc het, de lap ham Hamilton, doi vdi moi ham P trong bai toan 
ta dita vao mot nhan til Lagrange. Nhu vay, ta co: 


H= F(t 1 y,u) + Jx j fi(t > y >u , 


(3.115) 


a day y va u la eac vee td trang thai va hiep trang thai da dinh nghTa tnldc 

ay^ o ang tong d ve phai, cung co the' dude viet bang ky hieu vec td. Ta 
amh nghia vec td cot n chieu la: 


va vec td chuyen vi cua no: A T = [^(t) \ (t)] 

thi Hamilton co the ditdc viet la: 

H= F(t,y, U )-rX T f(t, y, u) (3 115 . } 

Bu?u thfle nay rat gio'ng vdi Hamilton trong taring hdp mot bie'n 

ngoai trit 1&, d day so hang cuo'i cung la mot tfch vo hiring - tfch cua vec td 
nang A va vec td cot f(t, y, u). 

Doi hoi rang Hamilton dat cue da. tai moi thdi diem then cac bien 

, khlGn Van c6 ** tr ? Phd trude day. Nhu vay ta.co the’ vgn viet dieu 
Kien: 

M , aX H (3.116) 


Max H 


Nhufng u bay gid la mot vec td m chieu, nen ta phai chon tai mSi thdi 
aiem m gia tri dieu khien u/ u * 

Cac phtfdng trinh chuyl'n dong doi vdi cac bien trang thai yj la: 


► Vll 

Yj " aT 


(j = l,...,n) 


(3.117) 
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Chuang Ilf. Dieu khien t&i uu v$ ting dung trong kinh t§ 


Titdng td, cac phddng trinh chuyen dong do! vdi cac bien hiep trang 
thai- la: 

1,-— (j = !,..,*) (3.118) 

<%\ 

(3.117) va (3.118) co ca thay 2 n phUdng trinh vi phan - cung nhau 
tao thanh he chinh tic cua bai toan hien tai. 2n hlng so tuy y raa ta du tinh 
xuat hien tOf cac phtfdng trinh vi phan nay co the xac dinh blng each sit 
dung 2n dieu kien bien. 

Neu muon, ta cung co the chuyen he chinh tac sang ky*hieu vdc to. 
Phat bieu titdng ditdng vdi (3.117) la: 

y = (A T = chuyen vi cua A) (3.117’) 

£a t 

Dieu dang chu y ve bieu thiic nay la: H la ditdc dao ham theo A T ( vec 
td hang). Nhin vao (3.115’) ta se thay ro tai sao lai nhtf v4y. Tuy nhien, bo 
sung thdm vao v4n de nay 14.(3-117’) phu hdp vdi quy tiic toan hpc ring dao 
ham cua mot dai hidng vo htfdng theo mot vec td hang (cot) 14 mdt vec td cot 
(hang). Theo do, chuyen sang ky hieu vec to cua (3.118) la: 

A 1 ' - (A T = chuyen vi cua A) (3.118') 

4.3. Cac dieu kien hoanh 

Bai toan (3.114) gia dinh cac diem dlu mut co' dinh. Neu diem cuoi la 
bien doi, ta lai cln cac did'u kien hoanh thich hdp. 

Do! chieu lai (3.30), ta th&y ring d6i vdi bai toan mot bi&n trang thai, 
cac dieu kien hoanh dtfdc nit ra tit hai so hang cuoi cung cua bieu thiic 
dV/de dat blng 0: [h] 1=t AT - A(T)Ay T = 0. Khi co n bien trang thai trong bai 

toan, hai so hang nay se md rong thanh mot bieu thde vdi (n + 1) so hang: 

[H], AT - (T) Ay 1T - 2 (T) Ay ST (T)Ay nT =0 (3.119) 

Tif do, phat sinh hai dieu kien hoanh cd ban sau day: 

[h]ut — 0 (neu T tU do) 

A^(T) = 0 (neu y jT ttf do) 


(3.120) 

(3.121) 
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Ro rang, cac di£u kien nay can ban khong khac cac dieu ki§n hoanh 
do'i vdi triicJng hdp mot bien trang thai. Nhdng diem khac chi la (1) 
Hamilton H trong (3.120) doi vdi bai toan n bien hien tai chtia nhieu so 
hang hdn so vdi trtfdng help mot bien, (2) khi co cac bien trang thai vdi trang 
thai cuoi til do, se co nhieu dieu kien kieu ^(T) = 0 trong cac dieu kien 
hoanh doi vdi cac bai toan,di*dng cuoi va dtfdng thang cuoi cut ve can ban 
cung gioiig cac dieu kien hoanh doi vdi tritdng hdp mot bi§n. Gia stf rang 
thdi gian cuoi la ttf do, va hai bien trang thai, y! va y 2 , doi hoi co gia tri cuoi 
phu thuoc vao thdi gian cuoi bdi cac quan he: 

y 1T =<M T ) va y 2X = 4>2(T) (3.122) 

Khi do, vdi mot AT nho, ta co cac bieu thde sau day: 

Ay 1T = <{> 1 , (T)AT va Ay 2T - <j> 2 '(T)AT . 

Sr* dung cac ket qua nay de khri Ay 1T va Ay 2 t trong (3.119), ta co the 
viet lai la: 

[H — X. z 4>2 'L. t AT - X 3 (T)Ay 3T -...-X n (T)Ay nT = 0 (3.123) 

Dieu kidn hoanh doi vdi bai toan dtfdng cong cuoi nay la: 

= 0 (so sanh vdi(3.32)) (3.124) 

Dieu kien (3.124) - cin thay the cho (3.120) - cung vdi hai phudng 
trinh trong (3.122) cho ta ba quan he de xac dinh ba ^n so T, y 1T va y 2T - Gac 
bien trang thai khac (y 3t ..., y n ), diidc gia dinh d day la co gia tri cuoi til do, 
vln phai chiu cac kilu dieu kien ho&nh trong (3.121). 

Neu thdi gian cuoi co' dinh, va t&'t ca cac bi&n trang thai cd cac dtfdng 
cuoi thang dting cut, thi dieu ki§n hoanh la: 

X^T) > 0, y jT > y j(tnin , (y jT - y jimin )M T > = 0 ( 3 * 125 > 

(j = 1, . . . , n) (so sanh (3.35)) 

Dieu kien nay dung nhtf mot dieu kien thay the cho (3.121). 

Cuoi cung, do'i vdi bai toan vdi thdi gian cuoi cho phep toi da, T max , 
dieu kien hoanh la: 

[H] t . T >0 T < T mal[ (T - T max )[H] t , T = 0 (3.126) 

Di£u kien nay la mot kieu khac thay the cho (3.120). 
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Chuvng HI. Dieu khi&n toi uu v£ ring dung trong kinh te 


4.4. (Tng dung kinh te - mo hinh xac dinh Chinh sach chong 

6 nhiem 

Trong mo hinh Forster ve sii dung nang lifdng va chat lifdng moi 
trifcing, 6 nhiem dtidc lay la mot bien luong. Bien nay difdc minh hoa bang 
thf du khi thai 6 to, ma no gay hai cho moi trifdng vao luc hien thdi, nhifng 
tan bien nhanh va khong tich luy thanh mot trti lifdng ton tai lau dai. 
Nhifng trong ca c. loai 6 nhiem khac, nhif chat thai phong xa va lam do dau 
liia, cac chSt gay d nhiem ton tai nhif mot trot lifdng va san sinh nhfing anh 
hudng keo dai. Viec mo hinh hoa 6 nhiem nhif mot bien kho cung difdc 
Forster xem xet. Mo hinh nay chtia hai bien trang thai va hai bien dieu khien. 

4.4.1. Luang 6 nhiem’ 

Nhir trifdc day, ta sii dung ky hieu E de bieu thi lifdng khai thac 
nhien lieu va sii dung nang lifdng. Nhifng ky hieu P bay gid se ky hieu trti 
ludng (chti khong phai luong) 6 nhiem, vdi P la luong. Viec sii dung nang 
ltipng sinh ra mot luong 6 nhiem. Neu khoi lifdng cua luong 6 nhiem ty le 
thuan vtii lifdng nang lifdng sii dung, thi ta co the viet P = aE, (a > 0). Cho 
A tifdng trting cho miic hoat dong chong 6 nhiem, va gia sii rang A co the' 
lam giam trti Itidng 6 nhiem theo each thtic ty le. Khi do, tti xem xet nay, ta 
co P« -pA, (p > 0). Them ntia, neu trii lifdng 6 nhilm chiu sii giam theo 
ham mu vdi toe dp 5 > 0, thi ta co P/P = -5, do do P - -5P. Ket hdp cac 
nhan to" anh hifdng len P nay, ta co the viet: 

P = aE - pA - 6P (a, p > 0,0 < 6 < 1) (3.127) 

4.4.2 . Trie luang nguon nang htang 

Viec then khai cac hoat dong chong 6 nhidm A ban than no doi hoi sii 
dung nang lifdng. Nghia la A gay nen mot lifdng giam, trti lifdng nguon 
nang lifdng S. Khi gia dinh mot quan he ty le gitia A va S, bang each chon 
ddn vj thfch hdp cho A va vi S cung giam do sif dung nang lifdng trong cac 
hoat dong kinh te khac, chung ta cung se co: 

S = -A - E (3.128) 

4.4.3. Bdi todn dieu khien 

Vi cac quan he trong (3.127) va (3.128) tifdng ting mo ta nhting thay 
doi dong cua P va S, cac phtidng trinh nay to rang co the dung nhif cac 
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phuong trinh chuyen dong trong mo hinh nay. Khi do, mo hinh nay hudng 
vao P (trfi lUdng 6 nhiem) va S (trfl lUdng nhien lieu) nhU cac bien trang 
thai. Viec xem xet (3.127) va (3.128) ky lUdng hdn cung cho thay rang E (s xt 
dung nang lUdng) va A (cac hoat dong chohg 6 nhiem) phai dong vai-tro cac 
bien dieu khien trong phan tich hien tai. 

Neu ta giti nguyen ham ldi l'ch nhU da sd dung trUdc day: 

U = U[C(E), P] (U c > 0, U P < 0, Ucc < 0, Upp < 0, C ? > 0, C” < 0) (3.129) 

(tit (3.74) va (3.72)) 

thi bai toan tbi ifu dong co the phat bieu la: 


Cue dai 

U[C(E) r P] dt 

(3.130) 

vdi rang buoc 

P = aE - [3A - 5P 

(3.131) 


CO- 

11 

i 

> 

i 

w 

(3.132) 

P(0) = P 0 > 0 

P(T) > 0 tudo (T cho triidc) 

(3.133) 

CO 

o 

ii 

w 

V 

o 

S(T) >0 tu do 

(3.134) 

va E > 0 

0 < A < A 

(3.135) 

Co hai khia canh cua bai toan nay dang xem xet. Thii nhit, 

trong khi 


cac gia tri dau cua P va S la co" dinh va thdi gian cuoi T cung co" dinh, cac gia 
tri cuoi cua ca trQ lUdng 6 nhiem P lan trot lUdng nguon nang lUdng S de tu 
do, chi chiu rang buoc khong am, Dieu do co nghia la co mot dUdng cuoi 
thang ditng cut doi vdi P va mot dUdng cuoi thing dUng cut khac doi vdi S. 
Thd hai, ca hai bien dieu khien E va A bi gidi han trong cac mien dieu 
khien tUdng Ung cua chung. Doi vdi E, mien dieu khiin la [0, oc). Va doi vdi 
A, mien dieu khien la [0, A], a day A ky hieu mile chap nhan dude cUc dai 
cua cac hoat dong chong 6 nhilm. Vi nhQng can nhac ve ngan sach va cac 
nhan to" khac co the ngan khong cho theo duoi viec lam sach moi trUdng mot 
each khong co gidi han, gia thiet ve mot can tren A la dieu hdp ly. 

4.4.4. Cue dai Hamilton 

Nhd thUdng 1c, ta bit dau qua trinh giai bang each viet ham 
Hamilton: 


H = U[C(E), P] + MaE - PA ■ 6P) • A, S (A + E) (3.136) 
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Chuong III. Dieu khien toi uu va uhg dgng trong kinh t£' 


c \ day cac chi so cua moi bien hiep trang thai X chi bien trang thai di doi vdi 
no. f)e cUc dai hoa H theo bien dieu khien E, d day E > 0, di£u ki§n Kuhn- 
Tucker la dH/dE < 0, vdi dieu kien bu yeu E(dH/dE) = 0. NhUng vi ta co the 
loai bo trUdng hdp cUc tri E = 0 (ngCrng hoan toan san xu§i*t tieu dung), ta 
phai gia dinh E > 0. Khi do t£f dieu kien bu yeu suy ra rltng ta phai thoa 
man dieu kien: 

3H = U c C’(E) + aX P -X s =0 (3.137) 

<?E 


Lau y rang 3 2 H/dE 2 = U cc C ,2 +U <: C"< 0 ; nen H qua thuc la cUc dai 
chu khong cUc tieu. 

Them vao do, H phai cUc dai theo A. NhU (3.136) cho thay, h la tuyen 
tinh theo bien A, vdi: 

5A =_PXp_Xs (3 ’ 138) 


Ngoai ra, E bi gidi han trong tip hdp dieu khien dong [0, A]. Nhu 
v&y, de cUc dai H, nghiem bien ben trai A* = 0 phai dUdc chon neu dYUdA 
am, va nghiem bien ben phai A* =A phai dUdc chon n£u dK/3A dUdng. 
Nghla la, 


pX p + Xg 




(3.139) 


Tuy nhien, t ii (3.137) ta th&y r&ng: 

Xg = UqC 1 (E) + otXp 

Th@ bieu thtic nay vao (3.139) cho ta dieu ki§n khac: 

U c C'(E)| ^ J- 

Lua chon toi Uu cua A phu thuoc chat che vao X p . 

4.4.5. Cac lUa chon chinh sach 

Su lua chon toi Uu cac hoat dong chong 6 nhiem hoac la nghiem trong 
hoac la nghiem bien. Forster chi ra rling trong mo hinh hien tai khong the 
co nghiem trong. 


(a + p)X P 


A* =■ 


(3.140) 
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t6| UU H6A PONG TRONG PHAN TICH KINH TE 


De thay dieu do, hay xet cac phtfdng trinh chuy^n dong cua cac bien 
hi§p trang thai: 


i _ dH _ it 

SP P 

(3.141) 

X s = - ^ = 0 ^ X s = hing so 

ob 

(3.142) 

Neu A* la nghiem trong thi: 


pX P + X s = 0 (theo (3.139)) 

(3.143) 


Vi X s la hang so theo (3.142), phudng trinh cuoi cung nay chi ra ring 
X P cung phai la mot hang so", ma den lUdt no lai keo theo: 

X P =0 => 5X P = Up (theo (3.141)) (3.144) 

Nhrfng X P la mot hing so" doi hoi U P cung la mot hing so. Vi U la ddn 
dieu theo P, co the co chi mot gia tri cua P lam cho U P nhan mot gia tri 
hing so cu the. NhU vay, P cung phai la hing so neu A* la mot nghiem 
trong. 

Khi cho trd lUdng 6 nhilm ban diu P 0 > 0, co P la hing so" nghia la co" 
dinh trii liidng 6 nhiem cuoi d mdc P(T) = P 0 > 0. Doi vdi mot bai toan vdi 
mot dudng thing cuoi thing dting cut, dieu kien hoanh la: 

P(T)X P (T) = 0 (3.145) 

Vdi mdt P(T) duong, no doi hoi ring X P (T) = 0, ma theo (3.144) vi X P \k 
mot hing so, nghia la: 


X P (t) = 0 vdi moi t e [0, T] 


(3.146) 


NhUng theo (3.140), gia tri 0 d6"i vdi X p £do theo la U c C’(E) = 0, trai vdi 
cac gia thiet rang ca U c va C’ dUdng. Do do, trong mo hinh hien tai, nghiem 
trong doi vdi A* phai loai bo. 

4.4.6. Cac nghiem bien doi vdi bien dieu khien A 


Chi con lai cac chfnh sach la cac nghiem bien A* = 0 (khong co gang 
dau tranh chong 6 nhiem) hoac A* = A (giam 6 nhiem d miLc kha thi toi 
da). Hai chinh sach nay co net chung la: 

U c C’(E) = X s - ctXp {til (3.137)) 


(3.147) 
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Chutmg /// Bieu khien toi uu va ung dung trong kinh te 


Dien giai ve kinh te, hieu qua cua viec sti dung nang lildng len mvic ldi 
ich xa hoi thong qua tieu dung, U (; CXE), dudi ca hai chinh sach phai bang 
gia tri bong cua s \i giam nguon nang ltfdng, do bdi a. s> dUdc dieu chinh doi 
vdi gia tri bong cua 6 nhiem qua so" hang -a^ P . NhUng hai chinh sach khac 
nhau d cho: 

A* - j do"i vdi A. s j 1-pA.p (theo (3.148)) (3.148) 

Y nghia kinh te cua dong thti nhat trong (3.148) la chinh sack pho 
mac do'i vdi 6 nhiem thich hop cho tinh huong trong do gia bong cua nguon 
nang litdng, A s , Idn hdn gia bong cua sit giam 6 nhiem, do bch -fiX P . Trong 
tinh huong nay, khong dang sit dung cac nguon litc vao cac hoat dong chong 
6 nhiem bdi vi chi phi nguon hie Idn hdn ldi ich . Nhttng, nhit chi ra trong 
dong thd hai , dau tranh vdi 6 nhiem d mite cite dai ditdc chting minh la 
dung trong tinh huong ngitdc lai. Bephan biet giita hai tinh huong nay , 
tham so ft, do hieu qua cua cac hoat dong chong 6 nhiem, dong mot vai trb 
quan trong. 

Ta hay xem xet ky them nhdng he qua cua trvfdng hdp A* = 0. Vi trut 
lddng 6 nhilm dude de pho mac trong triidng hdp nay, trii lUdng cuoi cua 6 
nhiem chac chan difdng. Vdi P(T) > 0, dieu kien hoanh P(T) ^p(T) = 0 trong 
(3.145) keo theo ^ P (T) = 0. Dieu nay gdi y rang X P , gia bong cua 6 nhilm, luc 
ban dau am, phai tang theo thdi gian den mot gia tri cuoi bang 0 de thoa 
man dieu kien bu: 

i P >0 (3.149) 

Bay gid neu ta lay dao ham toan phln (3.147) theo t, ta tim dUdc: 

(U cc C ,2 +U c C")E = -ai P (3.150) 

Vi bieu thde trong ngoac ddn la am,E va c ° <hmg dAu, nen ta co 
the ket lu&n ring: 

E > 0 . (3.151) 

Trong tUdng hdp hien tai, sii dung nang lUdng ngay cang tang theo 
thdi gian se din tdi can kiet nguon nang ludng. Nhtf (3.142) chi ra, X s la mot 
hlng so" - mot hlng so" dtfdng bdi vi ky hi£u gia bong cua mot nguon tai 
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nguven c6 gia tri. Tinh ditdng cua hdng so nghia la, d6 thoa man dieu 
kien hoanh: 

S(T) \s(T) = 0 (so sanh vbi (3.145)) (3.152) 

S(T) phai bang 0, bao hieu stf can kiet true lifdng nguon nang liJdng tai thdi 
gian cuo'i T. 

Trd lai chinh sach thut hai, ta co sii giam 6 nhidm d mute kha thi toi da, 
A* - A . Tuy nhien, du co g&ng toi da, chung ta khong ky vong cac hoat dong 
chong o nhi6m dua lifting o nhiim P ve 0. Vbi gia thiet rdng U r < 0 va U PP < 
0, ta biet rang, khi P giam on dinh do ket qua cua cac hoat dong chong 6 
nhibm, U p se tang on dinh tft mot mute am ve 0. Khi trd Luton g P trd nen du 
nho, U P se dat mute co the chiu dude ma d do ta khong con co the bien ho cho 
chi phi cac nguon hie d§ co gdng giam them o nhibm nuta. Do do ta co the ky 
vong lifting 6 nhiem cuoi P(T) la dudng. Neu vay, thi >. P (T) = 0 do dieu kien 
bu yeu, va phan con lai cua van de ve dinh tfnh giong y nhut trtfdng hdp 
A* = 0. 

D. CAC BAI TOAN TAM VO HAN 

Trong nghien cftu cua chung ta ve cac bai toan phep tinh bien phan, 
ta da chi ra rftng vice md rong tam ke hoach ra vo ban din den nhutng sui 
phde tap hoa nhat dinh ve toan hoc. Co the noi nhut vay ve cac bai toan dieu 
khien toi utu. Van de chu yeu la sii hoi tu cua phiem ham muc tieu ma, 
trong khuon kho tam vo han, la mot tich phan suy rong. Nhtfng van de 
dang ban la cac dieu kien hoanh tim hu!u han co the dutdc tong quat hoa cho 
khung canh tam vo han hay khong. Co mot so phan Thi du da dutdc dtfa ra 
trong ly thuyet dieu khien toi utu nghi ngd ve kha nang md rong nhit the. Ta 
se xem xet nhutng phan thi du nay va chi ra rang nhftng phan thi du nay co 
the chi la nhtfng chutng cut be ngoai, 

i. cAcoi£u ki£n hoanh 

1.1. Dieu kien hoanh 

Trong cong trinh noi tieng cua minh, Pontryagin va cac dong tac gia 
hau nhit chi quan tam tdi cac bai toan vdi tbm ke hoach htfu han. Doan duy 
nh^t di ra ngoai khuon kho ay la doan noi ve tritdng hdp phiem ham ti'ch 
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Chuong tti Dieu khien toi uu v& tjfrg dung trong kinh tS 


phan suy rong d bai toan otonom, trong do “dieu kien bien d vo han” dude 
gia thiet c6 dang dac biet: 

hm y(t) = (y w cho trUdc) (3.153) 

t—>eo 

Noi each khac, tam _vo han dUdc dua ra kem theo trang thai cuoi co" 
dinh. Doi vdi trUdng hdp do ta c6 bai toan vdi dUdng cuoi n&m ngang, ngUdi 
ta chi ra r5ng nguyen ly cUc dai va co the ap dung nhu doi vdi b5i toan tam 
hflu han. Doi vdi bai toan tam hdu han, dieu kien ho&nh la: 

[H] t , T =0 (3.154) 

Hdn ntfa, khi bai toan la otonom, gia trj cUc dai cua Hamilton la hang 
so theo thdi gian, nen dieu kien H = 0 co the dUdc kiem chting khong chi tai 
t = T, ma tai bat ky thdi diem nao. Theo do, dieu kien hoanh d b5i toan 
otonom tam vo han vdi dieu kien bien (3.153) co the dat ra khong chi 
nhu la: 

lim H - 0 (3.155) 

t-»UO 

ma rong hdn: 

H = 0 vdi moi t. € [0, °o) (3.156) 

Do dieu kien hoanh doi vdi bai toan dudng cuoi n5m ngang co the md 
rong tC(tam hQu han sang tam vo han, lam cho ta trong ddi rang co the lam 
nhu the cho cac bai toan khac. Thi du, neii trang thai cuoi la tu do khi t —► 
oo, ta co the ky vong di£u kien hoanh tam vo han 15: 

lim X(t) = 0 (dieu kien hoanh doi vdi trang thai cuoi tu do) (3.157) 

t-»co 

Tudng tu, trong trUdng hdp trang thai cuoi phai thoa man mot mdc 
toi thieu dinh trude y min khi t co, ta co the hy vong diel'u kien hoanh tam 
vo han la: 

lim A.(t) >0 va limA.(t)[y(t)-y min ] = 0 (3.158) 

t—>o0 t—»a> 

1.2. Quart diem bien phan 

Ta se thay ring dieu kien hoanh (3.157) la hdp ly bdi vi co the thu 
dude no b5ng each mo phong thu tuc da sd dung trUdc day de rut ra cac 
dieu kien hoanh doi vdi bai toan (3.20). 6 do, dau tien ta ket hdp - qua 
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nhan ttf Lagrange — phiem ham muc tieu ban d&u V vdi phUdng trinh 
chuyen dong cua y vao mot phiem ham mdi: 

v = - £-(t)ydt (tif (3.22’)) 

Roi, aau khi lay tich phan tifng ph£n tich phan thtit hai, ta viet lai 

Via: 


= £[H(t,y,u, 


*) + y(t)k|dt -MT)y T + X(0)y 0 (t(3.22”)) 


De tao ra cac during di lan c&n cua difdng di£u khien toi tfu va dtfdng 
trang thai toi ifu, ta stf dung cac difdng xao dong p(t) va q(t): 

u(t) = u*(t) + e p(t) va y(t) = y*(t) + e q(t) (t xt (3.24) va (3.25)) 

Tucing tu doi vdi bien T va Y T , ta da viet: 


T - T* + C AT va y T = y T * + £ Ay T (tif (3.26)) 

Txi do, phiem ham V difdc chuyen thanh mot ham so cua £. Dieu kidn 
cap mot doi vdi cifc dai V khi do la: 


dV 

dz 


-i 


on • 

+ x 
dy ) 


dH 


p< t ) + du P(t) r t + [ H ]t=TAT-X(T)Ay T = 0(ti* (3.30)) 


Khi difa vao khuon kho t&m vo han, phtfdng trinh nay trd thanh: 


dV 

de 


= f 


5H 

dy 




q(t) + *! H p(t) 
du 


dt + lira HAT - lim X(t)Ay T = 0 (3.159) 


d, 


De thoa man dieu kien nay, tifng so hang trong ba so" hang thanh 
phdn (Q lf Q 2j Q 3 ) phai triet tieu. Chlnh doi hoi triet tieu cua hai so hang 
cuoi cung, Cl 2 va lam tang so cac dieu kien hoanh. 


1.3. Tinh kha bien cua T va y T 

Doi vdi mot bai toan tarn vo han, thcri dilm cuoi T khdng co dinh, nen 
AT khac 0. Nhif vay, de lam so hang Q 2 trong (3.159) triet ti§u, ta phai dat 
dieu kien: 

Jijjj H = 0 (dieu kien hoanh tam vo han) (3.160) 
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ni °'f U kl ' n 7 tr “ ng v61 ( 3 - 155 >- Tuy nhien, khong giong (3 . 1M ) 
(3. lfi°) ^ tr6 m o t dieu k.en hohnh t&g qU at dol vdi cac Mi toL 

y Idn h r ng tMl CU “ 06 U C6 ' d|nh hay Do * * — mot 

.Jl ^ thkh * nghla kinh diiu. kien hodnk nay dUa theo 

Z 7 D h orfman - ° - ■* «* ** rn 

hLZV\T T n bi ' u thl quy * dinh chinh sdch kmh «*»»*. 

eu thi ham lm nhuan cua cong ty, Khi do ham Hamilton co y nghla 
a tong lot nhuan trddc mat va iUOng lai gdn V< H m 6i quyet dinh chinh sdch 

^ “ T m h6lH ^ 0khi <->*nghia Id tdi cd cdc cd 
hoi kiem l*■ nhuan sc dupe tan dung khi t «, floi hM nhu v&y l& , ^ 

qUW bM ki tr ^ 8 tMl C “™ <•*»*> eta cong ty co eddinh hay khong. 

de TrMc t h'S de eilthi h ; Ilg ^7"* ( , 3159) ' * c ° ‘>*y W do la co van 
C h6t ’ g,a thlet tr Mg tha! Moi co dinh. Kh, do ta co limy.. = y 

■ . t—>50 •’ tc t J 

7 g nh " tr0ng (3 ' 153) - Vi -y kdo theo Ay r = 0 ta, thdi g,an vo han 
so ang 0, se tnet tieu ma khong doi ho. bat ky rang buoc nao do, vdi gia 
tr, cuo, cua X. Tra, lai, vdi trang thfii cuoi tu do, ta khong cd Ay T = 0 ta, thfti 

bmW V tMO n vfd : - D ° d6 ’ u 6 lam Ch ° tn?t tigu ’ cln My dinh dieu kien 

l ->” ’ ,eu nay cho ta co so hop ly cua dieu kien hoanh (3.157). 

Mac di, nhieu tac gia coi van de cac dieu k.en hoanh t tm vo han nhu 

nhS a dS c k 7h q rh Ssf • n ,S ~o 6 T7 c6n 7 lh * T - 

y } J 1 ™ (t) - 0 - b ! n S hl ngd b& mot so tac 

gia khsng dinh tim thffy nhdng phan thi du trong do dieu k.en nay b, vi 
ph,m. Neu dung, tat nh.M nhdng phan thi d, „hu My s h la,n cho didu 

' r k 7 g dU W , Cach Ia m6t kien hoanh. Tuy nh.en, ngudi ta da 
ch, ra rang nhdng phan thi du nay khong phai !i nhflng phan thi du thUc 

“ bai 7 n quan kh6ng c6 m?t tr ^ ng thai cu “i thde su tu do nen 
(3. lo7) trifdc het khong duoc ap dung. 

II. DI^U Kl£N HOANH NHLT M0T PHAN CUA Ol£u Kl£N DO 

Cd mot so cac phan thi du nhu phan thi du cua Halkm, cua Karl Shell 
... eh, ra rang d,eu k.en hoanh (3.157) khong ap dung duoc, nhung mot s 6' 
eoc nha kinh te khac chi ra ring trong cac thi du cua Halkin hoar Karl 
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Shel! cac phan thf du do la khong chrnh xac (tuy nhien chting ta khong di 
sau vao van de nay d day). 

M4c du dieu kien hoanh limk(t) = 0 khong duqc moi ngtfoi chap 

thuan nhu mot dieu kien can doi vdi cac bai toan t£m vo han, mot die'u kien 
gidi han lien quan tdi X tham gia nhu mot ph&n cua mot did'u kien du dUa 
tren tinh lorn dot vdi cac bai toan nay. 6 dang h6n hdp - ket hop cac die'u 
kien lom cua Mangasarian cOng nhu cac did'u kien cua Arrow - dinh ly dh 
phat bieu rang cac dieu kien trong nguyen ly cue dai la du dot vdi ciic dai 
toan cue cua V trong bai toan tim vo han: 


Cue dai V = j^F(t,y,u) dt 

vdi rang buoc y = f(t, y, u) 


(3.161) 


va 


(3.162) 

y(0) = y 0 (y 0 cho triidc) (3.163) 

vdi dieu kien la: 

hoac: H = F(t, y, u) + A. f(t, y, u) la lom theo (y,u) vdi moi t e [0, T], (3.164) 
hoac. H = KCt, y, u*) + X f(t, y, u*) la lom theo y vdi moi t, 

doi vdi X da cho (3.165) 

v * [ij2^(t)[y(t)-y*(t)]>0 (3.166) 


d day y*(t) ky hieu diidng di trang thai toi Uu va y(t) la bat ky diidng di trang 
thai chap nhan dude khac. Trang thai cuoi co th§' hoac co dinh hoac tu do. 

Ldu y rang trong (3.165) ta da gop cac dieu kien lom cua Mangasarian 
doi vdi cac ham F va f va dieu kien khong am doi vdi X(t) vao mot dieu kien 
lom ddn doi vdi hamilton H. Tinh lom cua H diidc hieu la lom theo (y, u) dong 
thdi. Trai Lai, dieu kien Arrow la H° lom theo riSng bi§h y. 

Bieu thiic gidi han trong (3.166) la ban doi chieu tim vo han cua bieu 
thde a.*(T) (y T - y T .) ma ta da g^p trude day trong chting minh dinh ly 
Mangasarian. Trong chting minh do, bieu thtic vita dkn dUdc chi ra la triet 
tieu, nen co ket qua V < V*, xac lap V* la mot ciic dai toan cue. Nhiing, di 
xac lap tinh ciic dai cua V*, tren thiic te cung co th i ch&p nh^n co A.*(T) (y T - 
y T *) dudng. Do la theo ly iu4n r&ng dieu kien (3.166) han che gidi han cua 


15-TUHB 
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Chuong Iff. Dieu khien toi uu va titig rfyng trong kinh t£ 


X*(t) (y(t) - y*(t)) hoac diidng hoac bang 0 khi t -» oo. Ta cung co the thay ly 
thu. khi so sanh (3.166) vdi (2.144), dieu kien tiidng ting trong khuon kho 
phep tinh bien phan. Thoat nhin, dieu ki§n (2.144) co the dap vao m&t hoan 
loan khac vdi (3.166) bdi vi no chi ra b&'t dang thtic “<“ chti khong Tuy 
nhien, tti (3.57) ta nhd lai rang X = -F y » R5 rang r&ng (3.166) va (2.144) 

thtic sii chrnh xac la nh \i nhau. 

III. ONG DUNG KINH t£ - LY THUYET TANG TRUflNG TOI IAJ TAN CO BI^N 

Mo hinh Ramsey ve hanh vi tiet kiem, d£ c&p tdi van de quan trong ve 

phan bo nguon ltic qua thdi gian, co anh htidng manh doi vdi tuf duy kinh te, 

mac du anh htidng nay khong co tac dung cho den sau chien tranh the gi6i 

thti II, khi mo hinh nay “diidc phat hien lai” sau khi no diidc cong bo" rat 

lau. Trong mot phat trien mdi day hon, cung van de ccf ban do diidc trinh 

bay nhii mot bai toan difhi khien toi tfu chti khong nhii phep tinh bien 

phan. Hdn ntia, nghien ctiu mdi - diidc gan nhan “ly thuyet tang trtfdng toi 

liu tan co dien” — md rong mo hinh Ramsey trong hai khfa canh chu yeu: (1) 
♦ 

hie ltidng lao dong (diidc dong nhat vdi dan so) diidc gia dinh la tang vdi toe 
do hang so" cho trtidc n > 0 (mo hinh Ramsey co n = 0), va (2) ldi ich xa hoi 
dtide gia dinh la diidc chiet khau theo thdi gian vdi he so chiet khau p > 0 
(mo hinh Ramsey co p - 0). 

3.1. Mo hinh 

Ly thuyet nay diidc goi la ly thuyet “tan co diln”, bdi vi khuon kho 
phan tich cua no xoay quanh ham san xuat tan co dien Y = Y(K, L), gia 
dinh la cong nghe san xuat diidc dac triing bang hieu qua khong doi theo 
quy mo, san pham bien diidng va hieu qua giam d^n theo moi dau vao. Mot 
ham san xuat nhii vay, la thu&n nhat tuyin tinh, co the dtide vi£t lai theo 
cac dai ltidng tinh cho mot cong nhan - hay tren dau ngtidi, khi ta khong 
phan biet gitia dan so" va ltic ltidng lao dong. 


II 

>> 

(san pham trung binh cua lao dong) 

k=K 

L 

(ty le von - lao dong) 
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Ta co the bieu thi ham san xuat bdi: 

y = <(>(k) vdi <j>’(k) > 0 va f’(k) < 0 vdi moi k > 0 (3.167) 

Them vao do, gia dinh rang: 

lim 4>’(k) = co va limf(k) = 0 (3.168) 

k->0 k-»oo 

Do thi cua 4>(k) - dtfbng cong APP L theo ty le von - lao dong - co hinh 
dang tong quat minh hoa trong Hinh 3.9. 

Tong dau ra Y dtfdc ph&n bo hoac cho tieu dung C hoac cho tong d&u 
tu 1^. Do do, d£u tu rong I = K, co the dUdc bieu dien la: 

K = I g -5K = Y -C -5K (6 la ty Ie hao mon). (3.169) 

Chia ca hai ve cho L, va sti dung ky hieu c = C/L doi vdi tieu dung 
tren dau ngudi, ta co: 

~K -y-c-Sk =<Kk)-c-8k (3.170) 

Ve phai bay gib chi chtia cac bien tren dau ngtfbi, nhifng ve trai thi 
khong. Dd’ thong nhat hai ve, ta sik dung quan he: 

t> _ dK d dL T dk . * , .. 

K= ir = ^ (kL)=k dt +L ;ir (quy tac tlch) 

dL / dt ^ 

L J 

= L(kn + k) (3.171) 

Thay ket qua cuoi cung nay vao (3.170) va sap xep lai, cuoi cung ta 
duqc mot phufdng trinh chi chfia cac bien la cac dai liidng tren dau ngifdi: 


= knL + Lk 
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Chuvng Hi Dieu khien toi uu vi utig dung trong kinh te 


k - <j>(k) - c - (n + 5)k (3.172) 

PhUdng trinh nay, mo ta ty le von - lao dong k thay doi the nao qua thdi 
gian, la phUdng trinh vi phan cd ban cua ly thuyet tang trUdng tan co dien. 

Mile tieu dung tren dau ngUdi c la dai ltfdng xac dinh rmic ldi ich hay 
phuc ldi cua xa hoi tai mot thdi gian bat ky. Ham ldi Ich xa hoi U(c) dtfdc 
gia dinh co cac tmh chat sau: 

U’(c) > 0 U”(c) < 0 vdi moi c > 0 (3.173) 

limU'(c) = co va limU’(c) = 0 (3.174) 

C~>0 £•-»•» 

Tat nhien, ham U(c) dUdc lay tong theo thdi gian trong bai toan toi Uu 
hoa dong. Nhilng vi dan so (ltfc lUdng lao dong) tang vdi toe do n, nen mtic 
ldi ich xa hoi dat dUdc tai thdi diem bat ky phai dtfdc gan trong so bdi quy 
mo dan so tai thdi gian do trildc khi lay tong. Vi vay, v6i he so chiet khau p, 
ham muc tieu co dang: 

["U(c)L(t)e- p 'dt = J , U(c)L 0 e"‘e“ , ’ t dt 
= L 0 £ U(c)L 0 e“ <p “” >t dt (3.175) 

De dam bao hoi tu, ta gia thiet ring p - n > 0. Tuy nhien, co the chi ra 
ring dieu nay tUdng dUdng vdi viec cho mot he so chiet khau dildng r, d day 
r = p - n. Neu, them niia, ta dat L 0 = 1 blng each chon ddn vi, thi phiem 
ham se rut gqn ve dang ddn gian: 

£ U(c)e _rt dt (r = p-n>0) (3.176) 

Noi each khac, viec danh trong so" doi vdi phuc ldi xa hoi bdi quy mb 
dan so' va dong thdi doi hoi he so' chiet khau ldn hdn toe do tang dan so n, ve 
toan hoc khong khac vdi phUdng an khong sd dung trong so dan so nhilng 
chap thuan mot he so' chiet khau dUdng mdi r. Vi vay, ta se tiep tuc tren cd 
sd phUdng an ddn gian hdn (3.176). 

NhU vay bai toan tang trtfdng to'i Uu ddn gian la: 

|° U(c)e~ rl dt 


Ciic dai 


(3.177) 
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vdi rang buoc k = <t>(k) - c- (n + S)k 
k(0) = k 0 

v4 0 < c(t) < <(>[k(t)] 

6 day chi co mot Wen trang thai k va mot bien die‘u khien c. 

H (va cac 
thanh phan) 



3.2. Nguyen ly c\ic dai 

Hamilton doi vdi bai toan nay, 


(3.178) 

(3.179) 

(3.180) 


H - TJ(c)e n + A.f<j)(k) - c - (n + S)k ] (3.181) 

phi tuyen theo c. Cu the’ him, tai bat ky thdi diem da cho, thanh ph4n 
cong tinh thii nhh't cua H co d6 thi theo c nhu duong cong dht net minh hoa 
trong Hinh 3.10 va thanh ph£n thh hai co dang nhu dudng thhng dtrt net. 
Tong cua chung, H, co mot budu vdi dtnh tai mot gia tri c gitfa c = 0 va c = 
c,. Vi c, la nghiem phudng trinh M>(k) - c - (n + 5)k] = 0, suy ra c, = <Hk) - {n + 
5)k, nen c, < «f,(k). Vi vay, cue dai cua H tUdng ting vdi mot gia tri cua c la 

diem trong cua mie'n die'u khi&i [0, *k)]. Theo do ta co the’ tim cue dai cua 
H bang each dat: 

dB 

— = U’(c)e " - X = 0 
dc 


Tif do ta thu dtfdc dieu kien: 

U'(c) = Xe. rl 


(3.182) 
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Cht/ong III. Dieu khiSn t6i uu va ting dgng trong kinh te 


Dieu kien nay noi r&ng, cl toi Uu, mute ldi ich bien cua tieu dung tren 
d£u ngUdi phai bang gia bong cua von dude khu&ch dai bdi so" hang mu e rt . 
Vi c^H/dc 2 = U”(c)e rt am theo (3.174), H qua thuc dude cUc dai hoa. 

Nguyen ]y cUc dai can co hai phUdng trinh chuyen dong. Mot trong 
chung, i. - -<3H/«?k , doi vdi mo hinh hien tai dan den phudng trinh vi phan: 

X = —X[<j> r (k) - (n + 8)J (3.183) 

Va phudng trinh kia, k - dH/dX , ddn gian la phat bieu lai rang buoc: 

k = 4>(k) - c -(n + 5)k (3.184) 

Ba phudng trinh (3.182) den (3.184), tren nguyen t&c phai giup ta 
giai ra dUdc doi vdi ba bien c, X y va k. Tuy nhien, khong co thong tin ve cac 
dang cu the cua cac ham U(c) va <J)(k), ta chi co th§ phan tich dinh tinh cua 
mo hinh. 

Tat nhien, cung co the sut dung Hamilton theo gia tri hien thdi: 

H c = U(c) + m[<j)(k)-c-(n + §)k] (theo (3.90) (3.185) 

Trong trUdng 'hdp nay, nguy£n ly cUc dai doi hoi rkng 
dH c /dc = U’CcJ-m = 0 , hay: 

m = U’(c) (3.186) 

Dieu kien nay lam cUc dai H c , bdi vi d 2 H c tdc 2 -U"(c)<0 theo 
(3.174). 

PhUdng trinh chuyen dong doi v6i bien trang thai k c6 the doc trUc 
tiep tit dong thut hai cua bai toan (3.177)-(3.180), nhUng no cung co the dude 
rut ra bdi: 

k = - <|)(k)-c-(n + 5)k (3.187) 

dm 

Va phudng trinh chuyen dong doi v6i nhan tvl tlnh cho gia tri hien 
thdi m la: 

rh = - + rm = -m[ty (k) - (n + 8)} + rm (theo (3.93)) 

dk 

= -mft’Ck) - (n + 8 + r)l 


(3.188) 



TOl IfU HOA PONG TRONG PHAN TICH KINH TE 


231 


Trinh bay sau day se dua tren cac dieu kien nguyen ly ciic dai theo 
gia tri hien thdi (3.186) den (3.188). Vi khong co doi so t tubng minh nao 
trong cac dieu kien nay bai toan cua ta la otonom. dieu do giup ta phan tlch 
dinh tinh dUa tren bieu do pha nhu da lam. 

3.3. Ve do thi pha 

Vi hai pinicing trinh vi phan (3.187) va (3.188) chda cac bien k va m, 
do thi pha dUdc ve trong khong gian km. De ve do thi nhU vay, dau tien ta 
khti bien c. Vi phiidng trinh (3.186), chiia mot ham cua c - tdc la, U’(c) - 
thay vi chinh c, nen viec khut bien c phtic tap hdn so vdi khu m. Do do ta se 
co" g&ng khti bien m va di den mot phudng trinh vi phan theo bien c. Sau do 
co the phan tich dua tren do thi pha trong khong gian kc. 

Lay dao ham (3.186) theo t ta thu dude mot bieu thtic doi vdi m : 
rh = U M (c)c . 

Bieu thtic nay, cung vdi phiidng trinh m = U’(c), giup ta khd m va m 
khoi (3.188). Ket qua sau khi sap xep lai la: 

6 = -TTT^[ < l > ' (k) - (n+6 + r) l 

U (c) 


Do la mot phiidng trinh vi phan theo bien c. Do do, bay gib ta co thb 
lam viec vdi he phiidng trinh vi phan: 


k=<j)(k)-c-(n + 5)k 
c = - [f (k) - (n + 5 + r)] 


(3.189) 


De xay dung bieu do pha, d&u tien ta ve dubng cong k - 0 va diibng 
cong c = 0 . Cac diibng nay dude xac dinh bdi hai phiidng trinh: 

c = <Kk) • (n + 8) k (phiidng trinh doi vdi dubng cong k = 0) (3.90) 

<j)’(k) = n + 5 + r (phUdng trinh doi vdi dubng cong c = 0) (3.191) 
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Chifong III. Oieu khien toi uti vd urig dung trong kinh te 



bion) vane) 


Hinh 3.13 

Difdng cong k = 0 bieu diln trong khong gian kc la mot difdng cong 
lom, nhif minh hoa trong Hinh 3.11b. Nhif (3.190) da chi ra, difdng cong nay 
bieu dien c nhif hieu giGa hai ham so cua k: 4>(k) va (n + 8)k. Do thi cua 4»(k). 
da gap trifdc day trong Hinh 3.9, difdc ve lai trong Hinh 3.11a. Va so hang 
(n + 8)k ddn gian cho ta mot difdng thSng doc len. Ve do thi cua hieu so hai 
difdng nay cho ta difdng cong k = 0 mong muon trong Hinh 3.1 lb. Ve difdng 
c = 0, phUdng trinh (3.191) doi hoi rftng no la difdng thing di qua diem k 
ma tai do difdng <t>(k) co do doc (j>'(k) nhan gia tri dac biet n + 6 + r. Khi 
difdng cong <J>(k) la ddn dieu, doi hoi nay co the thoa man chi tai mot diem 
tren difdng cong do, diem B, tlfdng Gng vdi mot. gia tri k duy nhat, k . 

Giao cua hai difdng cong tren Hinh 3.11b, tai diem E, xac dinh gia tri 
trang thai on dinh cua k va c, lan lifdt difdc ky hieu la k va c. Cac gia tri 
nay goi la cac gia tri quy tac vang cai bien cua ty le von-lao dong va tieu 
dung tren dau ngUdi, phan biet v6i cac gia tri quy t&c vang k va c trong do 
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k dude dinh nghia bdi <|)’(k) - n + 6 . Nhu vay nd tudng ting vdi diem A tren 
dudng cong trong Hinh 3.13a, d day tiep tuyen vdi dudng cong do song 
song vdi dudng thSng (n+5)k. Trai lai, k dude dinh nghia bdi 
$’(k) = n + 5 + r , theo (3.191), gan vdi mot do doc ldn hdn cua <j>(k). Do la ly do 

diem B (ddi vdi k) phai nam d ben trai di§m A (doi vdi k). Noi each khac, 
gia tri quy tac vang cai bien cua k (tren cd sd chiet khau theo thdi gian vdi 
he sd r) phai nho hdn gia tri quy tic vang cua k (khong xet den chiet khau). 
TUdng tu, gia tri quy tac vang cai bien cua e - do cao cua diem E trong Hinh 
3.1 lb - phai nho hdn gia tri quy tac vang - do cao cua diem D. 

3.4. Phan tich do thi pha 

Dd chua’n hi oho phan tich do thi pha, trong Hinh 3.12, ta them cac 
dudng khung thing dting cho dudng cong k = 0, va cac dudng khung n^m 
ngang cho dudng cong c - 0 . Cac dudng khung nay giup Ich trong viec hudng 
dan ve cac ludng - de nhac nhd chung ta rang cac luong phai cat dudng cong 
k = 0 vdi do doc vo han va cat dudng cong c = 0 vdi do doc bang 0. 

De co y tudng ve nhUng hudng tong quat ma cac ludng phai theo, ta 
lay dao ham rieng cua hai phudng trinh vi phan trong (3.189) de dUdc 

5k 

— = -l<0 (3.192) 

(XI 

0c U'(c) 

— - " u^y^k) < 0 ftheo (^188) va (3.185)] (3.193) 

Theo (3.192), khi c tang (di ve phi a bac), k phai theo day dau (+, 0, -)• 
Cho nen, cac dau mui ten doi vdi k d phia dudi dudng cong k - 0 phai chi 
ve dong, va d phia tren no phai chi ve tay. Tudng tU, (3.193) chi rang c phai 
theo day dau (+, 0, -) khi k tang (di ve dong). Vi vay, cac dau mui ten doi vdi 
c d ben trai dudng cong c = 0 phai chi len tren, va d ben phai no phai chi 
xuong, 

Cac ludng ve theo cac hudng mui ten nhu vay mang lai mot diem can 
hang kie’u yen ngua tai di§m E, (k f c), d day k va c, ky hieu cac gia tri 
can bang lien thdi gian cua k va c tUdng ting. Tinh hang so' cua k keo theo 
y ~ <Kk) cung la hang so. Vi k=K/L va y=Y/L, k va y dong thdi la hang so' 
co nghia la, tai E, cac bien Y, K va L tang vdi cung toe do. Sti kien Y va K co 
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Chung mot toe' do tang trtfdng la dac biet quan trong nhU mot dieu kien 
thiet yeu cua mot trang thai on dinh hay can bang tang tnlctng. Vdi dang 
da cho cua cac diking cong A = 0 va c = 0 trong bai toan nay, trang thai on 
dinh 1& duy nhat. 

Nhan xet rang con diidng duy nhat ma mot nen kinh te co th£ di 
chuyen ve phi a can bang on dinh la c!i tdi mot trong cac nhanh on dinh - 
‘ 4 con difdng lat gach vang” - dan tdi diem E. Dieu nay co nghia la, khi cho 
mot ty le von-lao dong k 0 , phai chon mot mute tieu dung tren Mu ngitdi c D 
sao cho cap co thb tut (k 0 ,c y ) - khong dUdc chi ra tren d6 thi - nkm tren 
nhanh on dinh. Neu khong, cac ltfe dong cua mo hinh se d\ta ta tdi tinh 
huong hoac (1) k luon tang di doi vdi c luon giam (doc theo cac luong chi ve 
hudng dong nam), hoac (2) c luon tang di doi vdi k luon giam {doc theo cac 
luong chi ve hudng tav bSc). Tinh huong (1) nghia la chinh sach that lung 
buoc bung ngay cang nghiem ngat. cuoi cung len den cute diem cJ sii chet doi, 
con tinh huong (2) nghia la tieu dung qua buong tha, cuoi cung dan tdi sU 
can kiet von. Bdi vi khong tinh huong nao trong hai tinh huong nay co the 
song con d dai han. nen trang thai on dinh tai E, vdi mite tieu dung tren 
diu ngddi khong doi ben vCng, la muc tieu dai han co y nghia duy nhat doi 
vdi nen kinh te bieu thi trong mo hinh hien tai. 



Hinh 3.12 

Co the nhan xet rang ngay ca tai E tieu dung tren diu ngUdi trd thanh 
hang so va mile cua no khong the tang them cung vdi thdi gian. Do^ la vi 
trong mo hinh gia dinh mot ham san xutft tinh: Y = Y(K,L). De co the tang 
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tieu dung tren d£u ngtfdi, phai dtfa vao tien bo cong nghe. 

3.5. Cac dieu kien hoanh 

Chon mot nhanh on dinh trong ho cac luong la tuclng dUdng vdi chon 
mot nghiem cu the tCf ho cac nghiem tong quat blng viec xac dinh hing so 
tuy y. Dieu nay dupe thtfc Men vdi sd giup dd cua mot sodicu kien bien. Do, 
hoi chon mot gia tri ban d&u c„ dac biet sao cho cap (k 0 ,c„) nkm tren nhanh 
on dinh la mot each de’ lam nlul v$y. Mot each khac la xem xet cac dieu kien 
hoanh thich hop. Tuy nhien, vi chung ta dang lam viec vdi cac ham tong 
quat va khong lam viec vdi cac nghiem dinh lupng cua cac phifdng t.rinh vi 
Phan, khd ma minh hoa viec su dung mot diet, kien hoanh de' xac dinh mot 
hang so tuy y. Tuy nhien, diidi anh sang cua phan tich dd thi pha, ta co the' 

kiem chiing ring nghiem trang thai on dinh thuc su thoa man cac dieu kien 
hoanh ma ta ky vong. 

Mot dieu kien hoanh ma ta co th§ ky vong nghiem trang thai 6'n dinh. 
se thoa man la 

^ ~^ 0 khi t —> cc [theo (3.157)] (3.194) 

D6 \a vi phidm ham muc tieu khong chda thira so chi§t kh£u va trang 
thai cuoi la tii do. Vi dudng di nghiem doi vdi X trong mo hinh la 

X* = U'(c*)e _rt [theo (3.182)J 

Vh vi gidi han cua U’(c*) la hUu han khi t -> », biiu thde nay thoa man dieu 
kien hoanh (3.194). 

Mot dieu kien khac ma ta co the’ ky vpng la, 

H -> 0 khi t co [theo (3.160)] (3.195), 

Doi vdi bai toan hien tai, dudng di nghiem doi vdi H co dang 
H* = U(c*)e _,t + X* fij)(k*) --c*-(n + 8)k*] [theo (3.181)] 

Vi U(c*) la hiiu han khi t ^ oc, so" hang mu U(c*)e‘ rt tien tdi 0 khi t 
tien ra vo han. Trong so hang con lai, tit (3.194) ta da biet rang X* tien tdi 0; 
hein nda, bieu thdtc trong ngoac vuong, bi£u dien k bdi (3.189), bfing 0 theo 
dinh nghia trang thai on dinh. Do do, dieu kien hoanh (3.195) cung thoa man. 

3.6. Kiem tra diem yen ngtfa bang cac nghiem dac trtfng 
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Trong Hinh 3.12, hinh dang cua cac luong da dUdc ve difa ta den ket 
luan rang can bang tai E la mot die°m yen ngUa. Vi khung cua cac luong 
dUdc xay dung tren cd sd dinh tinh, vdi pham vi rong dang ke trong viec 
dinh vi cac dudng cong, co th§ nen kiem tra lai tinh vQng chile cua ket luan 
bang cac phUdng tien khac. Ta co the lam viec do b&ng each xet cac nghiem 
dac trung cua he tuyen tinh hoa cua he phUdng trinh vi phan (phi tuyen) 
cua mo hinh. 


Tren cd sd he hai phUdng trinh (3,189): 

k = <$j(k) - c - (n + 5)k 

c = - fo’ (k) - (n + 8 + r)] 

U (c) 

trUdc tien ta lap ma tran Jacobi va lay gia trj cua no tai diem trang thai on 
dinh E, hoac (k , c ), 


Jk - 


dk dk 


dk cc 
dc dc 


dk 


dc 


Ik.c) 


(3.196) 


Bon dao ham rieng, khi lay gia tri tai E, d day ij)’(k) = n + 5 + r, la 
(3.197) 


dc 


o c 


fi =-l<0 

vc L 

dc 

dk,|, 

77112 


U (c) b ’(k) < 0 
U M (c) 


(3.198) 

(3.199) 


- [U”(c)) + U ,,, (c)U’(c) f -j-. , - ,, . 

-I4> (k)-(n + o + r)] = 0 


[U-'(d )] 2 

Suy ra rang ma tran Jacobi co dang 

r -1 


Jp - 


- T —- C) » ,, (k) 0 

U’ r (b) 


(3.196’) 


Thong tin dinh tinh ma ta Ciin vc cac nghiem dac trung r x va r 2 de 
khang dinh diem yen ngiia dude chtia dung trong ket qua nay, 
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r,r 2 = (3.200) 

U' (c) 

Dieu nay ham y rftng hai nghiem dae tritag co dau ngtftic nhau, xac 
l£p trang thai on dinh la mot diem yen ngUa dia phUUng. 

E. DIEU KHIEN TO! IfU CO RANG BUOC 

TrUdc day ta da gap cac rang buoc khi xet den cac loai difdng thang 
cuoi, ke ca cac duong thang cuoi cut. Cac rang buoc nay chi lien quan vdi 
nhOng gi xay ra d nhtfng diem dau mut cua ducing di. va cac dieu kien dUdc 
phat trien de xu ly chung ve ban chat la cac dieu kien hoanh. Trong phan 
nay. ta trd lai cac rang buoc ap dung suot ky kc hoach 10,TJ. 

Nhu trong phep tinh bien phan, viec xd ly cac rang buoc trong ly 
thuyet dieu khien toi Uu dUa nhieu vao ky t.huat nhan tii Lagrange. NhUng 
vi cac bai toan dieu khien toi uu khong chi chda cac bien trang thai ma con 
chtfa cac bien dieu khien, can phan hiet gitfa hai nhom rang buoc chinh. 
Trong nhom thOf nhat, cac bien dieu khien co trong cac rang buoc, hoac co 
hoac khong co cac bien trang thai. Trong nhom thu: hai, cac bien dieu khien 
v&ng mat, nen cac rang buoc chi tac dong doi vdi cac bien trang thai. Nhu ta 
se t.hay, cac phitdng phap xti ly doi vdi hai nhom la khac nhau. 

I. NHUNG RANG BUOC CO CHUA CAC BIEN DIEU KHIEN 

Trong nhom rang buoc thu nhat - nhQng rang buoc co bien dieu khien 
— co the xet bon loai cd ban: Cac rang buoc dang thde, cac rang buoc bat 
dang thiic, cac rang buoc dang thUc tich phan va cac rang buoc bat dang 
thCtc tich phan. Noi chung ta se dUa cac bien trang thai vao cac rang buoc 
cung vdi cac bien dieu khien, nhung phuong phap xd ly thao luan trong muc 
nay ap dung dUoc ngay ca khi cac bien trang thai khong co mat. 

1,1.Cac rang buoc dang thtic 

Gia sti trong mot. bai toan co hai bien dieu khien, u, va u^, ma chung 
doi hoi thoa man dieu kidn 

g(t,y,u lt u 2 ) = c 

Ta se goi ham g la ham rang buoc, va hang so c la hang so rang buoc 
thi bai toan dieu khien co the phat bieu la 
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Chuang ill. Dieu khien tea uti va ting dung trong kinh te 


Cue dai £ F(t,y,u,,u z ) dt (3.201.1) 

thoa man y = f(t,y,u,,u 2 ) (3.201.2) 

g(t,y,u 1 ,u 2 ) = c (3.201.3) 

va cac dieu kien bien (3.201.4) 

Day la mot dang ddn gian cua bai toan vdi m bien dieu khien va q 
rang buoc d£ng thtic, d day doi hoi q < m. 

Nguyen ly cUc dai doi hoi cUc dai hoa Hamilton 

H = F(t,y,u„u 2 ) + \(t) f(t,y,u t ,u 2 ) (3.202) 

vdi moi t e fO.TJ. NhUng lan nay diem cue dai cua H phai thoa man rang 
buoc g(t,y,u ]t u 2 ) = c. Do do ta dat bieu thtic Lagrange 

M = H + 8(t)[c - g(t,y,u„u 2 )] 

= F(t,y t u lf u 2 ) + A.(t)f(t,y,u„u 2 ) + 0(t)[c- g(t,y,u l ,u 2 )] (3.203) 

d day, nhan tut Lagrange 0, la mot ham cua t. Dieu nay can thiet la vi rang 
buoc g phai thoa man tai moi t trong ky ke hoach. Gia thiet co nghiem trong 
cho moi Uj, ta doi hoi ring 

dM dF df 

t - = —— + X — -0-— = 0 vdi moi t g }0,T] (j = 1, 2) (3.204) 

duj Aij ftij 


Dong thdi ta cung doi hoi 

' dM 

— = c-g(t,y,u,,u 2 ) = 0 vdi moi t e [0,T] (3.205) 

d0 

de dam hao r&ng rang buoc se luon co hieu luc. Ca (3.204) va (3.205) tao 
thanh dieu kien cap mot doi vdi diem cUc dai co dieu kien cua H. Tat nhien, 
dieu nay phai dUdc giup them b&ng mot dieu kien c£p hai thich dang hoac 
mot dieu kien lorn thich hdp. 


Phan con lai cua cac dieu kien trong nguyen ly cUc dai gom: 
a ef dH' 


y = 


dX 


(phudng trinh chuyen dong doi vdi y) 


(3.206) 


va 
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i = m dg) 

*y r " By" + '%J (phmn Z tri "h chuyln dong do, vdi X) (3.207) 

va mot dieu kien hoanh thirh hon To +ua' ^ 

« «* <»«.»-—* ^ str** ' h "r«■» 

** “» *»* phi, «, hay Mm „L a L““' "T”* 

SSr“~« 

;1?hes~s=h 

1.2. Cac rang buoc bat d£ng tlnfc 

rin K hU ?' ^ ^ kh6 " g dl d " ng * P cl >o cac bai loan vdi cac 

ng buoc bat dang thtfc, nen cfin co mot the, tuc khac do, vdi bai toan nay. 

Dau tifin ta dl y ring kh, rang buoc g co dang bat dang thde khbnc 
can pha, nbat thiet la so'bien d,eu khie'n Idn hdn S o rang buoc T d 1 „ 

T1Z ? Ch ° " Ph ' ?m - * * <**" ^ bon ^ ^ S 

ac rang buoc o dang dang thtfc chat. De’ don g,an. ta se mmh hoa loai bai 
an nay VC ha, b.en dieu khie'n va hai rang buoc bat diing thfle: 

£ Kt,y,u,,u 2 ) dt (3.208.1) 

y = f(t,y,u 1>U2 ) (3.208.2) 

g (t ’ y ’ u i’ u 2)^c 1 (3.208.3) 

g (t ’ y ’ u i’ u 2>^c 2 (3.208.4) 


Cue dai 
thoa man 


va cac dieu kien bien 


(3.208.5) 


Hamilton dinh nghla trong (3.202) vSn dung doi vdi bai toan hien t,, 

rang’buo" bZP "7^ ^ ^ *“* the0 U| ^ ^ th oa bai 

de' I d' t 8 ^ Ca " CdC d ‘ gu ki «" bnhri-Tucker. Ngoa, ra 

de cac d,eu k,en nay ,a dieu kien can. cluing phai thoa man cai go, la t£ 
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chuan chat lUdng doi vdi rang buoc. Theo dinh nghia trong dinh ly cua 
Arrow, Hurwicz va Uzawa. Rang buoc co mot trong cac tinh chat sau dupe 
noi la thoa man tieu chuan " chat lUdng": 

(1) Tat ca cac ham rang buoc g* la lorn theo cac bien dieu khien Uj [d 
day, lom theo (U],u. 2 )l 

(2) Tat ca cac ham g' la tuyen tinh theo cac bien u, [d day, tuyen tinh 
theo (u> t Uo)] - trudng hdp dac biet cua (1). 

(3) Tat ca cac ham rang buoc g l la loi theo cac bien dieu khien u r Va, 
ngoai ra, ton tai mot diem trong mien dieu khien u f > e V/ [d day, u n la diem 

(u l( „u 20 )| sao cho khi lay gia tri tai u 0 , tat ca cac rang buoc g’ < c ; . (Nghia la, 
tap hdp rang buoc co mien trong khong rong.) 

(4) Cac ham £ thoa man dieu kien hang: Khi chi lay nhUng rang buoc co 
hieu qua hay thoa man chat, hay lap ma tran cac dao ham rieng [dg’/dUj] e (d day 

e “chi nhutng rang buoc co hieu qua”), va cac dao ham rieng lay gia tri tai cac gia 
tri toi Uu cua cac bien y va u. Dieu kien hang la: hang cua ma tran nay being so 
cac rang buoc co hieu qua. 

Bay gib ta dua them Hamilton vao ham Lagrange: 

Ji~ F(t,y.u,,u L ,) + A.(t)f(t,y,u 1 ,u ii ) + 0,(t)[c r g^Ly,!!,.^)] + 

0-i(t)Ic,- g^Ct.y,u, ,u- 2 >] (3.209) 

De cho gon ta viet 

Jt = F + X f + e^c,- g 1 ) + e 2 (c,- g 2 ) (3.209’) 

Dieu kien cap mot doi vdi cUc dai M, khi gia dinh cac nghiem la nghiem 
trong, doi hoi 

— - 0 (3.210) 

(Xi, 

cung nhu 

Fj> Fjj 

-~ = c x -^>0 ©i > 0 6,^ = 0 (3.211) 

dOj 50J 

(i = 1, 2 va j = 1, 2) vdi moi t € | 0,T] 

Dieu kien (3.211) khac vdi (3.205) bdi vi cac rang buoc trong bai toan 
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. i, vd tou k„n do* w , a M y<u ei|Mi) = „ iin . _ 

h« eta 9, ,„„ B «09, ,1 WW tl |„ „ gMem „ “ „ 

trung vd, gia tri cua H = F + X f tai nghiem. 

(3 210u' n ^ J" g ; kh6ng g,6 " g tr ° ng qUy h0 ^ h P hl tuyen, trong 

Wdiffl u » * d,.„ k,|„ oq, m aoa,. cha ku ‘ 

ihfas b * rt « ** «*»•.» Niu „ 

toan (3.208) chtfa cac dieu kien khong am 

Uj(t) > 0 

“ f! " U Wfn KUhn TUCker ’ * PhAl thay ■*“ kiqn ^ = 0 trong 


Uj >0 


&£ 


(3.212) 


nhu «2T Ch l" a f ng k * W ' U * tr ° rlg (3 - 212) d§ ' ky hl ? U ^ “Ot Lagrange 

nhan tu md, cho moi rang buoc khong am u,(t) £ 0. 

Cacdieu kien nguyen ly cue dai khac hao g6m cac phuong trinh 
Chuyen dong doi vd, y va X. Cac di*„ k.en nay giong y nhu trong (3.206) va 


(3.213) va 


(3.214) 


Ta't nhten. cac diet, kien hoanh cung phai dude them vao bft cU kh, 
nao thich hop. 

1.3. Bai toan dang chu 

Khi co mot rang buoc- tich phan, bai toan di«u khie’n dude goi la bdi 
toan dang chu. Dang chu y den hai dac diem cua bai loan nhu vay. ' 

Thuf nhat: 

ft6n h J P tr * nf? tMl vdi rang buoc tich phan, cung nhu trong phep 
tinh hien phan, la hang so theo thdi gian. 


16- TUHD 
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Chuang III. Dieu khien toi uu vd tmg dung trong kinh te 

Thai hai: 

Mac du ve ban chat, rang buoc la mot dang thtfc ch&t, khia canh tich 
phan cua no tranh dUdc sU can thiet gidi han so rang buoc so vdi so bien 
dieu khien. Chung ta se minh hoa phUdng phap giai vdi bai toan chiia mot 
bien trang thai, mot bien dieu khien. va mot rang buoc tich phan: 


Cue dai 

F(t,y,u) dt 


(3.215.1) 

thoa man 

y = f(t, y,u) 


(3.215.2) 


G(t,y,u)dt = k 

(k cho trUdc) 

(3.215.3) 

< 

o 

II 

y(T) tu do, (y 0 , T cho trUdc) 

(3.215.4) 


Cach tiep can dude sii dung a day la dUa mot bien trang thai mdi F(t) 
vao bai toan de cho rang buoc tich phan co the dude thay bang mot dieu 
kien bieu dien theo F(t). Vdi muc dich do, ta dinh nghTa bien T(t) ma dao 
ham cua no dUdc cho bdi 

r = - [phUdng trinh chuyen dong doi vdi T] (3.216) 

va cac gia tri dau va cuoi cua T(t) trong ky ke hoach 1& 

HO) = - jV»(t, y, u)dt = 0 (3.217) 

va 

T(T) = - f G(t,y,u)dt = -k [theo (3.214)] (3.218) 

Tir (3.218), ro rang rftng ta co the thay the rang buoc tich phan da cho 
bling mot dieu kien cuoi doi vdi bien f. 


Dua T vao bai toan nhu mot bien trang thai mdi, ta co the phat bieu 
lai (10.14) nhu sau: 


Cue dai 

^F(t,y,u) dt 

(3.219.1) 

thoa man 

y = f(t,y,u) 

(3.219.2) 


r = -G(t,y,u) 

(3.219.3) 

y(0) = y 0 , 

y(T) tu do, (y 0 , T cho trUdc) 

(3.219.4) 

va f(0) = 0, 

f (T) = -k, (k cho trUdc) 

(3.219.5) 
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Bai toan mdi nay la mot bai toan khong rang buoc vdi hai bien trartg 
thai, y va F. Trong khi bien y co mot ditdng cuoi thing dting, bien F chi co 
mot diem cuoi co dinh. Vi bai toan nay bay gib la mot bai toan khong rang 
buoc, ta co the lam viec vdi Hamilton ma khong phai triidc het mb rong no 
thanh mot ham Lagrange. 

Thu tuc nay co the lap lai cho cac rang bubc tich ph&n khac, vdi moi 
ldn ap dung mang lai mot bien trang thai m6i cho bai toan. Do la ly do 
khong cin han che so' rang buoc tich phan. 

Ta dinh nghia Hamilton la 

H = F(t,y,u) + X f(t,y,u) - p G(t,y,u) (3.220) 

Tif nguyen ly ctfc dai ta co cac dieu kien sau day: 

MaxH doi vdi moi t e [0,T] 

(phUdng trinh chuyen dong doi vdi y), 

(phtfdng trinh chuyen dong doi vdi X) (3.221), 
(phUdng trinh chuyen dong doi vdi F), 

(phUdng trinh chuyen dong doi vdi p), 

(dieu kien hoanh). 

Dieu phan biet (3.221) vdi cac dieu kien doi vdi bai toan khong rang 
buoc thong thtfdng la s \i co mat cap phUdng trinh chuyen dong doi vdr V va 
p. Vi bien T 1 k do ta tao ra ma nhiem vu cua no chi la hudng din ta them so' 
hang -pG(t,y,u) vao Hamilton va dUdng di thdi gian cua no khong dang trite 
tiep quan tam, ta co the bo phtfdng trinh chuyen dong cua no khoi (3.221) 
mot each an toan ma khong co hai gi. Mot mat khac, phtfdng trinh chuyen 
dong cua p mang mot thong tin co y nghia. Vi bien T khong xuat hien trong 
Hamilton, suy ra rang 


y = 


x = - 


dX 
dU 


\ = 


dy 

aH 

dp 

aH 


p = - 


ar 


X(T) - o 
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Bieu thiic nay cung c6 dicu khang dinh trUdc day cua ta rang bien 
hiep trang thai gSn vdi rang buoc tich phan la hang so theo thdi gian. 
NhUng neu chung ta nhd rftng nhan tii p la hang so, ta cung co the bo 
phUdng trinh chuy§n dong cua no khoi (3.221). 

1.4. Rang buoc bat dang th tic tich phan 


Cuoi cung, ta xet trifdng hop trong do rang buoc tich phan tham gia 
vao bai loan nhu mot hat dang thtic, chang ban 


Cue dai 

F(t,y,u) dt 

(3.223.1) 

thoa man 

y - f(t, y,u) 

(3.223.2) 


|| G(t,v,u)dt < k (k cho trude) 

(3.223.3) 

va y(0) = y ;! . 

y(T) tu do, (y, 5 , T cho trade) 

(3.223.4) 


Khi theo each xU ly nhu bai loan dang chu, ta lai co the loai rang buoc 
bat dfing thtic tich phan bang each tliUe bien mot phep the. 

Hay dinh nghia mot bien trang thai mdi T giong nhu da chi ra d tren 


ma dao ham cua no ddn gian la 

r = — G(t, \\li) [phUdng trinh chuyln dong do! vdi f] (3.224) 

va cac gia tri d&u va cuoi cua no la 

r(0) = - ||G(t, y, u)dt - 0 (3.225) 

T(T) = - j|G(t,y,u)dt > -k [theo (3.223)] 

Sti dung (3.224) va (3.225), ta co the phat bieu lai bai toan (3.223) la 

Cucdai || F(t,y.u) dt (3.226.1) 

thoa man y = f(t, y,u) (3.226.2) 

T - -G(t,y,u) (3.226.3) 

y(0) = y 0 y(T) tu do (y (1 , T cho trUdc) (3.226.4) 

va 1(0) = 0 r<T) > -k (k cho trUdc) (3.226.5) 


Giong nhuf bai toan trong (3.209), day la mot bai toan khong rang buoc 
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vdi hai bien trang thai. NhUng, khong giong (3.219), bicn mdi F trong 
(3.226) co mot dUOng cuo'i thang drfng cut. 

Hamilton cua bai toan (3.226) ddn gian la 

H = F(t,v,u) + X f(t,y,u) - p G(t,v,u) (3.227) 

Neu cac tieu chuan doi vdi rang buoc thoa man, thi nguyen ly ciie dai 
doi hoi rang: 

MaxH doi veil moi t e [0,T] (3.228.1) 

XI 

dH , , 

v =- [phudng trinh chuven dong doi vdi y] (3.228.2) 

dx 

dH 

X = - -— [phuung trinh chuyen dong doi vdi k] (3.228.3) 

dy 


F - —— [phUdng trinh chuyen dong doi vdi F] (3.228.4) 

dp 

dH 

p = .-— [phUdng trinh chuven dong doi vdi p](3.228.5) 

c;F 

X(T) = 0 [dieu kien hoanh doi vdi y] (3.228.6) 

p(T) > 0 F(T) + k > 0 p(T)[F(T) + k] = 0 (3.228.7) 

[dieu kien hoanh doi vdi V] 

Lai mot bin nCta. Itfu y rang vi Hamilton doc lap vdi F. ta co 

u = - — = 0 => pi(t) = hang so 

dl 

Do do, ro rang rang nhan til gan vdi rang buoc tlch phan bat ky la 
hang so theo thbi gian. Hdn nda, trong bai toan hien tai, ta co the suy dien 
tif dieu kien hoanh r&ng gia tri h5ng so cua p la khong am. NhUng, nhu 
trong (3.221), thuc te ta co the bo qua cac phUdng trinh chuyein dong doi vdi 
T va (i trong (3.228), vdi dieu kien la ta nhd rang p la mot hang so' khong 
am. Trai lai, dieu kien hoanh doi vdi V - lien quan vdi tinh bu yeu - phai giCt 
lai de phan anh ban chat bat dSng thUc cua rang buoc. Tom lai, cac dieu 
kien trong (3.228) co the phat bi§u lai khong dc cap den T nhu sau: 

MaxH doi vdi moi t e [0,T] 


(3.228M) 
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. _ dH 


(3.228 > .2) 

dX 

i- dH 


(3.228’.3) 

dy 

X(T) = 0 


(3.228'.4) 

p = hang so' > 0 

k-^G(t,y,u)dt>0 

(3.228’.5) 

\ k ~ f 

= 0 [theo (3.225)] 

(3.228’.6) 


Trong thao luan tren, bon loai rang buoc da dUdc xd ly rieng re. 
Nhtfng trong trUdng hop chung xu&'t hien dong thdi trong mot hki toan, 
chung ta vk co the giai quyet bang each k£'t hop cac thu tuc thich hop cho 
moi loai rang buoc. Doi vdi moi rang buoc dang g(t,y,u) = 0 ho&c g(t,y,u) < c, 
ta them mot so' hang nhan tut 6 mdi vao Hamilton, bang each do mcl rong no 
thanh mot Lagrange. Va doi vdi moi rang buoc tich phan, dang d&ng thtic 
hay bat d&ng thde, ta dUa vao mot bien trang thai m6i, ma bien hi£p trang 
thai cua no la p - mot h&ng so' - dUdc phan anh trong mot so' hang -p G(t,y,u) 
trong Hamilton. Hdn nfla, neu rang buoc la mot bat dang thtic, se co mot 
dieu kien bu yeu doi vdi nhan td 0 hoac p. 


Thi du 1 . Mo hinh chu trinh kinh doanh do anh hudng chinh tri 
(3.61): 


Cue dai 

[ ) r v(U,p)e rt dt 

(3.229.1) 

thoa man 

p = <1>(U) h- an 

(3.229.2) 


7i = b(p - 7r) 

(3.229.3) 

va tt(0) - tt (J ti(T) tu do 

T cho trUdc) 

(3.229.4) 


chtia mot rang buoc dang thutc p = <|>(U) + an. NhUng ta da giai bai toan nhU 
mot bai toan khong rang buoc bang each the de loai phudng trinh rang buoc 
ra. Bay gid ta chi ra each giai quyet no tnic tie'p nhU mot bai toan co rang buoc. 

Trong bai toan nay, k la bien trang thai; no co mot phitdng trinh 
chuyen dong. Trufdc day, vi p dUdc the va dua ra ngoai, U la bien dieu khien 
duy nhat. Tuy nhien, bay gid p v&n con trong mo hinh, nen no phai dUdc 
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xem nhtf mot bien dieu khiSn khac. Nhtf vay, phtfdng trinh rang buoc 

p - <(>(U) - a 7i = 0 

phu hop vdi dang t.htfc tong quat g(t,y,u,,U 2 ) = c trong (3.201), mac du trong 
do khong c6 doi so't dtfbi dang hien. 

Theo (3.203), t.a co the viet ham Lagrange 

■it — v(U, p)e H + kb(p - n) + 8[<(>(U) + a n - pi (3.230) 

Neu stf dung cac ham cu the sau day: 

v(U,p) = -U 2 - hp (h > 0) [tir (3.62)1 

<|>(U) = ]-kU (j,k>0) [txi (3.63)] 


thi ham Lagrange trcf thanh 

Jt - (-U“ - hp)e rt + Wp - tt) + 0[j - kU + ait - p) (3.230’) ‘ 

Theo do, nguyen ly ctfc dai din den cac dieu kien 


= -2Ue rt - 9k = 0 [theo (3.204)1 


CM 

du 

— = -he rt + Xb~ 0 = 0 [theo (3.204)1 
dp 

-~r - j-kU + an-p = 0 [theo (3.205)] 
dQ 


* - = b(p - n) 

dX 

dM 

a. = - - / v b - 0a 

Gn 


[theo (3.206)] 
[theo (3.207)] 


(3.231) 

(3.232) 

(3.233) 

(3.234) 

(3.235) 


va them mot dieu kien hoanh. Tat nhien cac dieu kien nay ttfdng dudng vdi 
cac dieu kien rut ra trtfdc day blng mot each tiep can khac. 

De kiem tra lai stf ttfdng dtfdng cua hai each ti£p can, ta hay the hien 
lai d day de so sanh cac dieu kiSn 

777 = (-2U + hk)c rt - Xbk = 0 [cUc dai Hamilton] (3.236) 

du 


n = b[j - kU - (1 - a}Tr] [phtfdng trinh chuyen dong trang thai] (3.237) 
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). = hae" + A.b(l - a) [phudng trinh chuyen dong hiep trang tbai] 
(3.238) 

Dhu tien ta se chi ra rang (3.231) va (3.232) - cac dieu kien doi v6i hai 
bien dieu khiein U va p — cung hdp lai ttfdng difdng vdi (3.236). Giai (3.232) 
doi vdi 6, ta tim diiOc 

0 = -he rt +Xb (3.239) 

The vao (3.231) cho ta 

— = - 2Uc rt + hke rl - ?Jbk = 0 (3.240) 

au 

trung vdi (3.236). Tiep theo, giai (3.233) doi vdi p. ta ditpc 

p = j - kU + a tt (3.241) 

Day tat nhien chi phat bieu lai rang buoc. Bieu thufc nay giup ta viet, 
lai (3.234) la 

jx = b( j" kU + air — ti) — b[j — kU — (1 — a)7i] (3.242) 

No giong y nhit (3.237). Cuoi cung, sti dung bi§u thtic 6 trong (3.239), 
co the viet lai (3.235) la 

1 = >,b + hae rt - Xba = >.b(l - a) + hae rt (3.243) 

trung vdi (3.238). Vi vky, hai each tiep can la ttfdng dtfdng. 

1.5. Ham Hamilton va Lagrange theo gia tri hien thcfi (dtfcfng thdi) 

Khi bai toan co rang buoc co chtia thefa so chiet khau, co the sii dung 
Hamilton theo gia tri hien thdi H c thay cho H. Trong tritbng hdp do, 
Lagrange M phai dude thay bang Lagrange theo gia tri hien thdi M c . 


Hay xet bai toan co rang buoc bat dang thufc 


Cite dai 

|y<D(t,y,u)e‘ pt dt 

(3.244) 

thoa man 

y = f(t, y, u) 

(3.245) 


g(t,y,u) < c 

(3.246) 

va cac dieu kien bien 


(3.247) 


Hamilton va Lagrange binh thudng la 
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H = d>(t,y,u)e' pt + A,f(t,y,u) 

M = <P( t,y,u)e _pt +Xf(t t y,u) + 0[c-g(t,y,u)] 


(3.248) 

(3.249) 


Va nguyen ly ciic dai doi hoi (gia thiet co nghiem trong): 

—— 0 v<3i moi t e [O.T] (3.250) 

— = e-g(t,y,u)>0 0>O 0^ = 0 (3.251) 


y =• 


oM 

ox 



(3.252) 


(3.253) 


va mot dieu kien hoanh thich hdp. 

B^ng each dtfa vao cac nhan mdi 

m = >.c pt (keo theo X = me 111 ) (3.254) 

n = 0e t>l (keo theo 6 - ne~ fl> ) 


ta co the dua vao cac dang tinh theo gia tri hien thdi cua H va M nhtf sau: 

H c = He pt = cp(t,y,u) + mf(t,y,u) ^ 2 

JL V = ^e pt = cp(t,y,u) + mi'(t,y,u) + n[c - g(t,y,u)] 


(3.256) 


Co thi dl dang kiem tra lai rang 


dM tc _ d£ 
3u du 


dM v _ OM 


on. 


d0 


va 


dM K _ oM 
dm OX 


Do do, cac dieu kien (3.250), (3.251) va (3.252) co the dtfdc bieu diin 
mot each tUdng dUdng qua M c va cac nhan tti m6i m va n nhu sau: 


-^ = 0 


vdi moi t e [0.T] 


(3.257) 
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y - (3.259) 

dm 

Sii cai bien chinh duy lihat doi hoi khi ta sU dung la d phiidng trinh 

chuyen dong doi v6i bien hiep trang thai, (3.253). Phat bieu mdi titdng 
during, sU dung bien m6i m. la 

m - - + pm (3.260) 

dy 


De kiem tra dieu nay, dau tien lay dao ham bieu thtic a. trong (3.254) 
theo t, de thu dutfc 


K = riie pt - pme ,u 


Roi l&y dao ham Ji theo y d£ thu dude 

~ = -<V* - A.f v + 9&V 

dy 


Dat hai bieu thiic nay bang nhau theo (3.253), va nhan vdi eP t , ta tim 

difdc 

rh - pm = —Oy - mf y + ng y 

Vi bieu thiic d vc phai bang -dJiJd v [tti (3.256)1, ta suy ra ngay ket qua 
trong (3.260). 


Doi vdi cac bai toan chi co cac rang buoc tlch phan, khong can thiet 
ham Lagrange nao, hay noi mot each khac, Lagrange rut gon ve Hamilton. 
Do la vi ta da dua moi rang buoc tich phan vao bai toan qua mot bien trang 
thai mdi - nhu la F trong (3.219) va (3.226). Theo do, cac dieu kien nguyen 
ly cue dai co the dUric phat bieu lai theo Hamilton. Neu ta quyet dinh sii 
dung H c thay cho H, thi thu tuc da vach ra co the ap dung mot each d§ 

dang. Lai mot lan nfia, cai bien chu yeu la 3 phUdng trinh chuyen dong hiep 
trang thai, cu the la thay dieu kien X = -dH / dy bang dieu kien 
m = -5H ( . Idy+ pm. Vdi mot bien trang thai mbi dua vao F, bai toan se co 

mot bien hiep trang thai mdi p. Vi phUring trinh chuyen dong cua no la 
p = -dH / dF = 0 , nen p la mot hang so. 


1.6. Cac dieu kien du 

Cac dieu kien du Mangasarian va Arrow, da thao luan trude day trong 
pham vi cac bai toan khong rang buoc, cung dung doi vdi cac bai toan co 
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rang buoc khi thdi gian cuoi T co dinh, bao gom cac trUdng hdp diem cuoi co 
dinh, dUdng thing cuoi ddng hoac mot dUdng cuoi thing dting cut. 

Ta hay sU dung ky hieu u de bieu thi vec td cac bien dieu khien. Thl 
du, doi vcfi bai toan (3.201) va (3.208) ta co u = (u,,^). Nhu trUde day, cho 
H° ky hieu Hamilton cUc dai hoa - Hamilton lay gia tri theo dUdng di u*(t). 
NhUng trong khuon kho hien tai, Hamilton difdc hieu la dUdc cue dai hoa 
thoa man tat ca cac rang buoc dang g(t,y,u) = c hoac dang g(t,y,u) < c co 
trong bai toan. Ngoai ra, vi moi rang buoc tlch phan trong bai toan dude 
phan anh trong H qua bien hiep trang thai m6i p, no cung phai dUdc phan 
anh tUdng tU trong H°. 

' De ddn gian, ta co gop cac dieu kien du Mangasarian va Arrow vao mot 
phat bieu: Cac dieu kien cua nguyen ly cUc dai la du doi v6i cUc dai hoa toan 
cue cua phiem ham muc tieu neu: HoaCrC 1 & lorn theo (y,u) doi v6i moi t e [0,T]; 
Ho&c H° la lom theo y do! vdi moi t e [0,t], doi v6i X da cho. (3.261) 

Cac dieu kien nay cung co the ap dung dUdc cho cac bai toan tim vo 
han, nhung trong trUdng hdp tim vo han, (3.261) can dUdc bo sung bdi mot 
dieu kien hoanh 

lim>.(t)[y(t)-y*(t)] > 0 [so sanh (3.174)] (3.262) 

\->y. 

Co the them vao day mot vai nhan xet ve (3.261). Thrf nhat, nhu da 
chi ra trUde day, tlnh lom cua Ji theo (y,u) nghia la 15m theo bien y va u 
d6ng thdi, khong phai rieng re theo y va theo u. Thti hai, vi H va £. dUdc tao 
thanh tii cac ham F, f, g v& G nhu sau: 

H = F + X f - pG va £ = H + 6[c - g] 

nen ro rang rang (3.261) se thoa man neu dong thdi co 

F la lom theo (y.u) 

X f la lom theo (y,u) 

p G la loi theo (y,u) 

va 0 g la loi theo (y,u) vdi moi t e [0,T] 

Tuy nhien, trong trUdng hdp mot rang buoc b§ft d&ng thtic tlch phan, 
trong do p la mot h5ng so khong am [theo (3.228)], tlnh loi cua p G dUdc 
dam bao bdi tlnh loi cua chlnh G. TUdng tU, trong trUdng hdp mot rang buoc 
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bat d&ng thtic, trong do 9 > 0 fthoo (3.211)1, tinh loi cua 0g dupe dam bao bdi 

tinh loi cua chlnh g. Cuoi cung, neu sti clung Hamilton va ^agrange theo gia 
tri hien thdi, (3.261) co the de dang phong doan bang viec thay M bdi va 

H° bdi H° c . 

II. L/NG DUNG KINH TE - DONG THAI CUA CAC CONG TY ClTC DAI 
HOA DOANH THU 

Trong mo hinh Evans ve cong ty doc quyen dong, muc tieu dupe neu 
len la cUc dai tong loi nhuan. Dieu nay khong co gi la, bdi vi do cung chinh 
la muc tieu cbung cua hau het cac hoat dong kinh te dupe cac nha kinh te 
chap thuan tit lau. Tuy nhien, Baumol dita ra mo hinh trong do thay vi cUc 
dai loi nhuan da xet ham muc tieu la doanh thu cac cong ty hien dai co 
gftng cde dai hoa doanh so ban hang dong theft thoa man doi hoi thong nhat 
ve ty le tra lai. Co sd cua quan diem do la ngay nay co co sU phan tach giUa 
quyen sd hotu va quyen quan ly trong hinh thtic to chtic dien hinh cua cong 
ty, trong do nhutng ngudi quan ly, vi loi ich cua minh, ho nghieng ve phla 
cUc dai luqng hang ban ra, mac du muc tieu cua cac co ddng la cUc dai loi 
nhuan. Tuy nhien, d§ xoa diu cac co dong. nhUng ngudi quan ly phai co 
gang dat it nhat mot ty le tra lai chap nhan dupe. 

Vi mo hinh Baumol la tinh. ngudi ta nghi ngd tinh vflng chac cua no 
trong khuon kho dong. Dac biet, vi lpi nhuan la phUOng tien cua tang 
trudng, va tang tritdng lam cho co the dat doanh so" ban ldn hon, nen dudng 
nhii trong khuon kho dong, cUc dai hoa lpi nhuan co the la tien de cho cUc 
dai hoa doanh so ban. D§ xet xem tien de Baumol co con dung trong mot the 
gidi dong hay khong, Hayne Iceland da dat ra mo hinh dieu khien toi Uu 
dudi day. 

2.1. Mo hinh 

Hay xet mot cong ty san xuat mot hang hoa vdi ham san xuat tan co 
dien Q = Q(K,L), ham nay la thuan nhat tuyen tinh va tUa lom chat, tUc la 
gia thiet: 

^ = 4>(k) (k = f) <K0) = o 
I> ^ U ) 

Qk - ^ (k) Qk > 0 Qkk <0 

Q l =$(k)-kf(k) Qi, > 0 Q ll < 0 


(3.263) 
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Tat cii car gia ca - ke ca tien cong W va gia hang hoa von - dude gin 
thiet la hang so, va gia san pha’m cua cong tv dUdc chuan hoa ve 1. Nhu 
vay, doanh thu va (tong) ldi nhuan cua cong ty lan lUdt la 

R = Q(K,L) . 1 = Q(K,L) 

tt = R - WL = Q(K,L) - WL 

Do lam vita long c 6 dong, nhtfng nguTcri quan ly phai xac dinh mot ty le 
tra lai chap nhan dude ft nhat r i: ,. Dieu do co nghia la cong viec quan ly hi 
rang buoc bdi bat dang thiic 

— > r„ bay Q(K,L) - WL - r„K 2 0 (3.264). 

Ta con phai chi ra quyet dinh ve dau tu va tich luy von. De don gian, 
ta gia thiet rAng, cong ty luon luon gianh mot ty le co" dinh ldi nhuan de dau 
tu trd lai vao von. Dinh nghia a la ty le ldi nhuan d&u tu trd lai do. Ta co 

K(= 1) = an - u[Q(K,L) - WL] (3.265) 

vdi von ban dau K(0) = K n . 

Nhu vay, ta co the phat bieu bai toan cua cong ty cvic dai doanh thu 


nhu mot bai loan v6i rang buoc bat dang thCfc la: 

Cilcdai £ r Q(K,L)e- 1 '' dt (3.266.1) 

thoa mail K = a[Q(K,L) - WL| (3.266.2) 

WL + r„K ■ Q(K.I.) < 0 (3.266.3) 

va K(0) = K„ K(T) til do (K,„T cho trude) (3.266.4) 


Mo hinh nay chi co hai bien, K va L. Su co mat cua phUdng trinh 
chuven dong cua K noi Ion rAng K dong vai tro bien trang thai, con L nhu 
bien dieu khien duy nhat. 

De y rAng ham rang buoc WL + r 0 K - Q{K,L) la 16i theo bien dieu 
khien L, va tap hdp cac rang buoc cua cac diem de bat dang thiic thoa 
man ngat (co ty le tra lai 16n hdn mUc r 0 ). Nhu vay, rang buoc chat lUdng 
thoa man. 

2.2. Nguyen ly c\ic dai 

Hamilton theo gia tri hicn thdi cua hai toan nay la 
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H c = Q(K,L) + m a [Q(K,L) - WL] 

B5.ng viec bo sung them cho Hamilton vdi thong tin trong rang buoc 
bat (Icing thiic, ta co the viet Lagrange theo gia tri hien thdi la 

= Q(K,L) + m a [Q(K,L) - WL] + n [Q(K,L) - WL - r 0 K] 

Tti (3.257) va (3.258), ta co cac dieu kien cap mot sau day doi vdi cUc 
dai hoa J£ c : 

s (l + ma + n)Q u - (ma + n)W = 0 , vdi moi t <= [0,T] 

5L 

^■ = Q(K,L)-WL-r 0 K>0 n >-0 
5n 

va n[Q(K,L) WL-r„K] = 0 

Dl xac dinh dong thai cua he thong, ta dua vao hai phtldng trinh 
chuyen dong 

K.^ = a[Q(K,L)-WL] 

5m 


va 

m = + pm = -(1 + ma + n)Q K + nr 0 + pm [theo (3.260)] 

5K 

Cuoi cung, phai quy dinh dieu kien hoanh 

m(T) = 0 

vi K(T) tu do. 

III. CAC RANG BUOC KHONG GIAN TRANG THAI 

3-1. Rang buoc 

Nhom rang buoc: thti hai gom cac rang buoc ma trong do khong co bien 
dieu khien nao xua't hien. Cac rang buoc nhu vay dat nhOng han che doi vdi 
khong gian trang thai, va phan ranh gidi mien di chuyen.ch^p nh&n dUOc 
doi vdi bien y. Mot thi du ddn gian cua loai rang buoc nay thich hop cho 
nhieu bai toan kinh te la nhting rang buoc khong am 

y(t) > 0 hay -y(t) < 0 vdi moi t e [0,T] 
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Nhimg tong quat hdn, rang buoc nay co the co dang 

- c vdi moi t g [0,T] 

Trong moi trtfdng hop, bien dieu khiln u khong co mat trong cac ham 
rang buoc. 

Do ngau nhien, co the xay ra la khi ta bo qua rang buoc khong gian 
trang thai va giai bai toan da cho nhu mot Mi loan khong rang buoc, during 
di toi Uu y*(t) nam hoan toan trong mien cho phep. Trong tracing hop do, 
rang buoc la tam thuong. Tuy nhien, vdi mot rang buoc co y nghia, ta ky 
vong duong di toi uu khong rang buoc se vi pham rang buoc, vi nhu dudng 
ditt net trong Hinh 3,15a vi pham dieu kien khong am. 



Hinh 3.13 

Nghiem toi Uu dung trong Thi du nay, duoc minh hoa bang dudng lien 
net, co the chda mot hoac nhieu doan n*m tren chlnh can rang buoc. Nghia 
la, co the co mot ho&c nhieu “khoang rang buoc” (hay “khoang han che"’) 
trong pham vi [0, T] khi rang buoc thuc sU troi buoc (hieu qua), vdi h(t,y) = c. 
Doi khi dudng di toi uu dung co the co mot vai doan chung vdi dudng di 
nghiem khong rang buoc; nhUng hai dudng di cung cd thi hoan toan khac 
nhau nhu minh hoa trong Hinh 3.13b. 

Mac du noi chung ta khong the ky vong nghiem khong rang buoc la 
thich hop, nhufng viec cd thii no khong phdi la y tuong toi. Neu nghiem do 
thoa man rang buoc thi Mi toan dime giai xong. Ngay ca neu khong, sc 
thudng noi len nhUng manh moi hUu fch ve ban cha't cua nghiem dung. 
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3.2. Giai quyet cac rang buoc khong gian trang thai 


Gia sd bai toan la 


Cue dai 

F(t,y,u) dt 

(3.267.1) 

thoa man 

y - f(t,y,u) 

(3.267.2) 


h(t,y) < c 

(3.267.3) 

va cac dieu kien bien 


(3.267.4) 


Ta c ° th ® k >' ™ n S phudng phiip da trinh bay ap dung oho bai loan 
nay. Neu vay, ta co ham Lagrange 


M - F(t,y,u) + X f(t»y,u) + 0 [c - h(t,y)| 
vdi cac dieu kien nguyen ly cite dai (gia dinh nghiem trong) 
d* „ ,, 

— = c-h(t,y)>0 0>O 0 — = 0 

00 cXJ 

y —= f(t,y,u) 
cX 


(3.268) 


(3.269) 


i = -F 

dv > 


cong them mot dieu kien hoanh neu can thiet 

Tai sao cac dieu kien nay khong the ducic sU dung nhu ta da lam trade 

day? 

rrKc'ic het la, trong bai toan co rang bupc da thao luan trade day. Idi 
giai dua vao ttnh lien tuc cua cac bien y va X, chi cac bien dieu khien la cho 
phep CO bade nhay (thi du, bang-bang). Nhung d day vdi cac rang huge trang 
thai thugn tuy, bien biep trang thai X cung co the trai qua cac bade nhay d 
cac diem mol no! noi ma rang buoc h(t,y) < c chuyen tit trang thai long sang 
chat hoac- nguuc lai. Cu thi, ne'u t la mot diem moi nd'i gifla mot khoang 
khong rang buoe va mot khoang rang buoc. va neu ta ky hieu Mn ludt X'(x) 

va X + (t) la gia tri cua X ngay trade va ngay sau bade nhay, thi dieu kien 
nhay la 
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X + (x) = X‘(t) +bh y (b > 0) (3.270) 

Tuy nhien, vi gia tri cua b la khong xac dinh, dieu kien nay chi co the 
giup khdng dinh hdclng nhay. Ltfu y ring co the b bing 0, co nghia la X co 
the khong gian doan tai mot diem mol noi. Tinh huong nay co th§ xay ra 
khi ham rang buoc h(t,y) co mot diem nhon tai t, nghia la khi i khong lien 
tuc tai t. 

Trong moi tritdng hop, thu tuc giai doi hoi mot sd cai bien. Bay gid ta 
can chu y cac diem moi no'i, va hay dam bao khong btfdc vao ph&n c§fm cua 
khong gian trang thai. 


3.3. Mot each tiep can khac 

Trong khi co the tien hanh tren co sd cac dieu kien trong (3.269),.thtfc 
hien mot each tiep can khac trong do thay doi trong trang thai cua rang 
buoc h(t,y) < c tai cac di§m noi difdc tinh den mot each hien hdn thi de dang 
hdn. Xem xet chu yeu cua each tiep can nay la: vi h(t,y) khong dnfdc phep 
ldn hdn c, nen bat cii khi nao h(t,y) = c (rang buoc trd nen thtfc stf troi buoc) 
ta phai dim h(t,y) tang. Dieu nay chi co the dtfdc thtfc hien bang each quy 
dinh dieu kien 

< 0 bat cd khi nao h(t,y) = c 


Luu y rang dao ham dh/dt la mot ham cua t va y bdi vi 

d , . dh dh dy , , 

— h(t f y) = —- + —— = h t + h v f(t,y) = h(t,y) 
dt dt dy dt 

Do do, rang buoc mdi dh/dt < 0 bat cii khi nao h(t,y) = c, hay cu th4 


hdn. 


h(t,y) s h t + h y f(t,y) < 0 bat ky khi nao h(t,y) = c 


(3.271) 


thuoc hoan toan vao nhom g(t,y,u) < c da thao luan. Diem khac duy nh&'t la 
(3.271) khong co gia tri doi vdi moi t e [0,T], ma c£n co hieu lUc chi khi 
h(t,y) = c. 

Vcli rang buoc mdi, phat bieu bai toan bay gid co dang 

Ciic dai £F(t,y,u) dt (3.272.1) 


17-TUHD 
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thoa man 

y = f(t,y,u) 

(3.272.2) 


h(t,y,u) = h t + h v f(t,y,u) < 0 

(3.272.3) 


bat cii khi nao h(t,y) = c 

(3.272.4) 

va 

cac dieu kien bien 

(3.272.5) 


D6 co the so sanh cac dieu kien nguyen ly ctfc dai, ta se dung cac ky 

♦ 

hieu nhan tu phan biet A va 0 b day. Gia srl Lagrange dtfdc viet la 

£' = F(t, y, u) + Af u -0h (3.273) 

Khi do, nhii mot phan cua cac dieu kien nguyen ly ctfc dai, ta doi hoi 
ding (gia djnh rang tieu chuan rang buoc thoa man) 

^ - F„ +- Af u ©h v f„ = 0 

f7U 


va 

f?£- = -h = -h t - h v f(t,y,u) > 0 ©>0 0— = 0 

de 1 y w d& 

Trong khi tap hdp cac dieu kien do! v6i 0 co ve phuc vu cho muc dlch 
phat bieu lai rang buoc, no khong lam ro dtfdc rang tap hop nay ap dung chi 
khi h(t,y) = c. De khiic phuc, ta them dieu kien bu yeu 

h(t,y) < c 0[c - h(t,y)] = 0 

Khi do, h(t,y) < c (rang buoc long) co nghia la 0 = 0, dieu nay lam cho 
so hang cuoi cung trong Jt' khong con, va do do dufa cac dieu kien doi v6i 
d£/3S ve 0. Ngtfdc lai, khi h(t,y) = 0 (rang buoc chat), y muon noi dieu kien 
bu yeu keo theo 0 > 0. Nhtf vay day la mot dang manh hon cua dieu kien bu 
yeu. [Trong dien giai binh thtfdng cua dieu kien bu yeu, h(t,y) = 0 tuong hdp 
vdi 0 = 0 cung nhu 0 > 0.] 

Them vao do, nguyen ly ctfc dai doi vdi each tiep can hien tai cung dat 
mot han che doi vdi each thtic ma 0 thay doi theo thbi gian: Tai cac diem 
ma 0 kha vi, 0 phai khong am bat cd khi nao h(t,y) = c. Han che nay se 
dtfdc giai thich sau. 

Gop tat ca cac ket qua lai, ta co tap hdp cac dieu kien sau day (khi gia 
dinh nghiem trong): 
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—=^+^^4=0 

-r=-h=-{h t +h v f{^y,ii)]>0 0>O 0—^ ~0 

(& 

h(t,y)<c 6tc-Kt,y)]=0 
©<0 [=0 khi h(t,y)<cj 

y=~-=f(t,y,u) 

cn 


(3.274) 


va mot dieu kien hoanh neu din thiet 

Luu y rSng, sau khi rut ra bieu thtjfc h t£f ham rang buoc h(t,y), ta co 
the ap dung trite tiep cac dieu kien trong (3.274) ma khong can chuyen bai 
toan (3.267) ve dang (3.272). 

6 day, nhu trong (3.269), ta gia dinh r&ng cUc dai hoa Lagrange theo u 
mang lai nghiem trong. Neu ban than bien dieu khien thoa man rang buoc 
khong am u(t) > 0, thi dieu kien d£fd u = 0 phai dUdc thay bang dieu kien 
Kuhn-Tucker 


d£' 

— <0 u > 0 
au 


dM' 
u — 
du 


= 0 


Cac dieu kien nay cho phep kha nang co nghiem bien. T&t nhien, cac 
nghiem bien cung co the’ xay ra neu co mot mien dieu khien dong doi v6i u. 

Net phan biet cua each tiep c4n nay la ham f(t,y,u) tham gia vao 
Lagrange j£ hai lan, vdi hai nhan tik khac nhau, A (mot bien hiep trang 
thai) va 0 (mot nhan tu Lagrange doi vdi mot bai toan co rang buoc). Theo 
do, dao ham rieng f u cung xuat hien hai lan trong dieu kien dJlldu = 0 - 

dong dau tien trong (3.274) - mot lan v6i A va mot l£n vdi 0. Trai lai, dieu 
kien dtfldu = 0 trong (3.269) khong chfla nhan tijf 9. Nhu v&y, vdi each tiep 
din mdi, dang dieu cua 0 va nhflng anh hUdng cua no doi vdi he thong dude 
the hien ro r&ng hdn. Khi rang buoc khong gian trang thai khong chat, vdi 
h(t,y) < c, 0 nhan gia tri 0, va (3.274) rut gon thanh cac dieu kien nguyen ly 
cue dai thong thifdng. Nhung khi rang buoc thay doi trang thai cua no ti* 
khong chat thanh chat, cac dieu kien trong (3.274) se trd nen co hieu luc 
diy du, xac dinh nhan tCf 0 anh hudng nhu the nao len he thong, va ban 
than 0 phai thay doi qua thdi gian nhu the nao. 
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Trong khi each tiep can dude tong ket trong (3.274), v6i thong tin rd 
rang hdn ve cac diem moi noi, de su dung hdn so vdi each tiep can trong 
(3.269), hai each tiep can thUc te la tUdng dUdng. 

Thi du 

Hay xet bai toan 


Che dai 

J*(4 — r)« dt 

(3.275.1) 

thoa man 

y = u 

(3.275.2) 


VI 

+-J 

>> 

(3.275.3) 


y(0) = 0 y(3) = 3 

(3.275.4) 

va 

u e [0,2] 

(3.275.5) 


Bai toan nay chCfa mot rang buoc khong gian trang thai, y -1 < 1. Neu 
ta khong xet den rang buoc nay va lap Hamilton 

H = (4 - t) u + X u 

Thi ta Lhay rang H la tuyen tfnh then u vdi do doc 

m A 

-- 4 - t + A 

rHi 

Khi cho mien dieu khien dong 10,2], ta co the ky vong nay sinh mot 
nghiem bien. Cu the, tit ham lay tfch phan ta thu dime, de cite dai phiem 
ham muc tieu, ta phai dat u cao nhat co the duoc. Nhu vay, mot sU phong 
doan co ly ve nghiem khong rang buoc la u(t) = 2. Dieu nay keo theo 
y = u = 2 va y(t) = 2t + k. Sau khi sii dung dieu kien d&u y{0) = 0, ta thu 

dUdc dtfdng di tuyen tfnh ddn gian 

y(t) = 2t 

Ditdng di nav la dUdng di cho phep tang nhanh nhat trong y, befi vi no 
tUdng hng vdi gia tri cao nhat cua u, va vi vay gia tri cao nhat ciia y. Tuy 

nhien, nhu Hinh 3.14 chi ra, dUdng di nay khi tang on dinh til diem goc toa 
do, co th§ d phia dudi bien rang buoc y = t + 1 chi den diem (1,2), nghia la 
d§n khi t = 1, ma tai thdi gian do rang buoc trd thanb chat. Khi do ta phai 
thay doi dUdng loi. 
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Bay gid ta hay quay tr6 lai (3.274) de tim chi' d£n ve dvfdng 161 hanh 
dong mdi phai thuc hien. Thd nhat, rang buoc khong gian trang thai y - t < 
1 keo theo 

H(t,y) - y - t c = 1 h-y-i-u-1 

Vi ham rang buoc la tuyen tmh theo u (no khong chda u), no thoa man 
tieu chuan cua rang buoc. Theo (3.273), Lagrange la 

-e’ - (4 ’ t) u +A u - © (U - 1) 

do la ham tuyen tfnh theo u. Theo (3.274), nguycn ly cue dai doi hoi ring 

M y duoc CUC dai theo u (nghiem goc) 

a u' » 

— -• 1 - u > 0 0 > 0 0(1 -u) 

0(1 -v + t) = 0 

(=0 khi rang buoc khong thUc su troi buoc) 

=> A = hang so 

Khong can thiet dieu kien hoanh nao bdi vi cac diem dau mut co dinh. 

Theo thong tin tit nghiem khong rang buoc da thao luan tren day, khdi 
dau ta lay dieu khien u = 2 doi vdi khoang thdi gian thti nhat [0,1), dieu nay 
keo theo dUdng di trang thai y = 2t. NhU vay, ta co 

u*[0,l) = 2 y* (0 } 1) = 2t (3.276) 

Ngay khi ta gap phai bien rang buoc, 0 trd thanh dUdng va dieu kien 
cU?7d0 khien ta dat 

u “ 1 (theo dieu kien bu yeu) 

Dieu nay co nghia la phudng trinh chuyen dong trd thanh v = 1, va 
mang lai dUdng di y(t) = t + kj. De xac dinh hlng so" tuy y k„ tti tfnh lien tue 
cua y ta ly giai rang doan thd hai nay phai bat dlu tvf diem (1,2) ndi ma 
doan thU nhat ket thuc. Su kien nay giiip ta xac dinh dudng di la 

y(t) = t + 1 (giong nhu bien rang buoc) 

NhU vay, nhu da chi ra trong Hinh 3.14, dudng di v bay gid bit dlu bo 
doc theo bien. NhUng dUdng di nay ro rang khong th4’ dua ta tdi diem can 


y - t < 1 
©<0 
y - u 

A -0 
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phai den (3,3), nen ta c&n it nhat mot doan mdi de hoan thanh dudng di. De 

x ac dinh doan thti ba, dau tien ta co gang xac dinh dieu khien dung dan va 
roi sd dung phifdng trinh y = u . 



Doi vdi doan thti nh&'t, ta da chon u* - 2 de dam bao sa tang nhanh 
nhat trong y, va giuf vQng gia tri u do chting nao co the, cho den khi rang 
buoc bicn buoc ta thay doi dudng loi. Bien rang buoc sau do trd thanh dudng 
di tot nhat mdi, va ta phai d tren dudng di do chimg nao con hop ly, den khi 
ta bi bat buoc doi hudng ve phfa diem (3,3) bang sU xem xet vi tri di'ch. Vi u 

( = >') kh6n S the la am, di qua midc y = 3 roi lui xuong la khong kha thi. 

Cho nen doan thti hai khi den diem (2,3) phai nhhm vao y = 3 nhu muc tieu 
cua no. Nhu vay, ta co 

u*[l,2) = 1 y*[l,2) = t+l (3,277) 

Roi sau do, doan thti ba la mot dudng thang n&m ngang vdi do doc u = 0: 

u*[2,31 = 0 y*[2,3] = 3 (3.278) 

Bang each ket hop (3.276), (3.278) va (3.279) vdi nhau, cuoi cung ta 
thu duqc toan bo bde tranh cua cac dudng di dieu khien va trang thai toi Uu. 

Trong thi du hien tai, doan dciu cua dudng di toi Uu trung vdi doan 
diu cua dudng di to! Uu cua bai toan khong rang buoc. Nhung dieu nay 
khong luon ludn xay ra. 
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IV. UNG DUNG KINH TE CUA BAI TOAN CO RANG BUOC KHONG 

GIAN TRANG THAI 

Trong muc nay, ta trinh bay hai thi du kinh te trong do co mot rang 
buoc khong gian trang thai khong am. 

4.1. Ton kho va san xuat 

Thi du nay lien quail tdi quvet dinh cua mot cong ty ve ton kho va san 
xuat. De bat d&u„ gia sti c&u doi vdi san pham cua cong ty dtioc cho tong 
quat la D(t) > 0. De dap ting nhu cbu nay, cong ty co the hoac rut bdt hang 
ton kho,. X, hoac san xuat ra dau ra hien thdi Q bang ltiOng cau do, hoac sti 
dung ket hop ca hai. Chi phi san xuat tren mot don vi la c, va chi phi luu 
kho doi vdi hang ton la s tren mot ddn vi, ca hai dtidc gia dinh la hang so 
theo thdi gian. Muc tieu cua cong ty la ctic tieu tong chi phi 
j, (eQ + sX)dt tren mot thdi ky da cho [0,T]. 

Ro rang rang dau ra khong the am, va ton kho cung vay, NhU vay Q(t) 
> 0 va X(t) > 0. Hai bien nay co quan he vdi nhau trong do tich luy^(giam 
tich luy) hang ton kho xay ra bat cti khi nao dau ra vtidt hdn (tut thap hdn) 
ludng cbu. Nhu vay, 

X(t) - Q(t) - D(t) 

Dieu nay gdi y rang Q co the dtidc lay lam bien dicu khien de lai bien 
trang thai X. 

Gia sti mot mtic ton kho ban dau X 0t ta co the bieu dien bai toan nhti 

sau: 


Ctic dai 

jf(-cQ-sX) dt 

(3.279.1) 

thoa man . 

X = Q - D(t) 

(3.279.2) 


- X<0 

(3.279.3) 

X(0) - X 0 

X(T) > 0, tti do, (X 0 , T cho trtidc) 

(3.279.4) 

va Q g [0,»J 


(3.279.5) 


Chu y rang ctic tieu tong chi phi da dtidc chuyen thanh ctic dai tong 
chi phi vdi dau am. Cung nh£n xet rang rang buoc khong gian trang thai 
khong am tti dong bat phai cat cut dtidng cuoi th£ng dung. 
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Cach nhin khong rang buoc cua bai toan nay chi ra rang Hamilton 


H - - cQ - sX + X (Q - D) 


la tuyen tlnh theo bien dieu khien Q, vdi 


0H 

DQ 


-c + X 


Do do quy tac chon Q la 



' <' 




; = 0 ’ 

X ‘ 

= 

c 

=> 

Q* < 

kx ► 


> 




[ kbc 


trong do kx= khong xac dinh, kbc= khong bi chan. 

Kha nang thCt ba (Q khong bi chan) la khong kha thi, con kha nang 
thti hai (Q khong xac dinh) khong giup l'ch gi. Tuy nhien, hay quan sat rang 
ngay ca trong trtfdng hdp X = c, ta van co the chon Q* = 0 nhu trong truldng 
hdp X< c. Thiic te, Q* = 0 co nhieu y nghia vi Q tham gia vao ham muc tieu 
vdi d^iu am, cho nen chon gia tri chap nhan dUdc toi thieu cua Q phuc vu 
cho muc dich cua bai toan tot nh£t. Tuy nhien, khi do phiidng trinh chuyen 
dong trcf thanh 

X = -D(t) < 0 (khi Q = 0) 

va ton kho cua cong ty s6m muon cung phai can kiet. Khi cong ty gap bien 
rang buoc X = 0, no phai dinh hudng lai dieu khien. 

TrUdc khi ap dung cac dieu kien (3.274), dau tien ta kiem tra lai rang 
tieu chu&n rang buoc thoa man. Qua thiic nhii vay, bdi vi ham rang buoc - X 
la tuyen tinh theo Q (no khong chda Q). Td rang buoc - X < 0, ta de dang 
thay r&ng 

h = -X c = 0 va h = -X = -(Q -D) 


Nhu vay, theo (3.273), Lagrange la 

4 = -cQ - sX + A(Q - D) - 0(Q - D) 

la ham tuyen tinh theo bien dieu khien Q. Cac dieu kien trong (3.274) doi 
hoi rang 


M difdc ctfc dai theo Q 


(nghiem goc) 
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' Q - D > 0 


0(Q-D) = O 


©X = 0 

[- 0 khi X > 0] 


X - ——- - Q - D 
dA 

\ = -^L- 

aX ~ s 

A(T) > 0 X(T) > 0 


A(T)X(T) = 0 


Tft c ^ch nhin khong rang buoc cua bai toan, dau tien ta chon 

Q = 0 

Dieu do lam drtn gian hoa phittng trinh trang thai trd thanh: 

X = -D 

Ket qua nay chi rSng cong ty khong ncn san xuat gi ca va- dap ting nhu 
:au hoan toan'bSng viec giam tich luy ton kho. Trong khi theo quy tic nay, 


ton kho tai thdi gian bat ky se la 


X = X 0 - Jf D(t)dt 


Nhang chinh sach nhu vay co the tiep tuc chi' den thdi gian t = x, khi 
ton kho da cho bi can kiet. Gia tri cua x, diem moi noi, co the tim dtidc tti 
phtidng trinh 

| D(t)dt = X 0 [khi can kiet ton kho] 

Neu ta gia dinh ring t < T, thi tai t = t ta phai xem xet lai chinh sach 
khong san xuat. 


Phan con lai rat ddn gian. Khi khong con lai chut ton kho nao, cong ty 
phai bit dau san xuat. Theo cac thu&t ngti cua nguyen ly ctic dai, tac dong 
cua rang buoc lam cho nhan tti 0 dtidng, nen ££7d0 = 0, hay 

Q - D doi vdi t e (t, T] 

Theo quy tSc mdi nay, cong ty phai dap ting toan bo nhu cau tti san 
xuat hien thdi. Vi X = Q — D , suy ra rang 


X = 0 


doi vdi t e [t, T] 
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Nghla la khong nen dtf djnh mot thay doi nao trong ton kho. Vi X(t) = 
0, lupng ton kho phai d mdc 0 tti diem x trd di. Dc do, toan bo cac dtfdng di 
dieu khien toi Uu va trang thai la 

Q * jo, x) = 0 X * (0, t) = X 0 - £ D(t)dt (3.280) 

Q* fi,T] - D(t) X * [t,T] = 0 


4.2. Tich luy von trong dieu kien rang budc tai chinh 

William Sehvvorm da phan tlcb mot cong ty khong co kha nang vay 
nu wn va t \i d£u tu hoan toan. Mo hinh nay la mot minh hoa khac cho hai 
toan co rang buoe cua khong gian trang thai. 

Gia thiet cong ty do co tong ldi nhuan rc(t,K), dau tu I(t) va khong the 
ban von dang dupe sU dung. Vi vay, l(t) > 0. Ngoai ra, no khong the vay 
mUdn von. NhU vay luong tien <j>(t) chi phu thuoc vao ldi nhuan thu dupe va 
chi d&u tU: 


4»(t) = Ji(t.K) - I(t) 

Muc tieu cua cong ty la cUc dai hoa gia tri qui ve bien tai cua lubng 

tien: 


£ <t>(t)e" ,ll dt 


d day. p ky hieu ty le lai ma cac co dong co the thu dupe td viec d&u tu khac 
cung nhU ty le lai ma cong ty co th£ thu dupe tren phan thu nhap giu lai 

cua cong ty. 

Bkt dau td mot mdc da cho, phdn thu nhap gid lai R(t) co the gia tang 
chi bdi bat ky tien ldi thu dupe nao (v6i ty le p) td R va bdi bat ky luong tien 
dUdng nao. Do do, ta co 

R(t) - pR(t) + <Kt) 

- pR(t) + ic(t, K) - I(t) 


Gia sd khong co khau hao, ta cung co 

K(t) = I(t) 

Hai phUdng trinh vi phan nay gdi y rang R va K co the dung lam cac 
bien trang thai cua mo hinh, con I co the dong vai tro bien dieu khien. Tat 
nhien, ca hai bien trang thai R va K phai khong am, NhUng trong khi gia 
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thiet I(t) > 0 tu dong bao dam tfnh khong am cua K, ti'nh khong am cua thu 
nhap giO lai R can dUdc mo ta dudi dang hien trong bai toan. Do la ly do bai 
toan nay co mot rang buoc khong gian trang thai. 

Tap hop t&'t ca nhtfng yeu to' da noi b tren lai. ta co the phat bieu bai 
toan nhu sau: 


Cue dai 

£’ [n(t,K)-I(t)]e _pt dt 


(3.281.1) 

Thoa man 

R(t) = pR(t) + rr(t, K) - I(t) 


(3.281.2) 


K(t) = I(t) 

♦ 

(3.281.3) 


- R(t) < 0 


(3.281.4) 


R(0) = R 0 K(0) - K 0 


(3.281.5) 


I(t) e [0,co) 


(3.281.6) 


Khi dude cho d dang ham tong quat, mo hinjt nay chi dUdc phan tich 
mot each dinh tfnh. ThUc te, Schworm dau tien chuyen mo hinh nay thanh 
mo hinh trong do R(t) la mot bien dieu khien (chit khong phai hien trang 
thai) co rang buoc. Nhung d day se giai quyet no nhu mot mo hinh v6i mot. 
rang buoc khong gian trang thai va rut ra mot vai ket qua chfnh cua 
Schworm bang each svi dung cac dieu kien nguyen ly ede dai trong (3.274). 

Ta co the kiem tra lai rang tieu chu^n rang buoc chat lUdng thoa man, 
bdi vi ham rang buoc, -R(t), la tuyen tfnh theo bien dieu khien I. Ham rang 
buoc cung cung cap thong tin rang 

h = -R => h = -R = -[pR ji(t, K) - I] 


Nhu v&y, theo (3.273), ta co Lagrange 

M' = [n(t, K) - I]e" pl + A R [pR + rr(t. K) - I] + A K I + 0fpR + n(t, K) -1) 


d day, A R va A K tUdng ting la cac bien hiep trang thai do'i vdi R va K. Cac 
dieu kien trong (3.274) phat bieu rang 


dj>' 

= _e - A r + A K - 0<O, 

= pR + 7i(t, K) - I > 0, 
R(t) > 0 0R(t) = 0 


I>0, 


gM' 

I— = 0 

ai 


dJl' 

0 — = 0 
cQ 


(3.282) 


© > 0 , 
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0 < 0 <= 0 khi R > 0) 


R = 

K = 


— -pR + «(t,K)-I 


dA K 


A ‘--H = “ p<A,i+0) 


(3.283) 


(3.284) 


Ak= “H = ^ K( e_p ‘ +Ar+0) 


(3.285) 


va cac dieu kien hoanh 

Nhan xet rang, do dieu kien khong am doi v6i bien dieu khien 1, eac 
dieu kien Kuhn-Tucker dUdc ap dung trong (3.282) 

Trong khi Schworm thao luan ca trUdng help I(t) > 0 lan I(t) = 0, d day 
se chi xet hanh vi toi Uu doi vdi trUdng hop I(t) > 0. Vdi I dudng, dieu kien 
bu yeu doi hoi dJ?/d l = 0, hay 

A k - e" pl + A R + 0 [theo (3.282)1 


Dao ham phUdng trinh nay theo t, ta dUdc 
A K = -e _pt + A R +0 

- - p e' pt - p( A R + ©) + 0 [theo (3.284)] 

= -p(e- ,H + A R + 0) + © 


Hdn nfla, bang each dat bieu thfle h K nay bang vcii (3.285) ta thay 


rang 

- 7 t K (e + A r + 0) - -p(e pt + A R + 0) + © (3.286) 

Ret qua nay bieu thj quy tdc toi Uu doi vdi cong ty khi I > 0. 

Dieu thu vi la, trie so hang 0 d ve phai, hai ve cua (3.286) co cku true 
trung nhau. Tit (3.283) ta biet r&ng 0=0 khi R > 0. NhU vay, tit (3.286) ta 
co the ket lu&n rAng bat cti khi nao R > 0, cong ty phai nhm nhan 

n K = p * (quy t&c dau tU khi R > 0) (3.287) 

Nghia ta, khi thu nhap con gitf lai cong ty la dUdng (rang huoc tai 
chinh khong thuc sU troi buoc), cong ty chi can theo quy tac nhin gan la ldi 
nhu&n bien cua von bang ty ie lai theo thi trUdng. 
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Mat khac, neu R = 0 (rang buoc tai chfnh thiic sU chat) trong mot 
khoang thdi gian nao do (t,,t 2 ), thi suy ra rang R = 0 va R =0 trong khoang 
do. Vi v&y, phUdng trinh R(t) trong (3.281) rut gon thanh 

I(t) = n(t,K) (quy t&c dau tit khi R = R = 0) (3.288) 

Dieu nay co nghia la trong mot khoang bi rang buoc, cong ty phai dau 
tu ldi nhuan hien thdi ciia no. Do do, ta thay r&ng khi rang buoc R thtfc sU 
chat, dau tu trd nen bi rang buoc them bdi kha nang ldi nhuan hien thdi. 

Cac quy tic (3.287) va (3.288), mac du tach biet nhau, da thtfbng dupe 
si X dung ket hop, chuyen tit mot quy tic sang quy trie kia khi trang thai cua 
rang buoc R thay doi. Bang each do, cong ty se co the d gan nhat vdi dudng 
di von toi Uu khong rang buoc. Schworm cung rut ra cac ket luan phan tich 
khac. 

4.3 Chinh sach tai chinh va van de tang triidtng kinh te 

De lam vf du tong hop viec ling dung phUdng phap toi Uu hoa dong 
trong nghien cUu kinh te, muc nay se trinh bay mo hinh tang trUOng kinh 
te cua Paul C a shin va viec lUa chon chinh sach tai chinh cua Chinh phu 
dUa tren mo hinh do. 

4.3.1. Mo hinh tang trudng kinh te 

Moi lien he giCta chinh sach tai chinh cua Chinh phu va toe do tang 
trUdng kinh te cua mot nUdc la de tai difdc ban bac va nghien cUu nhieu 
nhat hien nay. 

Chinh sach tai chinh cua Chinh phu bao gom quyet dinh ve so thue 
phai thu va so tien ma Chinh phu chi tieu hang nam. Kinh te hoc ngay nay 
da co th£ dat ra va giai bai toan lUa chon chinh sach tai chinh tot nhat. Di 
nhien cong viec nhu the con dang dUdc nghien cdu lam cho tot hdn nUa. 

Ly luan kinh te cho den mia diu the ky XX ph£n nhieu dupe trinh bay 
bang ldi. Su mo ta bang ldi luon luon la can thiet de neu len moi khia canh 
cua hien tUdng kinh te va nhUng moi lien he nhieu mat gitfa chung. NhUng 
ly lu^n bang ldi dem lai ldi ich thiic hanh thudng la eo hep doi vdi viec liia 
chon quyet dinh cu the. Bdi vi, trUdc het, ngUdi ta rat kho kiem tra tinh 
dung dan cua mot bai van ve mat suy luan cung nhu mile do phu hdp cua 
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no vdi thtfc te co the quan sat dtfdc. Sau nOa, trong trtfdng hdp ket luan 
cua bai van la dung, no chi cho ta biet phtfdng htfdng tac dong gifla cac hien 
ttfdng, chang ban nhtf noi rang can phai tang thue nhtfng khong giai thfch 
dtfdc vi sao tang 2% ma khong phai la 1%. Vi the, khoa hoc kinh te khong 
dting lai cl sit mo ta bang ldi ma di len stf mo ta bang ngon ngur chinh xac 
thong qua cac mo hinh. Nhd mo hinh ta co the danh gia dtfdc anh htfdng cua 
chinh sach kinh te' bang con so. 

Mo hinh tang tracing kinh te, mo ta qua trinh san xu&t cua mot ntfdc 
trong do hoat dong kinh tb' d thdi ky trade mat.co anh htfdng den hoat dong 
kinh te d thdi ky sau. Stf mo ta nay tao ra kha nang nhin trade dtfdc nhtfng 
con dtfbng tang trtfdng co the co va chon trong do con dadng tot nh&t. 

Nhtfng mo hinh tang trtfdng tan co dien dadc dUa ra dau tien khoang 
gitfa the ky XX. Nhtfng mo hinh nay khong neu len vai tro cua chinh sach 
tai chinh ma chi xet tac dung cua dau tU doi vdi stf tang trtfdng von san 
xuat va tong san pham. 

Ket luan cua cac mo hinh nay la toe do tang trtfdng kinh te ve lau dai 
se di den mtic on dinh va mtfc on dinh nay khong phu thuoc vao ty le tiet 
kiem trong tong san ph£m. 

Do do mo hinh dtfdc goi la mb hinh tang trtfdng ngoai sinh, y muon noi 
mb hinh nhan manh anh hadng cua cac yeu to nha tien bo ky thuat va stf 
tang dan so la nhtfng yeu to ma phan ldn n&m ngoai he thong kinh te. 

Khac vdi cac nha kinh te Tan co dien noi tren, nhieu nha kinh te hien 
dai nha Barro, Sala-i-Martin,...xay dtfng mo hinh tang trtfdng, trong do 
nhan manh vai tro cua cac yeu to, nam trong he thong kinh te nhtf tiet 
kiem, chinh sach thue va chi tieu cua Chinh phii doi vdi toe do tang trtfdng 
kinh te dai han. Loai mb hinh nay goi la mb hinh tang trtfdng noi sinh. 

4.3.2. Mo hinh Cashin 

Trong muc nay, ta l£y mo hinh tang trtfdng kinh te, chi tieu chinh phii 
va thue cua Paul Cashin de lam thl du minh hoa cho toi tfu hoa dong trong 
kinh te. Thong qua viec trinh bay mb hinh ta se thay toi tfu hoa dong co the 
giai quyet cac van de thtfc te nhtf the nao. 



271 


TOI LfU HOA DONG TRONG PHAN TICH KINH TE 


4.3.2.1. Ham san xuat tit nhan 

(jia thiet nen kmh te c6 N ho gia dinh vtia la ddn vi san xuat ta nhan 
vtia la ddn vi tieu dung, ta goi la hang gia dinh. 

Cho y = y(t) - san pham cuoi cung ma mot hang gia dinh trung binh 
lam ra trong thdi ky t, thi san pham cuoi cung cua ca nen kinh te la Y - Ny 
trong thdi ky t. 


Khoi luong san ph£m y(t) ma moi hang gia dinh lam ra, trade het phu 
thupc sovd'n v^t cM't ta nhan. k = k(t) • von ta nhan trung binh cua mot 
hang. So von ta nhan cua ca nen kinh te la K = Nk(t). 

Yeu to thti hai lam nang cao ket qua san xuat ta nhan la von cong 
gom dUdng sa, ben cang, san bay cong cong v.v... Cung mot khoi lupng von 
cong, hieu qua cua no do! vdi san xuat ta nhan phu thuoc vao mUc do ma 
cac hang gia dinh su dung no. ChAng han, tren mot con dUdng cong cong, 
lau lapng xe co cang nhieu thi hieu qua chuyen chd hang hba cang kern. 

G = G(t)- so von cong, ta co the mo ta tac dung ctia von cong doi vdi 
san xuat ta nhan thong qua ty le von cong so vdi tong so' von ta G/K. 

So tien ma Chinh phu lay t it thue va dem giup dd cac hang kmh doanh 
nham dieu chinh hoat dong kinh te hoac trd cap cho nhiing ngUdi that 
nghiep dupe goi la "trd cap" hoac "chuyen giao" (transfer). Trade day co ly 
thuyet cho rang, vdi mpt thue suat nhat dinh danh vao von hoac san pham 
ta nhan, viec phan phoi lai thu nhap trong nen kinh te thong qua sa "trd 
cap" se gay anh hucfng kim ham doi vdi tang trudng kinh te. NhOng nhiing 
nghien ciiu gan day vdi sa kiem tra thong qua so lieu quan sat thue te cho 
thay dieu ngUdc lai: trd cap thue sa co tac dung thue d£y su tang trUdng 
kmh te nhd no tao dieu kien thu&n lpi cho viec sii dung co hieu qua von ta 
nhan. Chang han, chinh sach trd cap that nghiep tao dieu kien thuan lpi 
cho viec chon lao dong co nSng suat cao. 

Cho T = T(t) - so tien trd cii'j. a thdi ky t. Cung nhu doi vdi von cong, 
san xuat cua hang gia dinh phu thuoc vao ty le T/K. 

Gia thiet trinh do cong nghe khong thay doi, ham san xuat tu nhan 
cua hang gia dinh co the mo ta bdi dang sau: 


y = Ak 



(3.289) 
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Trong do A > 0 - tham so" hieu thi mtjfc cong nghe, a >0, (3 > 0 - do co 
gian cua ty le von cong va do co gian cua ty le trd cap. 

G T 

Tti ham san xu&'t (3.289), lay dao ham rieng cua y theo k vdi — 


khong doi 


ak 



(3.290) 


Dieu nay thUc chat la sU mo ta bang toan hoc y tUdng cho rang hieu 
qua bien cua viec sil dung von tii nhan phu thuoc chinh sach tai chinh cua 

G t . * 

Chinh phu ve cung cfiLp von va trd cap r ■ Cac nhan to khac nhu nguon 

K K 

thien nhien, nguon lao dong, trinh do cong nghe diidc gia thiet khong doi va 
dude mo ta bdi he so A. 

4.3.2.2. SiS hoat dong cua nin kinh te - Vai trd cua tit nhan va vai trd cua 
Chinh phu 

Gia thiet viec san xuat la do cac hang gia dinh ganh vac tr\ic tiep. 
Chinh phu dong vai trd tao ra nhiing dieu kien thuan ldi cho cong viec san 
xuat ttf nhan thong qua chinh sach tai chinh. Hieu qua san xu£t cua hang 
gia dinh phat huy nhd dong cd theo duoi ldi ich rieng ve tieu dung san pham 
va sU s xi dung quyen ttf htfu tai san. Trong trtfdng hdp trinh do cong nghe 
va dan so' khong doi, viec sri dung quyen ttf htfu the hien d quyet dinh tiet 
kiem nh&m dau tU md rong san xu&'t. 

Chinh sach tai chinh cua Chinh phii, mot mat thuc day san xuat tU 
nhan thong qua viec chi tieu md rong von cong cong G va chi tieu trd cap T. 
NhUng mat khac, nguon chi tieu do dtfdc lay tit thue danh vao san pham ttf 
nhan, ttic la giam bdt pham vi sii dung quyen tU htiu, do do kim ham san 
xuat. 

Stf thanh cong cua chinh sach tai chinh la d cho ket hdp gitia chinh 
sach thue va chinh sach chi tieu cong cong sao cho dem lai ket qua tong hdp 
la thuc day toe do tang trtfdng san xuat cua ca nen kinh te. Chinh vi de lam 
noi bat stf thanh cong nay cua chinh sach tai chinh ma mo hinh chi xet mot 
yeu to tang trtfdng kinh te la khoi ltfdng von san xuat, va cac yeu to tang 
trtfdng kinh te khac nhu nguon thien nhien, dan so' va trinh do cong nghe 
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thay doi, cung nhu gia thiet sU can bang cung cau luon luon duoc gitf vting 
trong qua trinh hoat dong kinh te. 

4.3.2.3. Anh htfc/ng cua chinh sack tdi chink 

Gia thiet Chinh phu danh thue vao tong san pham vdi thue su£t 
nhkm lay tien cho quy dau tu vao von cong: 

^ =t i Y (3.291) 

Trong do: G = — la dau tu md rong von cong, 

Y - Ny(t) la tong san pham d thdi ky t. 

Dong thdi, Chinh phu danh thue vdi thue suat t, doi vdi tong san 
pham de chi tieu cho trd c&p: 

T = T a Y (3.292) 

Trong do T = T(t) la so' tien trd cap d thdi ky t. 

Nhu vay, thu nhap con lai thuoc quyen sit dung cua hang gia dinh la: 

U ‘ G -T 2 )v vdi X, >0, T 2 > 0, T,+ T ,<1 

4.3.2.4. Hank vi cua hang gia. dinh 

Hang gia dinh chia thu nhap thuoc quyen su dung cua minh ra phdn 

tieu dung c = c{t) va phan san pham dem dAu tu md rong von san xuat tu 
nhan: 

k=(l-T 1 -T z )y-c (3.293) 

Trong do: k = — 
d t 


y = Ak 




Gia thiet hang gia dinh lua chon mtic tieu dung c(t) nhSm lam cue dai 
tong idi ich tieu dung qua thdi gian. 

U-fu[c(t)]e _pt dt (3.294) 

o 


18-TUHO 
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Trong do o la he so chiet khau theo thdi gian vdi p > 0. Y nghTa cua 

he ^Ch.et khau la mot ldi ich U thu dude sau khoang thdi gian t dune danh 
gia bang Ue ldi ich thu dtfdc hien tai. 

Viec diu tu do, hoi hang gia dinh danh gia so' ldi fch bi giam bdt khi 
nh,n t.eu dung them mot ddn vi trong hien tai va so'ldi ich dUdc them do 
them mot ddn vi tieu dung trong tudng lai. 

Cho V„ = U [c„] vaV, = U [Cj = e~ pl u [c(t)J (3 295) 

la ldi ich tieu dung d hien tai t = 0 va o thdi ky t > 0. Ty so: 


s, = -,i£L = ^V^o 

dc 0 5V,/ac t (3.296) 

JT h ? s « thay the' tieu dung giQa thdi ky 0 va thdi ky t. He so thay 

he no, rang ve mat ldi ich, su g,am Mt ddn vi tieu dung h,en tai phai dUdc 
bu dap ,t nhat bdi su tang them s don vi tieu dung trong tuong lai t. 

c,/c () va s co sir phu thuoc I&n nhau: 

Ty so: 


din C — 

a = _co. 

' dins, (3. 297) 

dude goi la do gian thay the'tieu dung giaa cac thdi ky 0 va thdi ky t. 

Gia thiet do gian thay the khong doi theo t. 

Ta co the suy ra ham U (c) co dang 

U (c) = (c l fT - l)/(i . cr) ( 3. 2 98) 

4,3.2.5. Sit tang trudng kinh tecdn doi 


Qua trinh phat tri«n kinh te' trong do san xua't, tieu dung, tich luy 
tang VO, toe do khong do', theo thdi gian dude goi la tang trifdng can doi 

Duo, day chung ta so nghien ciiu ve kha nang tang trudng can do', trong 
khuon kho mo hinh Cashin. 

„ SM sdn xuat c “ a m5i han § gia dinh cd the' xem la kha nho be so vdi ca 
nen kinh te'. Khi lUa chon quye't dinh tieu dung va Mu tu, hang gia dinh 
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xem chmh sach tai chinh cua Chinh phu dac trung bdi cac suat thue T ,, T •, 
va tac dong B = (—1 la cho trade. 


KJ U. 

4,3.2.6. Bdi toan cua hang gia dinh 


Chon chudng trinh tieu dung c = c (t), t > 0, sao cho tong ldi ich tieu 


dung. 


Va 


|u(c)e pt dt-»max, 


k =(1- tj- X 2 )y-c, X ,> 0, X ^ > 0, X , + X 2 < 1 


GYfT'* 


p>0 

(3.299.1) 

+ X,< 1 

(3.299.2) 

> 0, p > 0, 

(3. 299.3) 


Dieu kien dau k(O)=k 0> (G(0)/K(O))=(G/K) o , (T(0)/K(0))=(T/K)„. 

Gia thiet X b X 2 ,T(t)/K(t), G(t)/K(t) va G - — la cho tru6c. 

dt 


trong do U(c) = 


l-o 


0< a < 1 


Bai toan co the giai dUa tren nguyen ly cUc dai vdi c la bien dieu 
khien, k la bien trang thai. Ham Hamilton la: 

H (k, c, X , t) = e' pt U (t) + X [(1 - X , - X 2 ) A B k - cj 

Ve mat y nghia kinh te, ta co the gia thiet r&ng trong ldi giai bien dieu 
khien toi Uu c phai nh&n gia tri dadng, tutc la diem trong thuoc mien gia tri 
cua no. Do do ldi giai phai thoa man cac dieu kien c£n: 


3H _ 

-= 0 

(3.300) 

dc 

m ■ 

' dk 

(3.301) 

lim A.(t)k(t)=0 

1 -* c 

(3.302) 


va dieu ki£n hoanh: 
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Phudng trinh (3.300) cho ta 


[e-U(c)]->. =0 


hay ^[ e ~ PtU ( c )]=* 


(3.303) 


Y nghia cua dieu kien nay la d moi thdi ky icii ich bien cua tieu dung c 
phai bang gia bong X . 


Thay U(c) = 


c 1-ff -1 
1-0 


c.’ 

dc 


vao ve trai cua (3.303) ta dUdc: 




l-o 


= e" pt c" fl = a 


B<lng each lay loga roi lay dao ham (3. 303') ta di den: 


c 

p + cr~ 

c 


X 


hay p-t-pY f 7 - 


(3. 303') 


(3.304) 


Trong do, y c = ~ la toe do tang tieu dung. 


Mat khac, phudng trinh (3.301) cho ta 

dH 


dk 


= ->v(l-T 1 -T 2 )AB-1 


hay 


(1 - T , - X,) AB= ~ 

K 

TCf (3.304), (3.305) ta di den: 

p+ay c =(l-Ti-T 2 )AB 


(3.305) 


(3.306) 


Th dieu kien hoanh co the chi ra rang 6 trang thai on dinh, toe do tang 
von tu nhan y k la hang so'. 

Tii phifdng trinh chuyen dong ta co: 


/k= I = ( 1 - Tl_T2 ) AB 't 
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CJ trang thai on dinh thi: 


k ~(l' T i ~ ^)AB + v k = const 


Do do: 


c k 

- = ^ hay viet la v c = y k 

tuc la too do tang tieu dung bang toe do tang von va la hang so: 

Do y - A k B, ta co toe do tang san pham 

y k 
7"k =y,< 


(3.308) 


(3.309) 


r , > V 5 y ’ Chfnh phli blng chinh sdch tai chinh gia cho B = 
| G(t) 1 [T(t)] 

LkToJ L K(0j '“ nSt tH (3-?08),(3.309) cho thay nen kinh te se tang 

tmong can doi vdi toe dp tang san pham, tang tieu dung, tang von khong 
doi va bang nhau: 

1,= T r c=Y k (3.310) 

4.3.2,7. Chinh sack tai chinh can dot tdi Uu 


0 T 

Dat g = —, h = _ ; ta se thay rang chi c£n toe dp dftu tu vao von 


cong: 


va thoa man cac rang buoc 


G - t,A K g a h p 
T = T^AKg a 


thi B - g G se khong thay doi theo t. 


Thuc vay» vdi g - -2., (3.310) va bieu thtic tren cho ta 


(3.311) 


yG = Tj AKg<* h P 
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hay 

T 

Mat khac, v6i h = —, ta c6 
K 


hay 


h p = A' 1 g l a t, 1 y 


h 1_p =Ag«T 2 


_!L «p _p 
h P = A l - p gT : P T T-P 


Tii (3.312), (3.313) ta co: 


_p_ ap j_ 

AY a x\ l y = AHigi-P^-P 


(3.312) 


(3.313) 


Lay loga hai ve va giai ra In y : 


lng= ir^[ lnA + ( 1_|3 ) lnx i +P]nT 2 +(l-p)ln7j (3.314) 

Tu: (3. 229) va (3.317), (3.314) ta di den 

In AB = alng+plnh + InA 

= Y~T^[ lnA_ctln Y + alnx i + P lnT J (3.315) 

Vay AB khong thay doi, tifc B khong thay doi theo t. 

Do Yc = 7 k = Y . dieu kien (3.306) viet la: 

In (p + CTy)=^i-^[lnA-alny + alnx 1 +plm 2 ]+ln(l-T 1 -x z ) (3.316) 

Toe do tang tracing y phu thuoc T 3 , X 2 . Chlnh phu co the ltfa chon 
T L , T 2 sao cho y ctfc dai. 

Lay dao ham rieng hai ve (3. 316) theo X u X 2 : 


a *«i 

_ - a ^, , a 1 

(3.317) 

p-fay 

(l - a - p)y (l-a-p)i 1 1 -t,-t 2 


-U-V?.. a l 

— —- = — “h ** 

(3.318) 

p + ay 

(l-a-p)y (l-a-p)x z l-x 1 -x 2 
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6 diem y ciic dai, ta phai co y‘ Ti =y\ ± =0 cho nen tii (3.317), (3.318) ta 
di den 



Diem (X ,, 1 2 ) tnoa man (3.319) chlnh la diem dem lai y ctfc dai 
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CHl/ONG IV 

QUY HOflCH DpNQ 


ChUdng nay gi6i thieu ttf tudng cd ban va ting dung cua phtfdng phap 
quy hoach dong raa khong di sau vao trinh bay ve mat ly thuyet. Nhit da 
bi£t quy hoach dong la mot phiidng phap manh d§ nghien ctiu bai toan toi 
Uu dong. No cho phep phan ra bai toan co so chieu rat lcfn thanh mot tap 
hdp nhieu bai toan toi Uu nho hdn de co the giai lan lUdt. Cach phan ra lam 
ddn gian viec tinh toan va dem lai phan tfch sau s&c. Trong phSn I cua 
chUdng nay, chung ta cung xem xet phudng phap cua quy hoach dong. Phan 
II trinh bay bai toan day. Phan III trinh bay mot so ting dung cua quy 
hoach dong trong kinh te vao mot ldp cac bai toan ma cho phep tim dUdc ldi 
giai cua bai toan dudi dang cac ham giai tfch - dieu nay rat bo fch trong 
phan tfch chfnh sach. 

I. GICJl THlEU QUY HOACH D0NG 

1.1. Bai toan quy hoach dong 

De d£ dang cho viec trinh bay, ta xet mot qua trinh dieu khien tat 
dinh rdi rac co dang sau: 

N-l 

V = £r t [x(t) T u(t)]-Mnax 
1=0 

x(t) e X t 
u(t) € W L (x(tj) 
x(0) = x 0 

x(t + 1) = T t [x(t), u(t)] 
v6i t = 0,1,2,., N 


V la muc tieu cua qua trinh N budc; 
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X t la tap hdp cac trang thai co the cua he d bade t; 

r// t h< ?P quyet dinh co the chon d bade t phu thuoc vao trang thai 
cua he d bade do; 

x 0 la trang thai cho trade cua he d bade t = 0; 

x(t + 1) - T t [x(t), u(t)] la phadng trinh chuyen trang thai cua he tit x t 
sang trang thai x t+1 dudi anh hitdng cua quyet dinh u(t). 

Di nhien ta gia thiet rdng, day la mot he thong dieu khien dude va ta 
co the chia qua trinh dieu khien thanh cac bade (hoac cac giai doan), cu the 
la mot qua trinh N bade. Cac bade co the co san mot each ta nhien, ch&ng 
han nha nam hoac quy trong thdi ky ke hoach phat trien kinh te, nhang 
trong nhieu tradng hdp cac bade dadc chia ra co tinh chat quy adc, ch&ng 
han ta co the’ phan chia khoang thdi gian phat trien cua doi tadng thanh N 
giai doan vdi do dai mdi giai doan la mot khoang nao do. Ve mat hinh hoc 
ta co the hinh dung ding, quy dao phat trien dude chia thanh N doan. 

De tim dude chien lade (hoac quy dao) toi au, thi phadng phap quen 
thuoc va ta nhien la so sanh lien tiep cac chien lude chap nhiin dadc, vdi 
tieu chuftn so sanh cho bdi ham muc tieu V. So chien lade ch&p nh&n dadc, 
co the va thadng thadng, la vo so. Do -do ngadi ta dua vao dac diem cua doi 
tadng dieu khien (ttic la vao dang cua bai toan cUc tri) de gat bo trade mot 
so ldn chien lade ma ta biet rdng viec bo qua do khong anh hudng gi tdi muc 
di'ch dat ra. Sau do trong so cac chien lUdc con lai, ngUdi ta se tim mot 
phUdng phap di (di chuyen) tef mot chien lude sang mot chien lUdc mdi tdt 
hdn. Tieu bieu cho ta tadng nay la phadng phap ddn hinh trong quy hoach 
tuyen tinh, d do doi tUdng so sanh la cac phUdng an (ttic la cac chien lade 
theo ngon ngii d day) cac bien. Mot each khac, do la phadng phap gradient 
ma noi dung cua no de di tdi chien lUdc toi Uu, chung ta di theo hudng chap 
nhan dUdc ma tri so"cua ham muc tieu tang (giam) nhanh nhat. 

Phadng phap quy hoach dong khac vdi cac phadng phap neu tren d 
cho ta khong so sanh true tiep cac chien lUdc vdi nhau, d day ta se lUa chon 
quyet dinh trong tiing bade mot va pho'i hdp quyet dinh giUa cac bade vdi 
nhau de lam nen chien lUdc toi Uu. Van de dat ra la phai chon va phoi hop 
cac quyet dinh do nha the nao. Phai chang trong mdi bade ta chi c&n chon 
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mot quyet dinh sao cho lam cUc dai muc tieu cl bade do thi se dUdc mot 
day cac quyet dinh, ttic la dude mot chien lade, ma no lam cUc dai ham muc 
tieu chung? 

Thac ra van de khong ddn gian nha vay. Ro rang trong bai toan phat 
bieu tren, viec chon quyet dinh d mdi bade deu co anh hufdng tdi bade khac 
tmp sau, vi no tao ra mot trang thai nao do lam diem xuat phat cho bade 
ticp sau. Nha vky khi chon quyet dinh d mdi bade ta phai da tfnh tdi hau 
qua cua no. Quyet dinh lam cac dai ldi l'ch cua bade nay co the gay ra anh 
hUdng xau den cac bade khac ma ta can tranh. Thi du: Gia sii ta c£n lap ke 
hoach san xuat cho mot he thong kinh te, gom hai khu vac, khu vac I gom 
cac xi nghiep lam ra san pham tieu dung, khu vUc II lam ra may moc de 
cung cd'p cho khu vac I. Muc tieu dat ra la lam cac dai tong gia tri san 
ph&m tieu dung trong thdi ky ke hoach T nam, biet rang tong so von ban 
dau la K. Hay cho biet chien lade (chfnh sach) dau ta toi au. Neu mdi bade 
ta xet b day la mot nam trong thdi ky ke hoach thi hoi rang quyet dinh ddu 
ta vao khu vac trong nam diu tien nen nha the nao? Ro rang la neu chi 
nham cac dai lqi ich tieu dung cua bade nay thi toan bo von dUdc ddu ta vao 
khu vac I. Nhang theo quan diem cua muc tieu chung thi ro rang quyet 
dinh nha vay khong phu hop vi no khong tao dieu kien de md rong quy mo 
san xu&'t cua khu vac I va se khong md rong tieu dung trong cac nam tiep 
sau. Nha vay la d mdi bade ta phai chon mot quyet dinh sao cho quydt dinh 
nay dam bao dUdc sa tiep tuc tdi au cua qua trinh ting vdi trang thai da dat 
dude tai diu bade do. Day chmh la y cd ban ma R. Bellman da phat biiu 
th&nh nguyen ly toi Uu sau day. 

1.2. Nguydn ly toi tiu 

Chien luoc toi Uu co tinh chat la dii cho trang thdi dau tien va quyet 
dinh tai thdi diem, ban dau the nao, cac quyet dinh tiep sau can phai hop 
nen mot chien lutic tdi Uu doi vdi trang thdi nhan dUOc do ket qua cua quyet 
dinh ban dau. 

De dang co the chi ra dude dieu khang dinh tren bhng phan chting (de 
y r£ng qua trinh ma chung ta noi day la qua trinh khong co lien he ngUdc, 
ttic la viec chon quydt dinh b mot bade nao do chi anh hadng tdi ban than 
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bade do va cac bade ti£p sau, chut khong gay anh hudng ngUdc trd lai, doi vdi 
cac bade trade). 

1.3. Phtfeing trinh Bellman va piling phap quy hoach dong 

Trong muc nay chung ta se trinh bay phadng phap quy hoach dong de 
giai bai toan toi Uu hoa qua trinh dieu khien, tdc la ta se giai quyet viec 
chon quy£t dinh va phoi help chung ra sao de thu dude chien lude toi Uu. 

Ta se mo ta mot each tong quat phadng phap nay de giai bai toan 
da cho. 

Do tinh ch&t cong tinh cua ham muc tieu ta th-ay ngay cSlu true N 
bade cua qua trinh. Bay gid ta xet giai doan 1, tile la giai doan tim cac quyet 
dinh toi Uu gia dinh trong cac bade. 

Xet bade N va goi V N (x) la tri cqc dai cua muc tieu trong bade nay dng 
vdi trang thai x e X N d dau bade N va vdi moi quyet dinh chap nhan dude, 
tUc la: 

V N (x) = maxr N {x,u N ) 

u N e <" (x) 

Xet bade thq N - 1 va goi V N4 (x) la tri cac dai cua ldi ich trong ca 2 
bade N va N-l vdi trang thai X€X N4 6 diu bade N-l va vdi quy£t dinh u N4 . 

Luc do theo nguyen ly toi au ta phai viet: 

V N4 (x) = max {r^(x,u NA ) + V N (T N (x,u N4 ))) 

u N4 e <// (x) 

Trong do: T N (x, u N4 ) =x'eX N ma V N (x’) da dUde tinh trong bade N. 

Biiu thilc tren co nghia khi ta chon m6t quyet dinh u N4 thi quyet 
dinh n&y ching nhutng lam cUc dai ldi ich “rieng” cua bade N-l ma con 
nh&m tao ra mot trang thai x’ ma iing vdi trang thai nay bade N cung 
thu daoc mot ldi ich gop phln lam cho ldi ich chung trong ca hai bade dat 
cqc dai. 

Sau do ta tiep tuc tinh V N . 2 (x), V K . 3 (x),. V^x) tUdng tq nhu tren. 

Mot each tong quat ta co phadng trinh Bellman: 

V k (x) - max (r k (x,u k ) + V(T(x,u k ))) 
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II. CAC BAl TOAN DAY - CONG THCfC BENVENISTE - SCHEINKMAN 

2.1. Bai toan day 

Xet bai toan chon mot day vo han cac “dieu khien” {u t }* =0 lam cilc dai 

chuoi: 

f>'r(x t ,u,), (4.1) 

t-0 

thoa man x t+1 = g(x t , u t ), vdi x 0 cho trtfdc. Ta gia sxi chuoi dUdc xet hoi 
tu. Day la bai toan quy hoach dong vo han bUdc. 

Dat S(x t ) = max [|3 l r(x t ,u l ) +p ul r(x t( .j,u t+1 ) + ...] (4.2) 

u, ,u t 

PhUdng trinh Bellman viet la: 

S(x t ) = max[p'r(x t ,u t ) + S(x l+1 )] 

Nhan hai ve cua dSng thilc nay vdi P‘ l ta dUdc: 

P _l S(x t ) = max[r(x t ,u t ) + P -t S(x t+1 )] 

Dat V( Xt ) = p l S(x t ), 

V(x t ) = max[r(x t ,u t )+ pV(x t+1 )] (phUdng trinh Bellman) (4.3) 
Vdi t = 0, 1,2,... 

Gia thiet x t e X, u t e <H vdi moi t va S(x t ) luon luon ton tai, thi V(x t ) 
ton tai va dtfdc goi la ham gia tri. Khi do, viec giai bai toan (4.1) co the dua 
ve viec giai bai toan: 

V(x) = max[r(x,u) + pV(x)], x e X 

u 

x = g(x, u) e X, u e (4.4) 

Bang each thay x = g(x, u) trong ham muc tieu V(x), bai toan co dang 
V(x) = max[r(x ,u ) + pV(g(x,u))] (4.5) 

u 

Gia thiet vdi moi \cho trtfdc bai toan co ldi giai duy nhat u. Khi do, ta 
co ham u = h(x) goi la ham chinh sach toi tfu thoa man phtfdng trinh. 

V(x) = r(x, h(x)) + pV(g(x), h(x)). 


(4.6) 
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2,2. Cong thtfc Benveniste - Scheinkman 


Trong truing hop cac ham V(x), h(x), r(x, u) la kha vi, bang each lay 
dao ham phudng trinh (4.6) ta dtfdc cong thCtc Benveniste - Scheinkman 
(1979): 

V'M = *[x,h(x))] + p|£[x,h(x))]V’[g(x),h(x))]. (4.7) 

cx ax 


2.3. Phifofng trinh Euler 


Neu dieu khien u lam cite dai (4.5) no phai thoa man dieu kien cap 


d_ 

du 


r(x,u) + pV(x) 


= 0, x =g(x,u), 


Ttic la: 


~r(x,u) + pV'(x)^-(x,u) = 0 (4.8) 

au du 

Mat khac, g^a sU x khong co mat trong phUdng trinh chuyen, ttic la 

. _ ' 

x = g(u) thi = 0, vdi moi x; cong thtic Benveniste - Scheinkman se viet la: 
cx 

V’(x) = -^-(x,h(x)] vdi moi x, 
dx 

noi rieng: 

v ./~n _ dr(x,u(x)) 

V / 

cx 

va thay vao (4.8), ta co: 

r(x, u) + p ~ (x, u( x» ^ (x, u) = 0 
c\i dx cu 

Vdi x = x t , x = x t+1 , ta viet: 

r(x,.u,) + p~—(u t (x t+1 ,u l+1 ) = 0 (4.9) 

coi, du t &x t+l 

Phudng trinh (4.9) dude goi la phudng trinh Euler. 

NhU vay trong trUdng hdp x t+1 = g(u t ) va gia thiet ham g ddn tri ta tim 
ham ngtfdc u t = g _1 (x t+] ) va thay no vao (4.9) ta se di den phtfdng trinh sai 
phan cap 1 de xac dinh day trang thai to! \iu. 
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2.4. Phitfdng phap giai bai toan day 

2.4.1 . Phitdng phap lap xay dung ham gia. tri 

PhUdng phap thii nhfift giai bai toan (4-1) bao gom vi£c xay dung day 
cac ham V 0 (x), V,(x),..., V } (x), V jn (x),... b&ng phep lap: 

V 0 (x) = 0 

V\(x) = max {r(x, u) + V 0 (x)} = max {r(x, u)}, 

u u 

v i+ 1 (x) = max{r(x,u) + pv j (x)} j 


thoa man x = g(x, u), x cho trUdc. 

Khi day {Vj(x)} hoi tu, gidi han cua no se cho ta V(x). 

2.4.2. Phitdng phap phong doan 

PhUdng phap thd hai la doan dang ham V. Bang viec true quan va 
kiem chdng no la nghiem doi vdi (4.5). 

2.4.3. Phitdng phap lap xay diing ham chinh sach 

PhUdng phap nay con dUdc goi la “Thuat toan Howard” bao gom cac 
budc sau; 

Btfdc 1. L&y mot chinh sach ma true quan xem la ch£p nhan dUdc, u 
= h 0 (x), va tinh gia tri: 

V h .(x) = J]p t r(x t ,h j (x t )), 

t=Q 

o day x ul = g(x t ^(Xj)) , vdi j = 0 

Btfdte 2. Xay dtfng mot chinh sach mdi u = h J+1 (x) bang each giai bai 

toan: 

max{r(x t u) + pV h (g(x,u)> 

u 1 

vdi x cho trUdc bat ky. 

Btfdc 3. Lap lai cac budc 1 va 2 de dude day (hj(x)} hoi tu 
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Phtfdng phap lap ham chmh sach thtidng hoi tu nhanh hdn phtidng 
phap lap ham gia tri. Ddtii day ta se xem xet mot so' ting dung cua cac 
phtidng phap noi tren 

2.4A. Mot so thi du 

2.4 4.1. Bai todn tang trtidng dcfn gidn 

Ta xet qua trinh tang trtidng kinh t£ trai qua mot day vo han cac thdi 
t ^ 0, 1, 2 ,.., 6 thdi ky t, d£u vao cua qua trinh la so' tai san von K* va so' 
lao dong L t , diu ra cua qua trinh Q t bao gom san phtim lam ra trong thcfi ky 
Y t va so' tai san von con lai d cuoi thdi ky (K t - DJ; 

Qt = Y t + (Kt- D t ), 

d day D t la so tai san thtic dtia vao san xuat. 

D * u ra cua thdi ky t, Q t dtidc danh cho tieu dung C t va ph£n con lai 
dtidc dung lam von san xuat cf thdi ky t + 1, K t+I : 

Qi = c t + Kt tl 

? Gia thiefe moi lien he gitia dau ra va dau vao cua qua trinh dtidc mieu 
ta bdi ham san xu£t dang Cobb - Douglas: 

Qt = AK a L I U , 0 < a < 1, A > 0. 

Tti do ta co bieu thtic 

C t + K t+l = AK'L 1 a . 

Dat k t = K t /L tf c t = C t /L t la von va tieu dung tinh cho mot ddn vi 
lao dong. 

Ta viet he thtic tren dtidi dang: 

c t k t+1 = A . 

Gia sti ldi fch tieu dung d thdi ky t dtidc do bang u t = p l lnc t , trong do p l 
vdi 0 < p < 1 la he so qui doi ve gia tri ttidng dtidng d thdi ky t ^ 0, no cung 
3 dtidc goi la he so* chiet khau. 

- Sti dung phtidng phap quy hoach dong giai bai toan tang trtidng kinh 

3 te sau: 

Chon cac day {c t } t = 0, 1, 2,.. lam ctic dai ldi l'ch tieu dung: 
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inc t 


t=o 


Vdi cac rang buoc 

ktn + c t = Ak“ , (4.10) 

Trong do, k 0 cho tnldc, A > 0, 0 < a < 1, 0 < (5 < 1 la cac hlng so. 

De giai bai toan ta xem k, la bien trang thai va (4.10) la phiTOng trinh 
chuyen trang thai. 


<x> 

Dathamgiatri V(k { ) = maxY3 t+j lnc t+ , 

u 

Phtfdng trinh Bellman la: 

V(k t ) = max{lnc t + pV(k t+1 )} 


vdi 

hay: 


k t ,! + c t = Ak a t 


(4.11) 

(4.12) 

(4.13) 


' 1 


V(k ) = maxj In c +pV(k)L v6ik + c = Ak“. (4.14) 


lap la: 


Trudc het ta giai theo phifdng phap lap ham gia tri V 3 (k) vdi cong thdc 


1 


Vj +g (k) = maxhnc + 3V J (k)i, j = 0,1, 2 ,... (4.15) 


Dat V 0 (k) - 0 vdi moi k > 0 ta co 

V,(k) = m^x jin c + 0V O (k)J . 

vdi rang buoc: c + k = Ak* 

Vi V 0 (k) = 0 vdi moi k = Ak u - c > 0, ta co In c dat ctfc dai khi 
c 1 = Ak a . Vay: 

Vj(k) = In c = In A + aln k. 
ta tinh tiep vdi j + 1 = 2: 
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V 2 (k) - max] In c + pV, (k) 

c,k 


- m^x j In c + p[ln A + a In k] l, 


(4.16) 


vdi rang buoc: c + k - Ak“ 

Tii di£u kien b&c nhat cua ciic tri 
Ta dtfdc: 


c 2 “ Ak a /(1 4- ap) va k = Ak a 

1 + Pa 

V 2 (k) = ln[A/(l + ap)] 

+ Pin A + apln[apA/(l + ap)] + a(l + a p)ln k. 
Titong til, vdi j + 1 = 3, ta c 6 : 

c 3 = Ak “/[1 + a p + (ap) 2 ], va k = P a + P 2 “ 2 Ak « 

l + Pa + p 2 a 2 

do suy ra d bildc j + 1 , ta co nghiem cua phildng trinh lap la: 

= Ak “/[1 + ap + ( a p ) 2 + ... + < a p)'] 

V4y khi j -> cc thi c* -> c = Ak a /(1 - ap )' 1 - (1 - ap)Ak a (4. 17 ) 

k + c = Ak a ta ditoc k = apAk“. (4.18) 

Bay gib ta ap dung phildng phap phong doan - Ngay til budc tfnh lap d 
j + 1 ta co the phong doan ham gia tri co dang V(k) = E + Fin K, trong do E, 

F la nhflng he so se phai xac dinh. PhUdng trinh Bellman v 6 i dang ham 
nay la: 


E + Fin- k - max In c + p(E + FIn k) 


k c = Ak a 


(4.19) 


Til dieu kien b&c nh&t doi vcfi cilc tri: 


{Inc 4- p [E + Fln(Ak a - c)]} = 0 


19- TUH0 
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ta co: 

c = Ak“/(1 + pF), k = k" . 

Thay ldi giai nay vao phifdng trinh Bellman ta co: 

E + Fin k = ln(Ak a )/(l + pF) + p[E + Fln(pFAk a )/(l + pF)] 

— [lnA/(l + pF) + pF + pFln(pFA)/(l + pF)] + (1 + pF)aln k. 
Tir do ta dude he phitdng trinh: 

F = (1 + pF)a. 

E-ln A/(l + PF) + pF + pFln(pFA)/(l + pF), (4.20) 

va giai ra ta diidc: 

F = 0/(1 - ap) 

E ^ 1 - P | in [ A(1 " a ^l + j ln < Aa P) j 

Vay: c = (1 - aP)Ak a , k - apAk a 

hay: c, = (1 - aP)Ak“ t , k t+1 = apAk u t 

Dat g = apA, ta co: 

ki = gk« a 

k 2 = gk a i = g(gk a o)“ =g 1 +a kS 2 (4.21) 


k t - g 1 — 2 - ^ t - , k S l 


Vi a < 1 , khi t -> oo thi a 1 -» 0, (1 + a + a 2 + ...) 1/(1 - a), 

cho nen: k t -> g I/(1 ' a) = (aPA) l/(, a) , 

c t —y (1 ■ aP)A(apA)“ /(1 ' a) , 

2.4.4.2. Bai todn quy hoach dong ngau nhien 

Bay gid ta xet dang ngau nhien cua bai toan 
Tim day u 0 , u lf lam ciic dai 

E 0lP lr ( x o u t ), 


(4.22) 




0 <p<l, 


(4.23) 
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thoa man 

x t+i — u t> e t+1 ), ^4 24) 

t X ° Ch ° trU6C ,ai t = 0 ' ft ^ E t >a day cac biin ngiu nhien doc top vdi 
n au co cung ham phan pho'i xac sua't pfe < e} = F(e) dol vdi moi t; E t {y) ky 

hi$u ky vpng toan hoc cua hien nglu nhien y, khi da cho cac thong tin dUdc 

taiVNghJif^ In ^ 13 ^ big ' t - nh ^i * 1 chua Met 

. Nghm la c tt! dUdc thuc hien tai (t + 1 ), sau khi u t da dUdc quyet dinh 

Sunh^t <4 23) ‘ (4 " 4) “ nhi§n “ * ^ ** ** hien 

^ Rai toan (4.23) - (4.24) vSn co ca'u true nhieu thdi ky va co quy luat 
chuyen trang that ti, thdi ky nay sang thdi ky S au, do do ap dung phudng 
phap quy hoach dong la thich hop. 

Phtfdng trinh Bellman dol v6i bai toan nay la: 

V(x) = max{r(x, u) + (3E[V[g(x,u, a)] *]}, (4.25) 

6 dSy E,V|S?(X ' U ’ e)J x I= lv[g(x,u,c)JdF( £ )va V(x) la gia trj tSi uu -cua bai 

tohn bit diu tit x tai t = 0 .. Nghiem V(x) cua (4.25) co the’ tin, dude bing 
phep lap dtfa tren phtfdng trinh: 

Vj +] (x) = m ax{r(x,u) + pE[Vj[g(x,u,£)] x] (4.26) 

bat dau tut bit ky V 0 (gia thiet lien tuc, bi chin). 

DiSU bi ^ n cln b ? c nb *t doi vdi bai toan A yg phai cua (4.25) la 


du 


H*,u) + PE[V j(g (x,u, £ ))lx} = 0 , ap dung quy tic lay dao ham ky vqng ta 


co: 


dr 

du 


(x,u) + |3E 


du 


(x,u,e)V'(g(x,u,E))|x 


- 0 , 


Gia thiet nghiem cua phudng trinh nay co dang u = h(x) va lam cue 
aai (4.25) ta co 

V(x) = (r(x, u) + pE[V,(g(x, u, £ )), x]}. 

Gia thiet V(x) kha vi tai moi x, lay dao ham V(x) theo x ta di de'n 
phuong trinh Benveniste - Scheinkman: 
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nv 

V'(x)=" [x,h(x)] + (3E 
ox 


dg 


cx 


[x,h(x),e)V'(g[x.h(x),e]) I x \ (4.27) 


Trong trUdng hdp dac biet vdi dgldx = 0, cong thutc doi vdi V*(x) trd 
thanh: 

V'(x) = ^ fx,h(x)j. 
dx 


Thay cong thtic nay vao dieu kien c&n cap mot doi vdi bai toan ta di 
den phitdng trinh Euler ngau nhien: 


f (x.u) + pE| 
cu 


E (x ’ u> 


e)^(x,u)|x 

ox 


= 0 


(4.28) 


Ket hdp phudng trinh nay vdi phtfdng trinh chuyen trang thai ta se di 
den phUdng trinh sai phan xac dinh x, toi ifu. 


III. OMG DUNG COAQUY HOACH DONG 

3.1. Tang tririing toi itu tong quat phi ngau nhien 

NgUdi tieu dung muon chc dai hoa: 

oC 

]Tp'U{c t ), 0<P<1 (4.29) 

|.- 0 ' 

thoa man c, + k t+1 = f(k,), k 0 > 0 cho triidc, c t > 0 (4.30) 


Bai toan nay chi khac bai toan trtfdc da xet trong thi du tren la ta 
xem ham san xuat co dang tong quat hdn dang Cobb-Douglas da cho . 

Vdi IT > 0, U” < 0, f(0) “ +<» (4.31), f(oo) = 0, f > 0 va F’ < 0 (4.32). 6 
day la tieu dung va k^ la Itfdng von. Day la mot dang cua bai toan dhdc 

T. C. Koopmans (1963) va David Cass (1965) nghien cCtu. 

Gia sti trang thai ditdc dinh nghia la k^ va dieu khien la k t+1 . Thi 
phUdng trinh Bellman doi vdi ham gia tri V(k) la: 

V(k,) = max{U[f(k,) - k,„ ] + pV(k u! )} (4.33) 

Dieu kien cap mot doi vdi dieu khien toi tfu k t+1 la: 


-U'm,) - k t+1 ] + p V’(k t+1 ) = 0. 


(4.34) 
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Ket hup vdi phuong trinh Benveniste va Scheinkman doi vdi trang 
thai k t ta di den: 


(4.35) 


V’(k t ) = U’ffCkt) - k t+ 1 ]f(k t ), 

Trong do k l+1 la gia tri tai diem to'i uu k t *, = h(k t ). 

Vm gia thiet U(-) va f{.) la lom chat, suy ra ring V(k) la 16m chat Td 

,t y 17- ra ,Ang - Wm chinh s « ch «u. nghiSm k l+1 = h W cua 
(4.o4), la ham khong giam cua k^. 

Neu c t bang 0 vdi moi t, k t se chuyen dong theo phitdng trinh sai 

phan k, fl = f(k t ). Vi f(0) = +*, f(0) < 6 , f’< 0 va bdi vi f(«) = 0, phuang trinh 

k 7 f( k ) “ m§t nghl ? m dMn S du y "hit. Ra rang k t11 = f(k,) hoi tu de'n k 
khi t —> ao. 

Gia si he thong bat ddu vdi k 0 e ( 0 , k ]. Khi do, dfii vdi t > 1 , k t ro 
rang phai d trong khoang [0, k ]. Bdi vi ham chinh sach tffi uu h(k,) = k,„ la 
khong gram theo k t , c 6 the' chi ra ring k 0 , k 1( k 2 , .... la mot day don dieu, bi 
chan. Mot mat, g,a si ring k, > k 0 . Khi do, bdi vi h(.) khong giam, ta co k 2 = 
h(k,) > h(k 0 ) - k,, k 3 - h(k 2 ) > h(k,) = k 2 ,.... Mat khac, gia sd rang k 3 < k 0 .. 
Khi do, k 2 = h(k,) < h(k„) = k„ k 3 = h(k 2 ) s h(kj) = k 2 , ... Suy ra rdng k t la 
day don dieu, bi chan. Vi cac day don dieu, bi chan hoi tu, k t hoi tu de'n mot 
diem gidi han k^flg khi t —> GO, 


Trong trudng hdp cu the U(c) = In c va f(k) = Ak a , A > 0, 0 < a < 1 , ta 
co bai toan tang trUdng kinh te Brock-Mirman, d day thay k^ = (apA) (,/l u> 
(khong phu thuoc k„). 

3.2. Tieu dung vdi ty le hoan von ngdu nhien 

Gia sii ngitdi tieu dung theo duoi cue dai muc tieu tieu dung, nghia la: 

XI 

maxE^p'Ulc,), 0 <p<l (4.36) 

t=0 

thoa man A t+1 = R t (A t - c f ), t > 0, A 0 cho trude, d day U’(c) > 0, U”(c) > 0, va A, 
la tai san 3 d£u ky t, c t la tieu dung tai t, va R t la lai suat tren tai san giUa 
thdi ky t va (t + 1 ). Ta gia dinh ring R t da dude biet d dau thdi ky t + 1 , sau 
khi quyet dinh ve tieu dung c t tai t dUdc thUc hien. Gia si* rSng R t bi che 
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ngu b&ng qua trinh Markov bac nhat, vdi xac suSft chuyen la p{Rt - R l ^t-i 
= R} = F(R’, R). Khi phai chon cac quyet dinh tai thdi gian t, ngUdi ti6u 
dung biet A t va R t l , R t2> .... De loai trtf sU vay mUdn mai mai vdi lai su&'t R t , 
ta dua vao doi hoi r&ng A t phai thoa man: 

lim L _»„3 - 0. 

Doi vdi bai toan nay, ta dinh nghia trang thai la (A t , R t .i) va di§u 
khien U, la (A t - c t ). PhUdng trinh chuyen tiep doi vdi A t khi do dUdc cho bdi 
A t+1 = R t (A t - c t ) = R t U t> con phUdng trinh chuyen tiep doi vdi R dUdc dinh 

nghia khong hien bdi F(R\ R). Gia sU V(At, Ri.i) la gia tri cua bai toan doi 
vdi mot ngUdi tieu dung co tai san khdi d£u A* khi ty le hoan von quan sat 
dUdc lien trUdc do la R t l , Khi do phUdng trinh Bellman la: 

V(A, ,R t ,) = max{u(A t - U,) + pE t V(U t R t ,R,) (4.37) 
u » 

Dieu kien can cap mot doi vdi bai toan d v§ phai la: 

-U’CcJ + pE^CUtR^RjRt - 0 (4.38) 

Ap dung cong thtic Benveniste-Scheinkman de tinh gia tri V^A^ R t .j) 
ta dUdc: 

V 1 (A t ,R t _ l ) = U'(c t ). 

Su dung cong thtic nay trong did'u ki$n cln c&p mpt cho ta phUdng 
trinh Euler: 

U'(c t ) = pE t U'(c tTl )R t . (4-39) 

Ldi giai cua bai toan toi Uu cua chu scl htiu 1& mot h&m chmh sach 
tiet kiem 

U t = h(A t , R t>1 ), no kdo theo mot ham chmh sach ti§u dung c t = 
c(A t ,R tll ) m A t - h(A t , R t l ). Ham chinh sach nay phai thoa man phUdng trinh 
Euler (4.39) va keo theo di^u kien bien d6i vdi tai san E 0 P A t — 0 phai 

thoa man. The ham c(A t , R t .j) vao phUdng trinh Euler va set dung phUdng 
trinh chuyen cho ta: 

U’[c(A t ,R t-1 )] = pE t U’[c(R t [A t -c(A t) R t . 1 )],R t )Pt• (4.40) 

Day la mot phUdng trinh xac dinh ham chmh sach toi Uu c(At, R t .i). 
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De lam mot thj du cu the’, cho U(c) bang IncvaR, U mot qua trinh 
nghu nhien phan phoi doc Up va dong nbat doi vdi t sao cho 1 < ERt < i/p2. 
Ta doan rang chmh sach tieu dung to! vtu co dang c t = yA t , cl day y la mot 
hhng so phai xac dinh. The phong doan nay vao (4.39) ta dtfdc: 


1 

rA t 


= PE 


R t 

YR t (A f -yA r ) ’ 


trong do E la toan t it ky vong khong dieu kien. 

Giai ta d\io c y =1 - p. Do do c t = (1 - p)A t . 

Co the kiem tra lai r&ng chinh sach nay thoa man dieu kien bien ma 
ta da quy dinh doi v6i tich luy tai san, Vay hanh vi toi ufu tieu dung mot ty 
le hang so cua cua cai, 0 < y < 1, trong so cua cai dang co A t . 

Vo'i chfnh sach toi \iu, tai san bien dong theo A t+1 = R t (l - y)A, Dieu 

t-i 

nay keo theo A, = (1 - yYf] RjA 0 , t>l. 

j'O 


Do do, ta co: 


c,=ra-T)'nRiA„ til, c 0 =yA 0 . 
i=o 

Gia tri toi uu cua E 0 1“ 0 p' Inc, khi do duoc cho bdi: 

CO 

lnyA 0 +E 0 £p l ln 
t.-o 

Bdi vi Rj c6 phan phoi doc Up v5 dong nhtft, tmh gia tri biiu thdc nky 
ta dtfdc: 

V(A 0 > R_ 1 )= 1 lny + lna-y)^p t t + |^p t tElnR+ 1 inA 0 , 

^ t=o So 1 - P 

d day, E In R la ky vong cua In R t doi vdi moi t. Ta co, I* 0 tp c = p/(l - p) a . 
Do do, ham gia tri co the viet: 

Nhu v5y, gia tri ctfc dai cua ham muc tieu nay phu thuoc triic tiep vao 
trung binh cua 16 ga cua lai suat Eln R, ma khong phu thuoc ty le hoan von 


t-i 


y(i-y) t n R i A c 


j-o 
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U , (A l -^s il )=pE l R ll V 1 £ 8kt R te ,R t 

* '=1 V k -1 


i ~ 1, n. Ap dung 


cong thtic Benveniste-Scheinkman ta dtfdc V 1 = U'(A f -X"_ 1 s it ). Thay no 
vao cac dieu kien clip mot d tren cho ta: 


U'(A t -Xs it ) = pE t R it U' J> kt R kt - 

U=i 


i-1 



i = 1,n. 


Ta se tim ham chinh sach toi Uu s lt = Si (A„ R,.,). Thay chung vao 
phtfdng trinh Euler tren day ta co: 


U 1 


A, -^MA^R,.,) 


i=l 


-pE t R lt U , |£R kfSk (A t ,R t _ 1 )-£; Sj ^R kt s k (A t ,R t _ 1 ),R t 

j-l |_k=I 
i = 1, ..., n. 


k=i 


’ (4.41) 


Day la mot tap hdp n phifdng trinh xac dinh n ham chtfa bi£t s,(A t , 
R t .i), i - 1,. . , > n. Giai ra ta se dtfdc nghiem. 

Xet tnfdng hdp dac biet, trong do R u , i = 1,... n, qo phan phoi doc lap 
va dong nhat ca theo thdi gian lan theo i. Them nQa, ta gia sii rSng U(c) = 
[1/(1 - a)]c ! ; d day 0 < a < 1, nen U’{c) = c a . 6 trtfdng hdp nay ta phong 
doan r^ng s it ™ kA*, i = 1, n, trong do k la hang so cin xac dinh. Phong 
doan k la hang so doc lap vdi i la theo true quan nay ra tit gia thiet ve tmh 
doc l^p va dong nhtft cua phan phoi cua R lt theo thdi gian va theo i. Ta co: 


k a 


= PE, 


R;, 



, i= 1,..., n. 


Bdi vi R it co phan phoi doc lap va dong nhat, phtfdng trinh tren co the 
dung doi vdi moi i = 1, n. Ket qua nay xac nhan dieu phong doan cua 
chung ta va cho mot phtfdng trinh co the giai doi vdi k. 

Trong thi du hien tai ldi giai s it = kA t co nghia la, ho gia dinh co the 
phan bo cung mot ty le khong doi k cho moi thti tai san trong moi thdi ky. 



298 


Chuang IV. Quy hoach dong 


Ket qua nay phu thuoc vao tinh doc lap va dong nh&t cua Rj t theo t. Bay gicJ 
ta nghien ciiu nhflng hku qua cua viec n6i long gia thiet v£ phan phoi dong 
nhat qua i trong khi gi\i lai tinh doc l&p qua thdi gian va tai san. V6i cac gia 
thiet mdi nay ta phong doan rang cac chmh sach toi viu co dang s it - k,A t . 
The phong doan nay vao phiidng trinh Euler ta co: 


A, 

f n ^ 

i-Z k i 

= PE t R i ,U’ 

Zk h R ht Aj 

r n >1 

X -Z k i 


l i-1 ). 


h=3 

l i =1 )\ 


i = 1, n. 

Gia thiet U(c) = In c. Thay U’(c) = c 1 vao cac phtfdng trinh tren va sap 
xep lai ta dUdc: 

1 = PE. R,t ,' = 1. n - 

I n 

Z k i R jt 

VH 

Day la he n phUdng trinh n an k 1} k n . Ch&ng han n = 2, ta co hai 
phifdng trinh: 

1 = pE t [k! +(k 2 R 2t /R u )] -1 

1 = pE t [k 1 R ll /R 2t ) + k 2 l _1 , 


va chung c6 th£ giai doi vdi k t v& k 2 . 
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PHULUCR 

KIEM DINH TINH NGTfl XflC D|NH CCIB 
D0NG TOfIN PHaONQ 


Phan phu luc nay trinh bay true tiep cho phdn C cua chuong II (Phdp 
tmh bien phan va dng dung trong kinh te). Sau day chung ta hay xet kiem 
dinh ve sii xac dinh dau cua dang loan phtfdng. 

1. DANG TOAN PHITONG 

Trong chUdng II , muc C chung ta da di den dang toan phtfdng cua 
hai bien sau: 


q = Fyydy 2 + 2F yy .dydy' + F y , Ay' 2 


(Al) 


2. KIliM B|NH BANG D|NH THCfC b 6 \ VOI TINH XAC 0]NH DAu 

Kiem dinh bang dinh thde doi vdi tinh xac dinh d&ii cua dang toan 
phtfdng la each de nh&t. D£u tien chiing ta vidt dinh thtfc cua q nhtf sau: 


|D| s 


If . .f , I 

1 y y y y 

iF .F 

yy yy 


(A2) 


sau d6 x&c dinh hai dinh thtic con chfnh sau day: 


Dil-fcy ~ F yy 




D 2 . 


F, ,F. 

yy yy 

F .F 

yy yy 


(A3) 


Quy tic kiem dinh 1& nhtf sau: 

q xac dinh am o < 0, |D 2 | >0 (A4) 

q xac dinh dtfdng |Dj| > 0, |D 2 | >0 

(vdi moi diem trong mi£n dang xet) 

Mac du de sii dung, nhung phep kilm dinh nay co the la qua chat che. 
No danh cho tmh 1dm / loi ng&t, trong khi dieu kien du, ddn thu£n chi quy 
dinh tinh lom / loi ySu. 



300 


Phu luc A - Kiem dinh tfnh nifa x6c dinh cua dang toan phuvng 


3. KIEM DINH BANG DINH THC/C DOIVOI TINH NUA XAC DINH DAU 

De kiem dinh dinh thtic doi vdi tinh nda xac dinh dau cua q, ta phai 
kiem tra nhieu dinh thiic hcJn, bdi vi vdi kiem dinh nay, chung ta phai xem 
xet tat ca cac day co thti txi co th£ co cua cac bi£n cua dang toan phitdng. Vdi 
trUdng hdp hai bien dang xet, co hai day co thti tu co the co cua hai bien - 
(y’,y) va (y,y’). Vi v&y, chung ta chi can xem xet them mot biet thdc ngoai 

(A2), do la: 


, 

F F . 

yy yy 

1' 

F , F . . 

yy y y 


(A5) 


cac dinh thtic con chinh cua no la: 




va 


1 _ 

F F , 

L yy -*■ y>' 

■ = 

F . F r , 

* y v y y 


(A6) 


D§ thuan tien, chung ta ky hieu cac dinh thutc con chinh c&p lxl cua 
(A2) va(Al) tuong dng la [D,| va |D°i|,vict gpp lai thanh \b,\, nghia la 

D 1 | = {|D 1 |,|D £> i| } va cac dinh thtic con chinh 2x2 la |D 2 | va |D 0 2 |, viet gop 

lai thanh |D 2 |. Them nfla, chung ta dung ky hieu |d,|> 0 de chi la cac phan 

txt cua IBJ khong be hdn khong. Khi do quy tdc kiem dinh tinh ntia xac 


dinh dau nhtf sau: 


q nda xac dinh am <=> 
q nUa xac dinh dhdng <=> 


D 2 >0 


pipO, 

|d t P o, |d 2 |>o 


(A7) 


(vdi moi diem trong mien dang xet) 

4. KlfiM DINH BANG NGHlEM DAC TRl/NG 

Mot each khac veti set dung dinh thde la ap dung quy tic kiem dinh 
nghiem dac trtfng, ma quy t&c nay cung mot luc co the cho thay tinh nUa 
xac dinh dau cung nhu tinh xac dinh dau. De sii dung kiim dinh nay, trUdc 
het ta viet phtfdng trinh dac trUng 
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„ ” -0 [tii (A2)J (A8) 

p yv Vyy-r 

Sau do giai d§ tira cac nghiem rieng r l va r 2 . Quy tac kiem dinh dua 
vao dau cua cac nghiem nay nhtf sau: 

q xac dinh am <=> r 2 < 0, r 2 < 0 

q xac dinh dUdng <=> r L > 0, r 2 > 0 

q mia xac dinh am r, < 0, r 2 < 0 

(It nhat mot nghiem = 0 ) 

q n^a xac dinh dUdng <=> r t > 0, r 2 > 0 

(it nhat mot nghiem = 0 ) (A9) 

Doi vdi kiem dinh nay, can nhd rang hai nghiem tim dUdc gan vdi 
dinh thtic |D 2 | d (A3) thong qua hai su lien he sau: 

rj + r 2 = tong cua cac phin tii tren dUdng cheo chinh = F y y + F yy (A 10) 

ij r 2 = |D 2 | (All) 

Trade het, hai quan he nay cung cap mot phUdng tien kiem tra kep 
doi vdi tfnh toan r t va r 2 . Quan trong hdn, chung cho phep ta suy ra rang, 
neu |D 2 |< 0, thi r, va r 2 phai trai dau nhau, vi the q khong co dau xac dinh 

ro rang. Bdi vay, mot khi |D. 2 | dUdc bi&t la am, ta khong din phai qua cac 
bade (A 8 ) va (A9). 

Thi du 1: Xet bai toan khoang each ng&n nhift sau day: 

Tim cUc tri cua phiem ham 

V[y]= |(1 + y ' 2 ) 1,! dt 

vdi cac dieu kien bien y(0) = A va y(T) cho trade. 

Bai toan tim cUc tri cua phiem ham nay la bai toan tim dUdng di vdi 
khoang each ngan nhat gida hai diem nay. 

Ham dudi dau tieh phan F = (1 + y ,2 ) 1/2 chi phu thuoc rieng y\ 

Do do ta co the ket luan ngay rang cUc tri la dUdng thang. Vdi Fy = 0, 
phUdng trinh Euler ddn gian la dFy’/dt = 0, va nghiem cua no la Fy’ = 



302 


Phu luc A Kiem dinh tinh nua xdc dinh cua d$ng to£n ph uvng 

constant. Til su kien F y > = y7(l + y’ 2 )" 2 , ta co th 4 viet (sau khi Ufy binh 
phadng): 


1 + y' 2 

Nhan ca hai ve vdi (1 + y’ 2 ), sSp xep lai va lay thtia so chung y\ ta co 
the’ bieu dien y’ qua c nhtf sau: y’ 2 = c 2 /l-c 2 . Titong duong vdi 

, c 

y —TTTT = constant 

{i-cT 

Vi do doc cua y(t), /(t) la hkng so, cUc tri mong muon y*(t) phai la 
dudng thang. 

De xet do la cue dai hay cue tieu hoac khong phai cdc tri ta hay kiem 
tra dieu kien cap hai. De lam viec do, chu y rkng can bite hai trong bieu 
thtic F la mot can bac hai dUdng bcri vi no bieu diln khoang each, mb 
khoang each thi khong the am. Diem nay quan trong khi chung ta xac dinh 
gia tri dao ham c3fp hai: 

F y y = -(l + y ,2 r 3/2 y l2 + (l + y' 2 )- 1 ' 2 
= (1 + y' 2 )" 3,2 [-y' 2 +(1 + y' 2 )] 

= (1 + y' 2 ) 3,2 >0 (can bSc hai dudng) 

F yy - diidng vdi moi gia tri y’ va vdi moi t - c6 nghia la F loi ngat 
khap moi ndi chi doi vdi bi6n y’. Nhii vSy, chung ta co the ket lu4n rang cue 
tri tim dupe til phudng trinh Euler cho mot khoang each nhd nhat. duy nh£t 
gifla hai diem cho trade. 

Thi <*u 2: Phaong trinh Euler co phai \k dieu kien du cho su cdc dai 
hay cue tieu neii ham l£y tich phan cua phiem ham muc tieu la F(t y y’) = 
4y 2 + 4yy’ + y’ 2 ? ' ' 

De kiem tra tinh lom/loi cua F, trade het ta tim dao ham c^p hai cua 

F. Vi: 


F y -8y + 4y’ va F y . = 4y + 2y’ 
nen cac dao ham cap hai can tim la: 
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Fyy = 2 P rv = F„. = 4 


*W = 8 


Nhu vay, theo (A3), ta co: 

Pi\ = 2 


D 2 = 


2 4 
4 8 


= 0 


Dang toan phudng q khong xac dinh dUtfng. 
Tuy nhien, theo (A6), ta thay rang 

Id 0 ! I = 8 |d° 2 | = o 


Nen didu kien doi vdi tmh niia xac dinh dtfdng d (A7) dxioc thoa man. 

Be mmh hoa quy tac kiem dinh bang nghiem dac trung, trudc het ta 
viet phudng trinh dac trUng: 

|2-r 41 , .. 


Hai nghiem cua phuong trinh nay la r, = 10 va r 2 - 0. Vi cac nghiem 
nay la khong am vo die'u ki6n, nen q mia X ac dinh during khdp moi „oi theo 
(A9). Dieu nay keo theo rflng ham F la 16i, va phuong trinh Euler qud thuc 
la dieu kien du doi vdi cue tieu V[yJ. 

Thl , dM 3: Bay chlirig ta ha Y kiem tra xem phudng trinh Euler co 
phai la du doi vdi cue dai hoa loi nhuan trong bai toan doc quyen dong da 
xet hay khong. Ham loi nhu&n cua no cho ta cac dao ham cap hai 

Vp- = '2ah 2 , Ti p . p = tc pp . = h(l + 2a b), 7t pp = -2b(l + ab) 

® ang cach dung q u y t&c kiem dinh theo dinh thtfc (A4), chung ta 
thay rang mac du |D L | (d day la 7u p . p .) am nhu yen c£u doi vdi tmh xac dinh 
am cua q, |D 2 | cung am: 


71 p’p’ ^p’p 


pp 


- 4abh 2 (l + ab) - [h(l + 2ab)] 2 = -h 2 


Do do, theo (All), cac nghiem dac trUng r L va r 2 trai dau nhau. Nhu 
vay, ham F khong lom, va phuong trinh Euler khong phai la dieu kien dd 
doi vdi sut cue dai hoa ldi nhuan. 
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Tuy nhien, bai toan nay khong thoa man mot dieu kien can ctfp 2 doi 
v6i mot cUc dai. 

5. MC5 RONG CHO CAC BAl TOAN VCJI n Bl£N 

V6i bai toan n bien trang thai, nhCtiig dieu kien du vcti tinh lorn va 
tinh loi van co the ap dung difdc. Nhung trong trifdng hdp do, ham F phai la 
lom /loi (nhif trifdng hop dang xet) dong thdi theo tat ca n bidn va cac dao 

ham cua chung (yj, y n , , y n ’)- Doi vbi quy tic kiem dinh bang nghiem 

dac trifng, dieu nay co nghia la phai giai mot phifdng trinh dai so bac cao 
hdn. Tuy nhien, mot khi da tim difdc cac nghiem, chung ta chi can bat tat ca 
chung thoa man rang buoc dau nhif d (A9). Trong quy tac kiem dinh b&ng 
dinh thtic doi vdi s\i xac dinh d§.'u, co the se phai kiem tra mot dinh thiic ldn 
hdn vdi nhieu dinh thife con chinh hdn. 

Ye van de kiem dinh b&ng dinh thtic doi v6i tinh nifa xac dinh dau, 
thu tuc cho trUdng hdp n bien se trd nen phde tap hdn. Di£u nay la vi so 
dinh thde con chinh sinh ra bdi cac day co thu tu khac nhau cua cac bien se 
nhan ien rat nhanh. Ngay ca chi vdi hai bien trang thai, thi du nhif (y,z), 
tinh lom Adi bay gid phai difdc kiem tra vdi bon bien (y,z,y’,z’). Dd ddn gian 
ky hieu, chung ta hay danh so"bon bien nay tifdng ting la thii nhat, thti hai, 
thti ba va thti tu. Sau do chung ta co the sap xep cac dao ham ctip hai cua F 
vao bi6t thtic 4x4 nhif sau: 


1 -^12 

F,3 

F„ 

Fyy 

F 

■L y Z 

F . 

J- yy- 

F , 

1 yz' 

■^21 -^22 

f 23 

F 2 . t 


F zz 

F , 

L iy 

F . 

* zz 

F31 F 32 

f 3S 

F„ 

" Fy’y 

F y , 

F . . F .. 

yy y z 

F41 F 42 

F43 

f 44 

F* 

F, 

zz 

Fzy 

F z ,. 


Vi mdi bien deu co the difdc lay nhif la bien thti nh&t trong mot day co 
thti tif khac, nen cl day con tai bon dinh thtic con chinh cap 1x1 co the co: 

F vv F„ ' F y . y , F,,. (A 13) 

Chung ta se bieu diln cac dinh thtic con chinh nay chung lai thanh 

|B,|. 
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So dinh thiic con chinh cap 2x2 co th4 co 14 12, nhung trong chung chi 

co 6 gia tri phan biet. Cac gia tri nay co the tinh duoc tit sau dinh thiic con 
chmh sau day: 


If f 

yy A yz 

If f 

1 zy A zz 


If f . 

yy yy 

If . f 

yy 1 y’y’ 


f f . 

yy ± yz 

F, F,, 

zy * z z 


(A 14) 


F F . > 

ZZ A zy 1 


If f , 

| A 7.Z 1 ZZ 1 


F , , F , . 

y y * yy 

F . F . , 

yz x y y 


F , F , . 

A z'z A z'z 


F , , F ., 

zy 1 *V 


Ly do sau dinh thiic con chinh con lai bi bo qua la dinh thiic con chinh 
vdi (ft,ft) nam tren during cheo chinh co gia tri khong doi khi dao trat tii hai 
bien tren during cheo chinh, (f„, ft). Cac dinh thiic con chinh cfip 2x2 d <AI4) 
se dude goi chung lai la |S 2 | 

Ve phin cac dinh thiic con chinh cap 3x3, chi co boh gia tri phan 

btet co the xuk't hien, va chung c6 the tinh duoc tit cac dinh thUc con chinh 
sau day: 


If. 


f f . 

yz * yy" 

F F . 

* zz 1 zy 1 

If . f . f . 

1 y y x y * 1 yy 


yy 


zy 


■ yy 


" yy 


F 


yz 


F yy 

F y z 

F yz' 

F zy 

F zz 

Fzz' 

F, y 

F . 

Fzv 

F „ 

F . 

zy 

Fzz,- 

F y'z 

F - . 
yy 

Fyv 

fVz 

F.. 

z y 

Fzv 


(A 15) 


F , F , . F ,, 
yy yy x yz 

F. F . . F 
z y x z y x z'z’ 

Chung ta co the" bo qua cac dinh thiic con lai vi dinh thiic con chmh 
4k) n am tren dtfcJng ch6o chinh luon co gia tri nhtf nhau khi dao 
tr^t tii sap xep tren dudng cheo chinh. Chung ta se goi chung cac dinh thiic 
con chinh d (A 15) la |B 3 |. 

Cuoi cung, chung ta can xem chi mot dinh thiic con chinh ctfp 4x4, 
p 4 1, co cung gia tri nhd |D| d (A12). 

Mot cau hoi nay sinh ttf nhien la: Lam sao chic chin diidc so gia tri 
phan biet co the sinh ra tir cac dinh thiic con chinh vdi cac thii nguyen khac 


20-TUHD 
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nhau? Cau tra ldi la chung ta co the chi c4n sd dung cong thiic doi vdi so to 
hdp chap r cua n phan ttf, ky hieu la C" : 


C? =■ 


n: 


r!(n - r)! 


(A 16) 


Vdi (A13), ta chon lfiTy mot trong bon bien; nhu vay so' to hdp la 

C 4 - — ~ 4 

1 113! 

Vdi cac dinh thdc con chinh cap 2x2, ta co 

Ci = — -6 

2 2!2! 

Va vdi cac dinh thtic con chinh cap 3x3, cong thtic nay cho 

Co = — = 4 

311! 

Cuoi cung, vdi cac dinh thtic con chinh cap 4x4, chi ton tai mot gia tri 
duy nhat, vi 

4 410! 

Khi da tinh dtfdc t&t ca cac dinh thtfc con chinh, quy t&c ki£m dinh doi 
vdi tinh nila xac dinh dftu tUdng til nhtf (A7). Set dung ki hieu |D t >0 co 

nghia r&ng tCfng phan txi cua pJ deu khong nho thua khong, ta co: 


Dj >0 


q ncia xac dinh am <=> jD^ < 0, |D 2 |> 0, |D 3 | < 0, 

q n&a xac dinh dufdng <=> |Dj > 0 , |D 2 |s 0 , |D 3 | > 0 , 

(vdi moi didm trong mi£n dang xdt) 


Id 4 >o 
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PHU LUC 8 

toi aa tInh 


i.hAm l6ivAl0m 

1.1. Ham loi 

Mot ham so f xac dinh tren tap loi X dtfdc goi la ham loi tren X, neu 
vdi moi x,yeX, 0 s X < 1 ta co: 

+ (I- X)y] < Xf(x) + (1 - X)f(y). 

Ham f diloc goi la loi ngat neu: 

fTXx + (1- X)y] < \[(x) + ( 1 - X)f(y) Vx,y eX, 0 < X < 1. 

1.2. Ham lom 

Ham f dadc goi 1 k lom (lom ngat) neu -f la loi (loi ngat). 

1.3. Ham Ufa loi 

Ham f duoc goi \k tiia loi tren X, neu vdi moi UR tap mile 
{xeX: f(x) < A} la mot tap loi. 

1.4. Ham tiia lom 

Ham f dude goi la tiia lom n§u -f tua loi. 

1.5. Tinh chat cua ckc ham loi 
1.5.1 , Dinh ly 1 

Cho f la mot ham loi tren Up l 6 i X va g la ham loi tren Up 16i Y. Luc 
do cac ham sau la loi tren XnY 

(i) Af + p g ; VA , p ;> 0, 

(ii) max(f,g), 



TO! HU HOA DONG TRONG PHAN TICH KINH TE 


307 


PHULyCB 

toi aa tInh 


1.HAM l6i VA LOM 

1.1. Ham loi 

Mot ham so f xac djnh tren tap loi X dtfdc goi la ham loi tren X, neu 
vdi moi x,yeX, 0 s X < 1 ta co: 

f[^.x + (I- X)y] < Xf(x) + (1 - A)f(y). 

Ham f diioc goi la loi rigat neu: 

fTXx + (1- X)y] < X.f(x) + (1- X)f(y) Vx.y eX, 0 < X < 1. 

1.2. Ham lom 

Ham f dm c goi Ik lom (lom ngat) neu -f la loi (loi ngat). 

1.3. Ham ttfa loi 

Ham f duoc goi \k tUa loi tren X, neu vdi moi X e R tap mdc 
{xeX: f(x) < X)la mot tap loi. 

1.4. Ham tiia lom 

H&m-f dude goi la tUa lom n§u -f tua loi. 

1.5. Tinh chat cua c&c ham loi 
1 . 5 . 2 . Dinh ly 1 

Cho f la mot ham loi tren t&p loi X va g la ham loi tren t&p loi Y. Luc 
do cac ham sau la loi tren XnY 

(i) A.f+ p g ; VA., p £ 0, 

(ii) max(f,g), 
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Phy luc B - Toi UU firth 


Chu y rkng dinh ly nay, noi chung khong dung cho ham tUa loi. Mot 
ham 16i co the khong lien tuc tai mot diem tren bien mi£n xac dinh cua no. 
Tuy nhien no lien tuc tai moi dilm trong cua t&p do theo dinh ly sau: 

1.5.2 . Dinh ly 2 

Mot ham loi xac dinh tren tap loi X thi lien tuc tai moi diem trong 

cua X. 

Tinh ch£t sau day dac triin g cho mot ham loi kha vi, va rat bo ich d£ 
kiem tra tinh loi cua mot ham so. Ky hi§u Vf(a) la gradient cua f tai a. 

1.5.3 . Dinh ly 3 

Cho f: X -> R la mot hkm loi kha vi tren tap loi md X. Dieu kien can 
va du de f loi tren X la: 

f(x) + <Vf(x),y- x> < f(y): vdi moi x,y e X. 

Neu f kha vi hai lan thi dig'u kien cin vk du di f loi tren X la vdi moi 
xeX ma tr&n Hess H(x) cua f tai x xac dinh khong am. Tiic la: 

y T H(x)y > 0 VxeX , yeR". 

NhU v^y mot dang toan phiidng x T Qx la mot ham loi khi va chi khi Q 
xac dinh khong am. De th&'y rang mot dang toan phUdng la mot ham loi 
ngat khi va chi khi ma tran cua no xac dinh dtfdng. 

Tinh kha vi cua mot ham loi gift vai tro quan trong trong cac phiidng 
phap toi liu hoa. 

1.5.4 . Dinh ly 4 

Dinh nghia: Dao ham theo hitting 

Ta goi dao ham theo hiidng d cua mot ham so f tai dilm x - ky hi6u 
5f(x,d) la 

sp/ , f(x+Xd)-f(x) 

5f(x,d) - Lim --— 

x-»o- K 

n£u gidi han nay ton tai. 

Neu f la mot hkm loi tren tap loi X thi vdi moi x e X vh moi d sao cho: 
x + d e X, dao ham theo hiidng d cua f tai x luon luon ton tai va 
nghiSm dung: 
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6 f(x, d) < f(x + d) • f(x), 

Ngoai ra vtii m 6 i x co' dinh, 5f(x,.) la mot ham loi tren tap loi {d: x + d 

€X}. 

Tit dinh ly nay co thl suy ra r&ng n@'u f kha vi thi: 

8 f(x,d ) = (V f(x),d> Vd. 

trong do (Vf(x),d) la tich vo hitting cua 2 vec to Vf(x) va d. 

2. TINH CHAT CIJC TR| 

Cho DcR n khac trong va f : D-> R 

2.1. Dinh nghia Cvtc tieu dia phtftfng va Ctic tieu tuyet doi 

Mot diem x*c D dtfdc goi la cue tieu dia phudng cua f tren D, neu 
ton tai mot lan can met U cua x* sao cho f(x*) < f(x) vtii moi xe DnU. Diem 
x* dutic goi la cue tieu tuyet doi cua f tren D neu f(x*) < f(x) vtii moi xeD 

Dtftii day la tmh ch&'t cd ban ve ctfc tri cua mot ham loi. 

2.2. Dinh ly 5 

Moi diem cUc tieu dia phuang cua mot ham loi tren mot tap loi deu la 
diem ctfc tieu tuyet doi. 

3. Ol£u KI$N Tdl UU 

3.1. Bai to&n quy hoach loi tong quat 

Xet bai toan quy hoach loi tong quat sau: 

f(x) -> min (Bl) 

xeD (B2) 

trong do f(x) la ham so' xac dinh tren tap hop nao do chtia D ; D la tap dong 
trong R n . 

3.2. Dieu ki6n toi tfu 

Mot v&n dti' quan trong trong khi nghien cCiu cac bai toan toi Uu la viec 
tim kiem nhting dieu kien toi Uu. Nhting dieu kien toi Uu cho phep hieu biet 
dtitic cac tinh ch&'t cua loi giai, t it do co the xay dUng cac phUting phap giai. 
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3.2.1. Dinh nghia Huang chap nhan duoc 

Mot vec tcf d #0 dUdc goi la hudng chap nhan dUOc cua tap D tai diem 
x*e 1), neu ton tai so thUc X 0 > 0 sao cho x* + Xd eD vdi moi 0 < X < X 0 . Ve 
mat hinh hoc, co nghia la: xuat phat tit x* di theo hudng d co It nhat mot 
doan d trong mien chap nhan. Ky hieu tap hop cac hudng chap nhan dUdc 
cua D, tai x* la D(x*), va D (x*) la bao dong cua no. 

3.2.2. Dinh ly 6 

Gia sit f kha vi trong mot tap mcf chtia D. Neu x* la cUc tieu dia 
phUdng cua f Iren D thi: 

d T V f(x*) > 0 vdi moi d eD (x*). 


3.2.3. Dinh ly 7 

Gia sit D la mot tap loi, f la mot ham loi, kha vi tren mot t&p md chtia 
D. Luc do dieu kien clin va du cho x* e D lam cUc tieu f tren D la x* la diem 
ditng cua f tren D. 

Trong cac bai toan qui hoach, mien rang buoc D thudng ditdc coi nhu 
la tap cac diem x thoa man he bat phUdng trinh va phUdng trinh sau : 


gj(x) <0, (j = 1 ,..., m) 

hi(x) = 0, (i = 1,..., k), (B3) 

Trong do moi gj, h* la cac ham so thiic xac dinh trong mot t&p md chtia 
D. Cac ham nay dUdc goi la cac rang buoc cua bki toan (1-2). De dang chdng 
minh dUdc r&ng, neu g ) Q = 1,..., m) la cac ham loi lien tuc va hj (i = 1,..., k) 
la cac ham afin thi D se la mot t&p loi dong. 


Mot cong cu hiitu ich dUdc sit dung rong rai khi nghien cdu cac di£u 
kien toi Uu la ham Lagrange. Doi vdi bai toan (1-2), khi D dUOccho bdi (B3), 
ham Lagrange dUdc dinh nghia nhu sau; 


L(x,X,p) = f(x) + 


m ft- 

S A.;g:(x) + S 


M 


i=l 


Ihhi(x). 


Sd dung ham Lagrange, ta thu ditdc dieu kien cin (va du neu bai toan 
la mot qui hoach loi) cua toi Uu. 
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3.2.4. Dinh nghia Diiu kien chinh quy 

° ha ’ P nH ' n <th ° d m5n (B3)) - Gia s,i cac Strong 
iau ly 3 V " y U ‘ S(X<) * fc - P h ' P CdC VPC 10 d tho « m a„ hi tuyen tmh 

< y h 1 {x“),d) = 0 ,j = l,...,k, (B4) 

( v g.(x°), d) < 0, ieX(x°) (B5) 

Trong do X(x°) la tap hap cac chi so lai do x“ thoa man ngat cac bat 
ang thac g,(x) < 0, j - 1,..., m; tdc la gj (x°) = 0 khi j e X(x°). 

. Ch ° X 0 ° eD ( - D Ch ° Wi (B3) >- Ta ™ ring diiu kien chinh q ui ddoc thoa 
man tai x° neu D (x°) = S(x°). 

3.2.5. Bode 

V6i moi x°eD coD (x°) c: S(x°). 

Bmh ly 8. (Dinh ly Kuhn-Tueker) 

chl , a n'rf f ' ^ m?i 1 ™ J kh ® Vi liSn ^ tren mot tap mo 

' 0 x a m, ? t c V<c tieu dia phKOng cua bai toan (1-2) va tai do dieu 

'ien chinh qui duoc thoa man. Luc do ton tai cac vectd \* = 0 * \ *) > n 

M* = (4 1 *,..,^*)sao C ho 5 '"’ " ’ 

vf(5 ° + L VVg,(x*)+^ p,*Vh,(x*) = 0 (B6) 


i=l 


hi 


V"gj(x*) = 0 Vj=l,..., m 


(B7) 


q ui hoach loi; the la f, g„ (j = 1 ,..., m) U ckc hkm ]& y - 

hid - 1,..., k) la cac ham afin, thi (B6), (B7) cung la di$u kiin du de' x* e D la 
giai cua bai toan (1-2). 

4. BAl toan 061 ngAu 

Y tiling cua dot ngdu la: vdi m5i bai toan tol du dang duoc xet ( gol la 
ha: toan goc), xay dnng mot Mi toan toi «u khac (goi la bin toan doi ngau) 

7° t K°f aa Cac ba ’ t0an n&y c6 m61 HSn quan Ch$t chg (theo m6t nghia nao 
do, th. du tu nghiem eda bai nay cb the' Suy ra nghiim cua bdi km v...v). 
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Cho den nay ngUcfi ta da xay dung dUdc nhieu loai d61 nglu.Tuy nhien doi 
nglu Lagrange la cd ban nh£t va dUdc st£ dung rong rai hdn ca. De ddn gian 
va de thay ro y tudng cua ly thuyfet doi ngau, ta xet bai toan sau: 

min f(x) (I) 

vdi cac rang buoc: 

xeX, gj(x) < 0, j = 1,..., m. 

Tii bai toan nay, ngUdi ta xay dung mot bai toan ten Uu khac co dang: 

max f (y) (II) 

vdi cac rang buoc: 

y e Y. 

Ta noi (II) la bai toan doi ng^u cua (I) neu vdi moi dilm ch&p nhan x 
cua (I) va y cua (II) ta co 

f(x) > f (y). 

5.0l£M Y£n NGUA 

Digm yen ngua la mot khai niem rat htfu ich trong khi nghien ctiu c&c 
dieu ki§n toi Uu va doi ng&u. 

5.1. Dinh nghia 

Cho XcR n ,Yc R m va F : X x Y -4 R. Mot diem (x*, y*)e X x Y dude 
goi \k diem yen ngUa cua ham F tren X x Y, neu 

F(x*, y) < F(x*, y*) < F(x, y*) V xeX, yeY. 

Nhu vay neu (x*, y*) \k diem yen ngua, thi x* la diem ctic tieu tren X 
cua ham F(.,y*), va y* la cUc dai tren Y cua F(x*,.). 

Hay xet diem yen ngua cua ham Lagrange cho bai toan (I). 

m 

Ham nay la L(x,y) = f(x) + ^ Yjg j ( x ) • 

H 

5.2. Dinh ly 9 

Diem (x*, y*) e X x R + la diem yen ngua cua L(x,y) tren XxR™ 
khi va chi khi: 
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(i) x* lam ctfc tie’u ham L(x, y*) tren X; 

(ii) g i (x*< 0 ,(j=l,...,m); 

(iii) y* gj (x*) = 0 v6i moi j = 1,..., m. 

5.3. Dinh Iy 10 

N 6 u (x*, y*) la dig’m yen ngUa cua L(x,y) tren X x R* , thi x* la 
nghiem cua (I) va y* la nghiem cua (II). 

Luu y rang noi chung khong phai moi lcfi giai cud bai toan goc (I) deu 
t 6 n tai mot Idi giai ciia bai toan doi ngdu (II) di chung lam thanh mot diem 
yen ngUa cua ham Lagrange L(x,y). Tuy nhien doi vdi qui hoach Jdi thoa 
man dieu kien chinh qui thi dieu do dung. Cu the ta co ket qua sau.' 

5.4. Dinh Iy 11 

Gia sii (I) la mot qui hoach loi thoa man dieu kien chinh quy. Luc do 
x* la ldi giai cua (I) khi va chi khi ton tai y* > 0 di (x*, y*) la diem yen ngUa 
cua L tren X x R ™ va y* la nghiem cua bai toan doi nglu (II). 
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PHU LUC C 

TICH PHflN SUY R0NG 


l. TI'CH PHAN SUY RONG VOl CAN VO HAN 

I.OjNH NGHTA 


1.1. Dinh nghia 1: Tich phan vdi can vo han 

Gia sil ham f(x) xac dinh trong khoang [a, oo), tile la vdi x > a va kha 

A 

tich trong bat ky mot phan hdu han nao cua no [a, A], nen tich phan jf(x) 

a 

co nghia v6i A > a tuy y. 

Gidi han h€(u han hoac vo han cua tich phan do khi A —> oo goi la tich 
phan (suy rong) cua ham f(x) trong khoang tif a defn oo va ky hieu: 

03 A 

Jf(x)dx = lim |f(x)dx (Cl) 

a a 

Ttfdng tU (Cl), tich phan t\i -<x den a cua ham f(x) dUdc dinh nghia 
nhu sau: 


a a 

ff(x)dx = lim ff(x)dx (A'< a) 

J A’->-cc • 

-QC A 

cung nhu tich phan cua ham f(x) til - oo den + oo : 

+ *> A 

Jf(x)dx = lim jf(x)dx 

A->+03 A’ 


(C2) 


(C3) 


V6i nhflng tich phan do cung giti ky hieu da dung cho tich phan (Cl). 
Trong trUdng hop cudi, lay a tuy y, co the dat: 

A * A 

Jf(x)dx= Jf(x)dx+ J"f(x)dx 

A' A 1 a 
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v& si i ton tai cua gidi han vdi A' —> -°o , A —> +oo doi vdi tich phan ben trai 
dl nhien Wdng dtfdng vdi s \1 ton tai dong thdi nhutng gidi han (Cl) va(C2)cho 
cac tich phan ben phai. Vi vay tich phan tti - oo tdi +co co the xae dinh b&ng 
dang thdc: 

+ a + ai 

j*f(x)dx = Jf(x)dx + jf(x)dx 

-co - cc a 

vdi gia thiet ton tai dong thdi cac tich phan ve phai. ThUc ra dinh nghia do 
khong phu thuoc vao viec chon diem a. 

1.2. Dinh nghia 2: Tich phan hoi tu 

. Trong trUdng hdp ton tai gidi han hdu han nhU v&y ngtfdi ta noi rang 
tich phan (Cl) hoi tu, con ham f(x) la kha tich trong khoang vo han [a, oo]. 

1.3. Dinh nghia 3: Tich phan phan ky 

Neu gidi han (Cl) la vo han hoac khong ton tai thi tich phan difdc goi 
la phan k£. 

2. AP DUNG CONG THCC CO BAN CClA PHBP TINH TICH PHAN TRONG TICH 
PHAN suy rOng 

Cong thiic cd ban 

Gia sd, ching han, ham f(x) xae dinh va lien tuc trong khoang [a, co] 
do do vdi f(x) trong khoang do ton tai nguyen ham F(x) va theo cong thtic cd 
ban cua tinh tich phan. 

]f(x)dx=F(A)-F(a)=F(x^ 

a 

T \i do ro rang ring tich phan suy rong (Cl) ton tai trong va chi trong 
trtfdng hdp neu cd gidi han hCtu han. 

lim F(a)=F(oo) 

A—>•» 

va khi do: 

a? a +•» ■ 

Jf(x)dx = F(cc)-F(a)=F(x)£ . Tifdng tu j*f(x)dx = F(x)|'^ va Jf(x)dx = F(x)| + ^ 


-00 


- 30 



-—--- Phyc /ye C - Tfch phan suy r$ng 

n6U hi4u F( ~ 00 > lk & 6i h * n a ¥®. F ( A '>- Ban than khk n*ng tinh dune the' 

k6p hen quan vdi sit ton tai va hu!u han cua gidi han difoc viet trong ky hieu 
do bao dam cho si i ton tai cua tich phan. 

3. CAC OJNH LV 00N GIAN 

3.1. NS'u tich phan jf(x)dx hoi tu, thi ]f(x)dx cung hoi tu > a) va 

a A 

nguoc lai. 


Luc do: 


Jf(x)dx = Jf(x)d x + }f(x)dx 


02 

3.2. Trong tnidng hop Jf(x)dx hoi tu chung ta co: 

a 

GC 

lim ff(x)dx=0 

A—►ac- J 
A 

as 

3.3. Tit su hoi tu cua tich phan Jf(x)dxsuy fa su hoi tu cua tich phan 

a 

jc.f(x)dx (c = const). Cuoi cung: 

a 

40 oo v 

3.4. Neu ca hai tfch phan Jf(x)dx va Jg(x)dx deu hoi tu, thi J[f(x)±g(x)]dx 


hoi tu va 

|[f(x)±g(x)]dx-Jf(x)dx± Jg(x)dx 

a a a 

4. SLTHOl TU CDATI'CH PHAN TRONG TRUONG HOP HAM DUONG 

N£u ham f(x) dudng (khong am) thi tich phan: 

A 

4 (A)= Jf(x)dx 
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la mot ham don dieu tang cua bien A. Thi dieu kien can va du de ti'ch phan 
Buy rong (Cl) hoi tu trong trueng hop ham f(x) duclng la ti'ch phan (C4) bi 
ch&n tren khi A t£ng: 

A 

jf(x)dx<L (L — const) 

a 

Dinh ly so sanh cho tich phan cua nhfing ham dicing: 

Dinh ly 1: Neu vdi x > A (A>a) c6 bXt dang thtfc f(x) < g(x) thi tit sii 
- 

hoi tu cua tich phan jg(x)dx suy ra su hoi tu cua ti'ch phan jf(x)dx hay la 

a 

a 

w ^ 

cung nhu vav, tit sU phan ky cua Jf(x)dx suy ra su phan ky cua Jg(x)dx . 

a a 

Thubng cung dung dinh ly sau day, la he qua cua dinh ly thd nha't: 
Dinh ly 2: Neu ton tai gidi han 

lim-^=K (0 <K< + oc) 

OQ 

thi tif su hoi tu cua tich phan jg(x)dx vdi K< + co SU y ra su hoi tu cua tich 

a 

QO 

phan Jf(x)dx , con su phan ky cua ti'ch phan thil nha't vdi K > 0 suy ra su 
a 

phan ky cua tich phan thti hai. (Vi vay, khi 0 < K < + co ca hai tich phan hoi 
tu hay phan ky dong thdi). 

5, SI/H0I TU COA TfCH PHAN TRONG TRLT0NG HOP T0NG QUAT 

co 

va'n de hoi tu sua tich phan suy rong Jf(x)dx, theo dinh nghia tong 

a 

quat (Cl) dtfa tdi v^nde ton tai gidi han hOu han khi A ->oc cua ham (C4) cua 

bien A. Ta co the trinh bay dieu kien hoi tu cua tich phan suy rong dtfdi 
dang sau: 
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Phyc lye C- Tich ph£n suy rong 


Dieu kien c&n va du de tich phan suy rong jf(x)dxhoi tu la vdi moi 

a 

mot so 8 >0 co mot so" A<, > a sao cho v6i A > A 0 va A' > A co b&t dSng thtic 
sau day: 

a a- A' 

|o(A')-d>(A)|= Jf(x)dx- Jf(x)dx - Jf(x)d X <E 

a a A 

Tieu chuan nay cho phep khang dinh menh de nhu sau: 

OO 

Neu tich phan J|f(x)|dx hoi tu thl t&t nhien tich phan Jf(x)dx hoi tu. 
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TOI tfU HOA BONG TRONG PHAN TICH KINH TE 


PHU LUC D 

TICK PHflN PHO THCIQC THflM SO 


I. LY THUYET 

i.oAtvAn d£ 

Xet ham f(x, y) ciia hai bien xac dinh vdi moi gia trj x trong mot 
khoang [a, b] nao do hfiu ban hay vo han - va moi gia tri y trong tap hop <(f 
jy}. Gia sit vOi moi gia tri khong doi cua y e < 14 , ham f(x, y) kha tich trong 

khoang [a, b] theo nghia thildng hay nghia suy rang. Khi do ti'ch phan 

b 

I(y)= JV(x,y)dx (Di) 

il 

se la ham bien phu hay tham so"y. 

Doi vdi ham I (y) le tu nhien nay ra mot loat van de - ve sit ton tai va 
bieu thdc gidi han cua no theo each qua gidi han xac dinh, dac biet ve' sir 
hen tuc cua no theo y, ve tfnh kha vi va bieu thutc cua dao ham, cuoi cung la 
ve tfch phan cua ham do. 

Phan nay co vai tro quan trong trong viec xem xet phi£m ham muc 
tieu cua bki toan tfnh bien phan hoSc di£u khien to! ifu. 

1.2. Stf dan deu den ham gidi han 

Gia set ham f(x, y) xac dinh trong tntdng hop t6ng quat, tren tap hop 

h f * chl6u M = * x V. tr «ng do * va V la cac tap hop cac gia tri titong dng 
cua xva y. <i£ co diem tu la mot so' hflu han y 0 . 

Neu. 1) vdi ham f(x, y) khi y —► y 0 ton tai ham gidi han noi 

lim f(x.y)=(p(x) (xe*) (D2) 

y->y„ v ' 

va 2) vdi moi so 6 > 0 tim diioc mot so 5 > 0 khong phu thuoc x sao cho vdi 
|y-y 0 |<8 seed |f(x,y)-<p(x](<E (D3) 
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Phuc /(ic D - Tfch phSn phy thudc tham so 


Dong thhi vdi moi x thudc 25, thi ta noi r£ng ham f(x,y) d£n deu den 
ham gidi han (p (x) tUcfng ting v6i x trong mien 2 

De d&ng phat bieu dinh nghla do cho triicng hop khi y 0 la mot so suy 
rong, ch&ng han + qo; luc do chi can thay b&'t dSng thtic |y — y 0 [<5 bbi bat 

dang thtic dang y > A. 

1*3. Qua gidi han difdi dau tich phan 

Bay gib chung ta trd lai xet tich phan (Dl) phu thuoc tham so y. Triidc 
tien ta gidi han trUdng hdp doan hiiu han [a, b] va ham lien tuc. 

Gia thiet r&ng mien bien thien cua tham so' y co diem tu la y 0 , xet 
van de ve gidi han cua ham (Dl) khi y y 0 . 

Dinh ly 1. Neu him f(x,y) vdi y co' dinh, lien tuc theo x trong [a, b] va 
khi y -> y 0 dan deu tdi ham gidi han (D2)tifdng ting vdi x, thi co dkng thtic 
sau: 

b . b 

liml(y)=lim ff(x,y)dx= f(p(x)dx (D4) 

y->yo y-»y 0 J J 

a a 

He qua. Neu ham f(x,y) vdi y co' dinh, lien tuc theo x trong [a, b] va 
khi y ddn didu tang tdi h&m gidi han cung lien tuc, thi cong thtic (D4) dung. 

Vdi gia thidt r'ang mien la mot doan htiu han [c, d] chung ta xdt 
van de ve ti'nh lien tuc cua ham (Dl). 

Dinh ly 2. Neu ham f(x, y) xac dinh va lien tuc cua hai bien trong 
hinh chti nhdt [a, b; c, d] thi tich phan (Dl) se la mot ham lien tuc cua tham 
so y trong doan [c, d]. 

1.4. Lay dao ham dtftii dau tich phan 

Khi nghien ctiu ti'nh ch&'t cua ham (Dl) difdc cho bdi tich phan co 
chda tham so y v&n de ve dao ham cua ham do theo tham so co mot y nghia 
quan trong. 

Vdi nhting gia thiet da bid't, de tinh dao hdm I(y) co the ap dung 
cong thtic: 

b 

r(y)» Jf'y (x,y)dx (quy t&c Leibniz) (D5) 
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Wu vi^c doi ch6 nhu the cua cac dtfu dan ham theo y va tich phan 

n61 rang Mro (D1) c6 thl lav *• 

Tr f qUan d3n g sau quy tic Leibniz co thl thay tit hinh 1 trong do 
JT? llen ; et blgU thi f(x ’ y) ’ - -t dat bieu thi mot vi tri dich 

<"*“ a ‘* “ >* « M d. d„ hta ns™ y) ui 
™ ”■ S ”>" a inh k>*W «, th., <toi m, « b , toi „ M 

I™T h ^ J, 

& h phan xac d > nh cda fy(*. y) tren khoang [a b] 

'■ 


b * 



(o) 


W/n/i 7 


Gla trf f a tfch P^n xSc djnh tren cfing c 6 the’ b, anh hudng bdi 
doi trong c$n lay tich phan. 

r(a,b)= |f(x,y)dx , 

ta co cap cong thilc dao ham sau day: 


thay 

(D6) 


21-TUH0 
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Phuc luc D - Tich phin phu thudc tham so 


§=f(x,y)L. b = f(b.y). 


db 

dl 

da 


= -f(x,y)| x=a - -f(a.y) > 


(D7) 

(D8) 


Nghia la dao ham cua tlch phan xac dinh theo ckn tren b cua tich 
phan bang gia tri cua ham dudi dau tlch phan tai x - b; va dao ham theo 
can diidi a cua tlch phan la am cua gia tri cua ham dudi dau tlch phan tai 


x = a. 

Trong Hinh l.b, mot sh gia tang trong b dupe phan anh trong viec di 
ehuven cha bien phai cua dien tich dudi diicing cong. Khi sh di chuyen nay 
la vo cung be, anh hbSng len tich phan dhcic do bdi gia tri cua ham f tai bien 
phai - f(b,y). Dieu nay cho ta true quan doi vdi (D7). Mat khac, mot gia tang 
trong can dhdi mang lai mot sil di chuyen, nhh mmh hoa trong Hinh 1. c, la 
su di chuyen cua bien trai, lam giam dien tich dudi ditdng cong. 

Dinh ly 3. Gia sd ham f(x, y) xac dinh trong hinh chu nh&t [a, b; c, d], 
lien tuc’theo x trong [a, b] v6i y co dinh tuy y trong [c, d], Chung ta gia thict 
them rang him do cd dao ham rieng f y (x, y) lien tuc theo hai bien trong 
toan mien. Khi do vdi y tuy y thuoc [c, d] co cong thilc (DP' 


1.4. Lay tich phan di*6i dau tich phan 

Cuoi cimg xet van de've' lay tich phdn theo y cua ham (Dl) chdng han, 
trong doan [c, d]. 

Chung ta dac biet quan tarn den trhclng hdp khi tich phan do diiOc 

bieu diln b&ng cong thtic: 

d d fb 

jf(x,y)dx 



b fd 


j-dy= J-l | f(x,y)dyUx (D9) 


khi khong co d&u ngoac, thUdng viet nhil sau: 

jdy jf(x,y)dx= jdx Jf{x,y)dy (D10) 

c n a c 

Khi do ta noi ring ham (Dl) co th£ lay tich phan theo tham so'y "dildi 
dau tlch phan” (diidc l&'y theo bien x). 
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Dinh ly sau day cho ta die'u kien du ddn gian nhat cho dang thilc cua 
cac ti'ch phan lap (D10). 

Dinh ly 4. Neu ham f(x,y) Hen tuc (theo ca hai big'n) trong hinh chii 
nhat [a, b; c, d] thi c6 cong thtfc (DIO). 

Chung ta co dang thdc tong quat hdn: 

\ b . bn 

Jdy|f(x,y)dx=JdxJf( X) y)dy (DIO’) 

c a a c 

trong do c < r\ < d. 


6 ve trai va ve' phai cua ding thiic do chung ta co hai ham cua tham 
SO X] ; tinn cac dao ham cua chung theo r \. 


1.5. Trtfcfng hap ca can tich phan cung phu thuoc tham so 

Xet tritong ma ca ban than cac can cua tich phan cung phu thuoc 
tham so'. Trong tritong hdp do tich phan co dang 

3(y) 

!(y)= Jf(x,y)dx (Dn) 

<*(y) 

Chung ta chi gidi han viec khao sat van de ve sii lien tuc va kha vi 
theo tham so cua tich phan tUdng tu. 

Dinh ly 5. Gia sii ham f(x,y) xac dinh va lien tuc trong hinh che nhat 

fa, b; c, d], cac ducing cong x = a (y). x = p (y) (c < y < d) lien tuc va vln 

thuoc hinh chQ nhat do. Luc do tich phan (Dll) la mot ham lien tuc cua y 
trong [c,dj. 

Neu y 0 la mot gia tri nao dZy tuy y cua y thi tich phan (Dll) co the viet 
dtfdi dang: 

p ( y o> P(y) a(y) 

! (y)= Jf(x,y)dx+ Jf(x,y)dx- Jf(x,y)dx (D12) 

a <*>> P(y 0 ) a{y 0 ) 

Dinh ly 6. Neu ngoai nhutng die'u noi tren ham f(x,y) co trong hinh 
chu nhat [a, b; c, d] dao ham lien tuc f y (x,y) va t6n tai cac dao ham a'(y), 
P'(y) thi tich phan (Dll) c6 dao ham theo tham so va dao ham do dime bieu' 
diin bdi cong thiic: 
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Phuc luc D - Tich phan phu thuoc tham so 


p(y) 

T'(y)= jf\ (x,y)dx + p’(y).f(p(y),y) -a'(y}f(a(y),y) (D13) 
«{y) 

Chu y. Cac ket lu&n cua hai dinh ly vln dung neu gia thiet rkng ham 
f(x,y) dtfdc cho (va co cac tinh chat da neu) chi trong mien bao gitfa cac 
dudng cong. 

x = a (y) va x = |i (y) 

Cac thi du 
1) Tinh tich phan: 


I 


= f 


V-x* 


In x 


dx 


(0 < a < b) 


Den lUdt, iai bieu diln bieu thdc dildi dau tich phan dtfdi dang tich 


phan: 


x h -x‘ 

lnx 


U 

= Jx y dy 


va doi thct thii lay tich phan trong tich phan lap: 

l b 

1= Jdx Jx v dy 


0 a 


lay tich phan theo x va theo y nhan dtfdc ngay ket qua: 

b 1 b J b+1 


I-jdy]x y dx=J^-ln 


a +1 


u « 


2 ) Co the cho phep tinh do mot dang khac neu xet tich phan 1 - vdi a 
co' dinh • nhU mot ham cua tham so b (b > a). Theo dinh ly 3: 

] 


-= f 

db J 


x b dx = 


1 

b + 1 


Do do: 

I = ln(b + 1) + C 

Nhilng vdi b = a, tich phan I, dl nhien, bang 0, nen C “ -ln(a + 1). The 
vao, chung ta di den ket qua nhil tren day. 
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2. SI/HOI TU B£u CIJATICH PHAN 

2.1. Dinh nghia hoi tu deu cua tich phan 

Gia thiet ra ng ham f(x,y) difdc cho vdi moi gia tri x > a, va moi gia tr| 
v trong mot mien <0 nao do. Tiep theo, gia s* r&ng vdi m6i y trong mien do 
ton tai tich phan: 

90 

l(y)=Jf(x,y)dx (D14) 

a 

Theo chmh dinh nghia cua tfch phan suy rong vdi can vo han: 


r 

Jf(x,y)dx = lim jf(x,y)dx 


Vi vay, tich phan: 


A 

F (A, y) = Jf(x,y)dx 


015) 


a m?t A va v6i y = C01 ^t va A -Stc co gi6i han I (y): neu tich 

phan do dan deu den I (y) tudng ting vdi y trong mien y , thi tich phan I(y) 
goi la hoi tu deu tiiong ling vdi cac gia trj neu tren cua tham soy. 

_ Di6 ' u d6 c ° n S h3a la ™i e > 0, tim dtfdc mot so'A 0 > a khong phu 
thuoc vao y sao cho chi cAn A > A c bat ding thdc. 

* A 

jf(x,y)dx- Jf(x,y)dx = Jf{x,y)dx 


<8 


dtfpc thuc hien dong thdi vdi moi gia tri y trong <$. 

2.2. Dieu kien va cac tieu chuan du cua stf hoi tu deu 

Stf dung nguyen ly tong quat cua sU dan dlu cua ham ve gidi han, co 
thd ap dung vao trUdng hdp dang xet va phat bieu no nhit sau: 

Dieu kien can va du de tich phan (D14) hoi tu deu tUdng dng vdi y 
trong mien %'/ la vdi £ > 0 cho trtfdc tuy y, tim dtfdc mot so'A 0 khong phu 
thuoc y sao cho b£t ding thdc. 
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Phyc /pc D - TVcft phSn phu thudc tham s6 


ditoc thiic hien dong thdi vdi moi y thuoc ty , chi vdi dieu kidn A f > A > A 0 . 

Bay gid ta thiet lap mot s6' tieu chu£n ma ta thddng dung de xet si i 
hoi tu deu cua cac tfch phan trong thuc hanh. 

Chung ta gia thiet ham f(x, y) lien tuc theo x vdi x > a. Neu c6 mot 
ham (p (x) chi phu thuoc x, kha tich trong khoang vo haft [a, oo) sao cho v6i 

moi y trong <y., 

f(x,y) < <p(x) (vdi x > a) thi tich phan (Dl) hoi tu deu tUdng ting vdi y 
(trong mien cac gia tri cua no da chi tren). 

Vdi nhdng dieu kidn vifa chi ra doi khi ngUdi ta noi rling ham f(x, y) 
co ham gia kha tich <p(x) hay tich phan (Dl) dUdc ham gia bdi tich phan 

hoi tu: 


J(f>(x)dx khong chda tham so. 


2.3. SCf dung tinh hoi tu deu cua tich phan 
2.3.1. Qua gidi hart dtidi dau tich phan 

Xet tich phan vdi c&n vo han: 

I(y)= Jf(x,y)dx (D16) 

a 

phu thuoc tham so y (thay doi trong mien <W) 

Cac di£u kien du cho phdp qua gidi han dudi dau tich phan dtfdc cho 
bdi dinh ly sau day: 

Dinh ly 7. Gia sijl ham f(x, y) xac dinh vdi x > aviy thuoc (//: 1) lien 
tuc theo x va 2) vdi y —► y 0 diin d£u tdi ham gidi han cp (x) tUdng dng vdi x 

trong mdi doan htiu han [a, A]. Neu hdn th£ nda ; 3) tich phan .(D16) hoi tu 
deu vdi y thuoc mi£n thi: 

<o 00 

lim jf(x,y)dx= J(p(x)dx (D17) 

a a 

Tdo ta co hd qua sau: 
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CO 

/«p(x)dx 


(D18) 

ZZ: “ * S " - * “ — <“• « ■» , «-*, « Dta c6ng 

«n %££ **»*> 

(D16) ton tai bbi vi: P h ’ 1Ch phan 

f(x, y) < (p(x) 

(tifdng tog v6i y)^ t f?h phtofflie) 4 Vi^ fg t ^ f ^ ^ *“ 
^?nh ly tren day cteu thoa man. ca ^ d,eu kien de ap dung 

Phan C " a djnh * 1 “ * VS ' ^ “ gn ** -a tich 

«*“i:?,»*•** * «.«. ^ h „ 

Trong trtong hop do ham lien tuc cua y. 

2.3.2. Lay dao ham cua tick phan theo tham s6 


J f, y(x,y)chi 


(Dl9) 
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Phuc luc D- Tfch phan phu thudc tham so 


khong chi ton tai, ma hoi tu deu ttfdng ting v6i y trong doan do. Khi do vdi y 
tuy y trong [c, d] co cong thutc: 

os 

I'(y) = jf'y (x,y)dx 

a 

II. LTNG DUNG TRONG BAI TOAN BIEN PHAN 

Trong muc nay ta xet ting dung cua ly thuyet da trinh bay d tren vao 
bai toan tfnh bien phan va dieu khien toi ufu. Dac trting cua bai toan nay la 
ham muc tieu cua no thudng la mot tfch phan suy rong va phu thuoc vao 
tham so' (theo quan diem b day). Trinh bay b day nhftm rut ra mot so' dieu 
kien ap dung trUc tiep cho cac bai toan nay. 

Dieu kien I: Cho tfch phan phu thuoc tham so j F(t,y,y')dt , neu 

ham lay tfch phan F la hiiu han qua suo't khoang lay tfch phan, va F dat gia 
tri 0 tai mot die’m hiiu han nao do, ch&ng han t y , va giti b&ng 0 doi vdi moi 
t > l 0 , thi tfch phan hoi tu. 

Dieu nay co tfnh ch&t cua mot dieu kien du. Mac du v£ danh nghia, 
tfch phan co t&m vo han, nhifng can tren co tac dung cua phep tfch phan la 
mot gia tri htiu han t 0 . Nhti vay, ve tac dung, tfch phan suy rong rut gon 
v£ mot tfch phan thong thudng, veil sti bao dam r&ng no se cho mot gia tri 
htiu han. 

Ltfu y rang dieu kien sau la khong dung: Cho tfch phan suy rong 
fF(t,y,y')dt , neu F —► 0 khi t —> qo, thi tich phan se hoi tu ?. 


Dieu kien nay khong nhat thiet. De thay dieu do, xet hai tfch phan 

I, = f 1 dt va I, = r 1 dt (D 20 ) 

i (t + 1)* J' t + 1 


Moi tfch phan nay co ham lay tfch phan tien tdi 0 khi t -> co. Nhung Ij 
hoi tu con I 2 thi khong. 

lb 


Ij = lim 

b-*«- 


-1 
t + 1 


= 1 I 2 = lim[ln(t + l)]jj -°c (D21) 


Jo 


b—»=o 
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Phuc luc D - T(ch ph8n phu thuoc tham so 


Net phdn biet cua tich phan nay la sU co mat thda so e pt ma, vdi 
nhfing nhan to khac khong doi, n6 cho rafit lUc d4 ham la'y tich phan giam 
xuong 0 lien tuc theo thcti gian vdi mot toe do du ldn. Khi thanh phan G(t, y, 
y’) cua ham lay tich phan la deicing (nhu trong Mu het cac dng dung kinh 
te) va co mot gidi han tren, thing han G , thi lUc lai xuo'ng e* la du de lam 
cho tich phan hoi tu. N6i mot each hinh thfle hdn, vi gia tri cua ham G 
khong bao gib co the vUdt qua gia tri cua Mng so G , ta co the viet: 

£ G(t,y.y')e" pI dt S £6e- p 'dt = ^ (D22) 

DSng thde cuoi cung, dua tren cong thhc dol vdi gia tri hien tai cua 
mot luong vinh viln khdng db’i.cho tha'y ring tich phan thb hai trong (D22), 
vdi gidi han tren G trong ham dudi dk'u tich phan, la hoi tu. Suy ra rang, 
tich phan thh nbat, ma ham lay tich phan cua no la G < G , cung phai hoi 
tu. 6 day ta co mot dieu kien du khac doi vdi hoi tu. 

Trong kinh ham G(t, y, y’) dUdc xet thUdng la khong am, trong 

trilbng hdp nay tich phan vtf trai phai hoi tu vi day tich phan I T - Jodt 

0 

khong giam va bi chan tren. 

Cung co nhdng dieu kien du khac, nhUng chung khong ddn gidn nen 
ta khong ban den. Sau day, ne'u ham F dUdc cho dudi dang tong quit, ta se 
luon gia thiet ring tich phan la hoi tu. Dieu nay, do! vdi cac ling dung kinh 
tf? thOng thUdng, keo theo rang hkm l&'y tich phan F din tdi 0 khyt dantdi 
vo cung. Tuy nhien khi dung cac ham cu the chung ta cung se kiem chung 
tinh hoi tu trong trifdng hdp cin thiet. 
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PHULUC€ 

PHCT0NG TRiNH VI PHAN 


A. PHUdNG TRINH VI PHAN CAP MOT 

I. KHAI NIEM 


1. DJNH NGHTA: Phtfdng trinh vi phanc&p mot co dang tong quat: 

F (x, y, y‘) = 0 (El) 

Trong do ham F xac djnh trong midn D c R 3 . 

Neu trong mien D, tir phtfdng trinh (El) ta co the giai dtfdc y’: 


/ = y) (E2) 

Day la phtfdng trinh vi phan c£p mot da giai ra dao ham. 

Ham y = (p (x) xac dinh va kha vi tren khoang I - (a, b) dtfdc goi la 
nghiSm cua phtfdng trinh (El) neu: 


a) (x, (p(x), <p'(x)) 6 D vdi moi xel 

b) F (x, <p(x), cp*(x)) = 0 tren I. 


Thf du phtfdng trinh: 


f = 2y 


(E3) 


go nghiem la ham y = Ce 2x xac dinh tren khoang (- *>, + co) (C la h'ang so 
tuy y). 

Chu y: nhieu khi ngtfdi ta viet phtfdng trinh da giai ra dao ham dtfdi 
dang doi xCing sau: 


M (Xy y) dx + N (x, y) dy = 0 (E4) 

Chung ta de dang th&y stf ttfdng dtfdng gida each vi£t (E2) va (E4). 
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Phu luc E- Phuong trinh vi phan 


2. BAl TOAN GlA TR| dAU (INITIAL VALUE PROBLEM) (BAl TOAN CAUCHY) 

2.1. Bai toan 

Qua thf du tren ta thay ring nghiem cua phUdng trinh vi phan cap 
mot la vo so. Tap hdp nghiem cua phUdng trinh vi phan cip mot phu thuoc 
vao mot hang so' tuy y C. Trong thtfc te ngadi ta thtfdng quan tam den 
nghiem cua phuong trinh vi phan cap mot thoa man nhilng dieu kien nao 
day. Chang han tim nghiem y(x) cua phifdng trinh (El) hoac (E2) thoa 
man dieu kien 

y(*o) = y 0 (Ef>) 

trong do x 0 , y 0 la cac so' cho trade. 

Dieu kien (E5) dUdc goi la dieu kien ban dau (dieu kien dau). Bai toan 
tim nghiem cua phuong trinh (El) thoa man dieu kien ban dau (E5) dUdc 
goi la bai toan Cauchy. Sau nay chung ta se thay vdi nhting dieu kien nao 
thi nghiem cua bai toan Cauchy la ton tai va duy nhat. 

2.2. Su’ ton tai va duy nhat nghiem cua bai toan Cauchy 

Xet phtfdng trinh: 

y’ = f(x, y) (E6) 

f xac dinh trong mien G c R-. Ta se chi ra cac dieu kien ma f thoa man de 
bai toan Cauchy ting vdi phUdng trinh (E6) co nghiem duy nhat. 

2.1.1 . Dieu kien Lipsit 

Ta noi rang trong mien G, ham f(x, y) thoa man dieu kien Lipsit theo 
bien y neu ton tai hang so L > 0 sao cho doi vdi hai diem bat ky (x, y T ) e G 
va (x, y 2 ) e G ta co bat ding thtic: 

I f(x, y,) - f( X} yj| < L ly, - y 2 | (E7) 

2.1.2. Day xap xi Picard 

Ta thiet l&p ham f(x, y) lien tuc trong mien G, diem (x 0 , y 0 ) la diem 
trong cua G. Chon cac so dvidng a,b sao cho hinh chti nhat: 

x-x 0 | <a 
x - x 0 | < b 


M= Q- 



mt/u hoa dong trong phAn TfchH K|NH T .. 

chto trong G - D$l M =T fry* ■ * 

ay dy:ng n?hl?m xap xi ™ a P hlWn S trinh (E6) nhu sau- 
yo<x) = y 0 , 


A 

y,(x) = y» + /%. y 0 (t))dt. 


x e Tx - h, x 0 + h] 


X 

y..W=y„+ /f(t, y n .|(T) )dT , x e[x - h, x 0 + h] 


Da y (y„}xac dinh nhu tren „ • n 

r4n * khi x bien thion trong [x - h x + hUV 1** ^ ** *****' ° 6 thS cM ra 

* * **»w *»«.'&?■ ’ " 1 « * ■* » = o, 2 ,... 

2-2.3. Dinh ly Cauchy-Picard m;„h 

nghiem) ' V 0,1 *? 1 vd a uy n/id> 

Cna ad ham f thoa man cac dieu kien sau day: 

a) f lien tuc trong mien G; 

b) [ th ° a n,3n digu Lipsit theo y trong G. 

Khi do dng vdi rn3i die’m trong (y v \ - r 
nghiem y = y(x ) Clia phlMng trfnh ( £ 6 G . to ” ^ *Mt mot 

«« = y,. Nghiem „ 4y l4c d(n „ , rfe * "»" <*« k'i" ».» «u 

- *»h nbu J P hj n >4y djnj „ Jy rfp ^ ■ *• H T~"8 * h <tu«e 

Dieu nay chi trong hinh ve dudi day: 



Hinh E. 1 
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Phu lyc E - Phuong trinh vi phan 


2.2.4. He qua 


df 


Gia set ham f lien tuc cung vdi dao hhm rieng —- trong mien G. Khi 

do qua m6i diem trong (x 0 , y 0 ) e Geo mot va chi mot diidng cong tich phan 
cua h£ (E6) di qua. 

3. CAC LOAINGHI6M cClA PHUONG TRlNH VI PHAN CAP M0T 

Xet phiidng trinh: 

y* = f(x, y) (E8) 

f xac dinh va lien tuc tren mien GcR". 


3.1. Dinh nghia 


Ta noi G la mi£n ton tai va duy nhat nghiem doi vdi phiidng trinh (E8) 
neu qua moi diem cua mien G co mot vh chi mot diidng cong tich phan cua 
(E8) di qua 

3.2. Nghiem tong quat 


Ta noi r&ng ham y - <p(x,C) 

la nghidm tong quat cua phiidng trinh (E8) trong mien G neu 
a) Tii he thde y 0 = (pfeC) 
ta co thl giai ra dUdc C = y(x 0 , y 0 ) 


(E9) 

(E10) 

(Ell) 


vdi mdi (x 0 , y 0 ) eG. 

b) H§ thde (E9) la nghiem cua (E8) vdi m6i h&ng so C diidc xac dinh t it 
(Ell). 

3.3. Tich phan tong quat 

NhiSu khi giai phiidng trinh (E8) ta di den he thtilc dang y(x, y) = C 
hay tong quat hdn, dang O(x,y,0) - 0 (El2) 

He thiic (El2) diidc goi la tich phan tong quat cua phUdng trinh (E8) 
trong mien G neu trong mien do (El2) xac. dinh nghidm tong quat y = <p(x,C) 
cua phiidng trinh (E8). 
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3-4. Nghiem rieng (nghiem dac biet) 

Nghiem cua (E8) ma tai m6i diem cua no tfnh duy nhS't nghiem cua 

** “• *» * * ■**» rieng. „«n J y ” 

la a: mm d lem cua dubng cong tfch phan bng v6i nghtem rieng khong cd 
mot duong cong tfch phan nao khac no di qua. ' ® 

* “- s - - - “• * ** 

3.5. Nghiem ky di va nghiem trung gian 

Nghiem cua (E8) ma tai mSi d,4m cua no tmh duy nhat nghiem cha 
ai loan Cauchy bi pha vfl. dupe goi la nghiem ky di. Dieu nay co nghla la 
“ them cua dudng cong tich phan dng vdi nghiem ky di co ft nhtft mot 

d T g tlCh Ph - kh - - di qua. Trong mie'n t6n tai va duy Z 
nghiem khong the co dudng cong tfch phan dng vdi’nghiem ky di Rfti - 

I nh " ** “ ^ ^ Z 

Ngoai ra, doi vdi phifdng trinh vi D h»n n?Q\ f u-? ** 

„ k - i, , , pnan ^8) co the ton tai nghiem 

goi la ngSJtrung in CCng ^ ** “ ^ *- vay 

II. PHUONG TRINH VI PHAN TUYSn TINH CAP MOT 
1.0INH NGHTA VA CACH GlAl 

1.1. Dinh nghla 

Phnong trinh vi phan tuye’n tmh cap mot la phtfOng trinh co dang: 

y+p ( x )y = q( x) (E13) 

1.2. Cach giai 

Ta gia thie’t p(x), q(x) lien tuc tren khoang (a, b). Khi do trong mien: 


G = i 


a<x<b 

(-co<y<ao 


nghiem cua Mi toan Cauchy doi vdi phudng trinh (E13) tdn tai va duy nhht. 
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Phu fuc E - Phutyng trinh vi phan 


Dc tim nghiem tong quat eua phtfdng trinh (E13), trade het ta xet 
phifdng trinh: 

y’ + p(x)y = 0 (E14) 

phtfdng trinh tren ditdc goi la phtfdng trinh vi phan tuyen tlnh thuan nhat 
ttfdng ting v6i (El3). Ta viet lai (E14) dtfdi dang: 

dy + p(x)ydx = 0 (El 5) 

Gia stf y ^ 0. Chia hai ve cua (El5) cho y: 

—+ p(x)dx = 0 (El 6) 

y 

Tich phan phtfdng trinh (E16) ta dtfdc: 

y = (0*0) (E17) 

Ro rang y = 0 cung la nghiem cua ( El 4). Nghiem nay co th§ nh&n dtfdc 
tti (El7) neu trong bieu thtic (E17) ta lay ca gia tri C = 0. 

Vay nghiem tong quat cua phtfdng trinh tuyen ti'nh thuan nhat (E14) 
co dang: 

y = , C 6 R (E18) 

De tim nghiem cua phtfdng trinh tuyen tinh khong thuan nhat (El3) 
ta ap dung phtfdng phap bien thien h&ng so'. Noi dung cua phifdng phap nay 
nhif sau: Trong bieu thtic (El8) ta coi C khong phai la hang so ma la ham so' 
cua x: C = C(x) va tim each chon C(x) sao: 

y=C(x)e> W " x (E19) 

thoa man phifdng trinh (E13). Thay (E19) vao (E13) ta co: 

C T (x)e _ C(x)p(x)e +p(x)C(x)e = q( x ) 

hay: C’(x) = q(x)e^ P ^^ x 


Tti day suy ra: 

C(x) = 



dx + C 

) 


(E20) 
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Thay bieu thtic C(x) tti (E20) vao (E19) ta dude nghiem tong quat cua 
phudng trinh vi phan tuyen tinh khong thudn nhat (E13): 

y(x) — e ptx,dx [C + ffq(x)J pWdx )dx] (E2X) 

Nhan xet: Khi q(x) = 0, bieu thtic (E21) cho ta nghiem t6ng quat dang 
(El8) cua phUdng trinh vi phan tuyen tmh thuan nh&'t. 

2. NGHI$M BAl TOAN CAUCHY 

Gia sit (x 0> y 0 ) € G. Ta tim nghiem y(x) cua phUdng trinh (El3) thoa 
man dieu kien ban d£u y(x 0 ) = y 0 . Ky hieu: 

0(x)= Jp(x)dx 

Khi do (E21) dude viet diidi dang: 

y(x) = e~° (x) [C + Jq(x)e ,p(x) dx] (E22) 

Dat vy(x)= Jq(x)e^ x) dx v£l viet lai (E22) difdi dang: 

y(x)= e~*W[C + v(x)] 

Theo dieu kien ban d£u ta co: 

y 0 = y(x 0 ) = e _< ^ Xo) [C + y(x 0 )] 

Ti* day suy ra: 

C-y 0 e o * x °*-v|/(x () ) 

Thay gia tri nay cua C vao (E23) ta dtfdc: 

y(x)= e-® (l) [yoe® (x " , -v(x„)+y(x)] 

= e -(®(x)-®(x 0 )) y 0 +e - a> (>)( H; ( x )_ M ,( Xo )) 

T \1 day va ti* cong thtic Newton-Leibniz ta thu ditdc: 

A 

- Jp (t)c1t x 

y(x)= e xu y 0 +e _q)( ^ Jq(x)e tl>(T) dT 

x 0 

x 

-Jph^T X 

= e -» y 0 jq(x)e® |,) -® ,x " , dx (E23) 

X 0 


22- TUHD 
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Phu fuc E - PhLKfng trinh vi phan 


hay: 

-JphJdT X Jp(s)ds 

y( x ) = e [yo+Jq( T ) e> ° < 1 t] (E24) 

■ x o 

Bieu thtic nghiem bai toan Cauchy dang tren co nhieu ting dung khi 
nghien ctiu mot so tinh chat cua nghiem phudng trinh vi phan tuy£n tinh 
cap mot. 

B. PH1/ONG TRINH VI PHAN TUYEN TINH CAP n 

I .DjNH NGHlA VA CAC TINH CHAT CO BAN 

1. DjNH NGHlA 

Dang tong quat cua phtidng trinh vi phan tuy£n tinh cip n la: 

a 0 (x) y« + « t (x) y (n l) + ... + a n (x) y = g(x) (E25) 

Ta gia thiet cac ham a y (x), a L (x). a n (x), g(x) lien tuc tr£n khoang 

(a, b) va: 

a 0 (x) * 0 tren (a, b). Khi do chia hai ve cua (E25) cho a 0 (x) ta difdc 
phUdng trinh: 

y (nJ + Pi(x) y <n1 ’ + ... + p n (x) y = f(x) (E26) 

trong do p^(x) = ,f(x) = - ~ ^ (i = 1 , 2 ,..., n) la nhting ham lien tuc tren 

a 0 (x) a C) (x) 

khoang {a, b). 

Neu trong phiidng trinh (E26) ham f(x) = 0 ttic la ta co phUdng trinh: 

y (n) + P,(x) y ( “' 1) + ... + Pn(x) y = o (E27) 

thi no dUdc goi la phiidng vi phan tuyen tinh thu^n nh&t clip n. 

PhUdng trinh (E26) dtfdc goi \k phUdng trinh vi phan tuyen tinh 
khong thuan nhat cap n. 

V6i cac gia thiet da neu 6 tren, doi vdi bat ky diem x 0 e (a, b) va (y 0 , 
y'o,..., y^~ 1! ) e R n , phUdng trinh (E26) co nghiem duy nhat thoa man dieu 

kien ban d&u: 

y(x 0 ) - y 0 , y'(x„) - y'o,, y ln ,) (x 0 ) = y { 0 n - ,} 


(E28) 
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2. TINH CHAT CClA PH JONG TRiNH TUY^N T(NH CAP n 

(i) . Phep the bien so doc l&p khong l&m m&t tinh tuyen tmh cua 
phtfdng trinh (E25). 

(ii) . Ph6p bid'n doi tuyen tmh ham phai tim 

y = v(x) z + u(x) (E29) 

trong do v, u kha vi lien tuc n lan tren (a, b) va v(x) ^ 0, khong lam m£t 
tinh tuyen tinh cua phtfdng trinh (E25). 

II. LY THUYET TONG QUAT v£ PHUONG TRiNH TUYEN TINH 
THUAN NHAT CAP n 

Trong muc nay ta se tom t&t mot so' tinh chat va cau true cua tap 
nghidm phiidng trinh vi phan tuyen tinh thuan nhat cap n. 

y (n> + Pi(x) y (n l) + ... + p n (x) y - 0 (EBO) 

trong do Pi(x), p 2 (x),..., p n (x) lien tuc tren khoang (a, b). 

1. M0T S0 TINH CHAT cOa NGHI$M PHUONG TRiNH 

De dan gian each viet ve sau, ta ky hi§u: 

Lfy] = y w + Pl (x) y< nl > + ... + p n (x) y (E31) 

L[y] diidc goi la toan tik vi phan tuyg'n tinh. Vdi ky hieu tren phadng 
trinh (E30) dude viet diidi dang: 

L[y] = 0 (E32) 

Toan tik L{y] co cac tinh chat sau: 

a) Doi vdi y^(x), y 2 (x) kha vi n l£n lien tuc ta co: 

L [yi + y 2 ] = L [y,] + L [y 2 ] 

b) Doi vdi ham kha vi lien tuc n lan y(x) va h&ng so' C b&'t ky ta co: 

L [Cy] = CL [y], 

noi each khac, h&ng so' C co the dua ra ngoai dau cua toan tut vi phan. 

Dtf a vao tinh ch&'t cua toan tik L ta suy ra cac tinh chU't sau day cua 
tap nghiem phiidng trinh tuyen tinh thu&n nhat cap n: 




340 


Phy tyc E - Phuong trinh vi phSn 


a) Neu y(x) La nghiem cua phUdng trinh (E30) thi Cy(x) vcfi C la hdng 
so" tuy y cung la nghiem cua phUdng trinh (E30). 

b) Neu yj(x), y 2 (x) la nghiem bat ky cua phUdng trinh (E30) thi y(x) - 
yj(x) + y 2 (x) cung la nghiem cua phUdng trinh (E30). 

c) Neu y,(x), y 2 (x),.. M y k (x) la cac nghiem cua phUdng trinh (E30) thi 
y(x) = Ctf', (x) + C 2 y 2 (x) + ... + C k y k (x) cung la nghiem cua phUdng trinh 
(E30). Tinh chat nay la he qua cua cac tinh chat a), b). 

2. Sir PHU THUOC TUY£N tinh vA o0c lap tuy£n tinh cOa h$ ham 

Gia su ta co he ham tp 1 (x),(p 2 (xcp k (x) xac dinh tren khoang (a, b). 

Dinh nghia: He ham tren dude goi la phu thuoc tuyen tinh tren 
khoang (a, b) neu ton tai cac h&ng so" a„ a 2 ,..., a k khong dong thdi bang 0 
sao cho: 

a, (x) + a 2 cp 2 (x) + ... + a k cp k (x) s 0 tren (a,b) (E33) 

Neu dong nhat thtic (E33) chi co the xay ra khi ctj = a 2 = ... — a k = 0 
thi he ham cp : (x), tp 2 ( x )> •••> <Pk( x ) difde goi la doc Up tuyen tinh tren (a, b). 

3. DINH THCTC WRONSKI 

Viec nghien ciiu su phu thuoc hay doc lap tuyen tinh co the ddn gian 
hdn nhd dinh thtic Wronski ma ta se dUa ra dinh nghia du6i day. 


3.1. Dinh nghia 

Gia sU he ham cpj(x), (p 2 (x),..., ip k (x) kha vi k - 1 l£n tren khoang (a, b). 


Khi do dinh thctc: 


W[<pi,cp 2 .q)J = W(x) = 


9iM <P 2 W - <Pk( x ) 

(P' 2 (x) <p' 2 (x) ... cp' k fx) 


dUdc goi la dinh thiic Wronski cua he ham tren. 

3.2. Dinh ly 

Dinh ly sau day cho ta mot dieu kien can cua sii phu thuoc tuyen tinh 
cua he ham. 
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3.2.1. Dinh ly 1 

Gia S xt M ham ip.H^x),...,^) kha vi k - 1 l£ n va phu thuoc 

tuy£n tmh tren khoang fa, b). Khi do dinh tbdc Wronski cua chung ding 
nhat bang 0 tren khoang do. 

He qua. Ne'u dinh thiic Wronski cua he ham *, (x),<p 2 (x),...,<p k ( x ) 

khac 0 du chi tai mot diem cua khoang (a, b) thi he ham tren doc lftp tuyen 
tmh tren (a, b). ' 

3.2.2. Dinh ly 2 

, , Gm Sli y ‘ (x) ’ y2(x) ’ -’ y "( x) 1S n nghiem cua phuong trinh tuyen 
mh thuan nhat cap n (E30). Diiu kien c£n va dh de’ he ham tren phu thuoc 

uyen tmh tren (a, b) la dinh thdc Wronski cua chung ding nha't bang 0 
tren khoang do. 6 

H( ‘ qU;L 0)1,11 thflc W ^ski cua n nghiem cua pluWng trinh tuye'n 

1 “ nhat CSp n ho * c 1A nh *t bang 0 tren (a, b) hoac la khac 0 

tai moi diem cua khoang (a, b). 

4. CONG THCTC C0a DINH THCfC WRONSKI 

4.1. Cong thnfc 

Tir qua trinh tren ta tha'y vai tro cua dinh thiic Wronski quan trong 
nhd the nao. Do v,ec giai phudng trinh (E30) trong trUdng hop tong quat 
khong thdc hien duq c nen tim bieu thiic cua dinh thiic Wronski cua n 
nghiem pht*ng trinh (E30) la dieu khong thi' lam duoc. Tuy vay ngubi ta 

i pVr ra it th,k cda dinh tMc wronski caa n nshi ^ ^ 

(E30) ma khong c£n giai no va dua ra cong thiic no’i tie'ng sau day: 

W(x> = rp"f PlWl,c n 

vvw - C = const 

hoac: 

x 

-Jpj(x)d: 


jr, 

W(x) = W(x 0 )e * 0 trong do Pl (x) la he so cua y< n ■ >> 


4-2. ling dung cong thtfc cua dinh thiic Wronski de’ tim nghiem 
ong quat cua phhrfng trinh tuyen tmh thuiin nha't cap hai 

y" + p( x ) y' + q(x)y = o 


(E34) 




la nghiem tong quat cua phtfdng trinh vi phan tuyen tinh cap hai. 

5. H$ NGHI$M CO BAN. NGHIEM t6nG QUAT 

5.1. Dinh nghia 

He n nghiem doc lap tuyen tmh cua phtfdng trinh vi phan tuy&i tmh 
thu&n nhat c&p n dtfdc goi la h§ nghiem cd ban cua no. 

Cau hoi dat ra cl day la phiidng trinh (E30) co he nghiem cd ban 
khong? Ta c6 kh&ng dinh sau day: 

5.2. Dinh ly 

5.2.1. Dinh ly 3 

Phtfdng trinh (E30) v6i cac he so p,(x), i = 1,2,..., n lien tuc tren (a, b) 
co vo so" h£ nghiem cd ban. 

5.2.2. Dinh ly 4 

Gia sti.y,<x), y 2 (x)„.., y n (x) la he nghiem cd ban cua phddng trinh 
(E30). Khi do bieu thtic: 
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y(x) - c iy ,(x) + c 2 y,(x) + ... + c v (x) (C C P Li ^ , 

. ... " v'-'i, W,--, L n la cac hang so), cho 

ta nghiem tong quat cua phifdng trinh (E30). 

D,nh ly tren chting to rang phttong trinh tuye'n tinh thuftn nha't (E30) 

d9 ° 4P tUy “ Unh tr6n (a > b >- D ! nh ly duhx day ta se tha'y ring 
so nghiem doc lap tuye'n tinh 16n nha't cua phudng trinh (E30) dung bing „ 

5.2,3. Dinh ly 5 

t 11 l_ nghl em y 'W> y^ x ) y..(*)» y,i ♦ i(x) cua phiidng trinh (E30) 

phu thuoc tuyen tinh tren khoang (a, b). 

III. PHITONG TRINH TUYEN TINH KHONG THUAN NHAT 

i.nghi£mtongquAt 

Trong phAn nay ta se tom tat tinh chat va ca'u true nghiem cia 
phuong trinh: 

y"» + Pi(x)y (,,I> + ... + p„(x) y = f (x) (E35) 

trong do cac ham Pl (x)...., p„(x), f(x) hen tuc tren khoang (a. b). Ne'u dung ky 
hieu toan tu v, phan tuyen tinh L[y] = y-"» + p l(x )y<"-» + ... + Pn(x)y thi 

phuong trinh (E35) co the’ dupe vie't dudi dang; 

L [y] = f(x) 

Dtfaivao tinh chat cua toan tii L, dl dang ki&n tra cac tfnh chat sau 
day cua phuong trinh tuyen tmh khong thu£n nhat. 

a) Neu z(x) la nghiem cua phudng trinh tuye'n tinh thuSn nha't: 

y 1 "’ + P,(x) y ta l) + ... + p„ (x) y = 0 (E36) 

va y,(x) la mot nghiem rieng nao day cua(E 3 5)thi y(x) = z(x) + v,( x ) cung la 

nghiem cua phtfdng trinh (E35). 

, NeU Y2(X) la CaC nghl ^ m Wdn S ^ng cua cac phudng trinh 

khong thuan nhat: 


LM = fi(x) 

Uy] = f2(x) 

thi y(x) = yi (x) + y 2 (x) la nghiem cua phudng trinh. 

L[y] = fj(x) + f 2 ( x ). 
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Tinh eh&'t nay cua phUdng trinh tuyftn tinh khong thu^n nh&'t d6i khi 
con dUdc goi la nguyen ly chdng ch&'t nghi£m. 

Bay gib gia sti y^x), y 2 (x),..., y n (x) la h6 nghi@m cd ban cua phUdng 
trinh (E36); y (x) la mot nghidm rieng nao dtfy cua phuong trinh kh6ng 
thuan nh&'t (E35). Khi do bieu thtic; 

y(x) = C iyi (x) + C 2 y 2 (x) + ... + C n y n (x) + y'(x) (E37) 

cho ta nghifm tong quat cua phUdng trinh (E35) 

Tit (E37) ta suy ra rang nghiem tong quat cua phitang trinh tuyen 
tinh khdng thuan nhat hang tong cua mot nghiem rieng nao day cua 
phitang trinh do vd nghiem tong quat cua phitang trinh tuyen tinh thuan 
nhat titong ting. 

2. PHUONG PHAP Bl£N THl£N HANG S 6 (PHUONG PHAP LAGRANGE) 

Trong phan tren ta da tim thay rang neu biet dUdc nghiem tong quat 
cua phuong trinh (E36) va mot nghiem rieng nao d&y cua (E35) thi ta se tim 
dtfdc nghiem tong quat cua (E35). Sau nay ta se thay rSng trong nhieu 
trUcing hop ta co thi tim dude hS nghiem cO ban cua (E36) va do do nghiem 
tong quat cua no. Vi vay viec tim nghiem rieng cua (E35) dong vai tro 
r^t quan trong. Dudi day ta se chi ra mot phtfdng phap tim nghiem rieng 
cua (E35) khi biet he nghiem cd ban cua (E36). Do la phUdng phap bien 
thien h&ng so hoac phUdng phap Lagrange. Ta xet phUdng phap nay qua thi 
du sau: 

Thi du. Xet phuong trinh: xy" • y‘ = x 2 . Phuong trinh thuan nh£t 
tUOng ting 

x y ' y’ — 0. PhUdng trinh nay co the vi6t dude dudi dang: ^ ^ Tit 

y' x ' 

G 

day suy ra y - Cj x va do do: y = 1 x 2 + C 2 Ia nghiem tong quat cua 

z 

phUdng trinh thu^n nh&'t. Tit day ta suy ra no co hg nghiem cd ban la y t = 1- 
y 2 = x 2 . 

Tim nghigm rieng cua phUdng trinh dang xet dtidi dang: 
y*(x) = C 2 (x)x 2 + C^x) 
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trong do Cj(x), C 2 (x) thoa man he phircfng trinh: 

[l-C;(x) + x (x) — 0 

| o.C l (x) + 2xC 2 (x) = x 

Giai he phdcfng trinh nay ta difoc: C[ (x) = - x2 -Q 2 (x) = 1 

2 2 

Do do: C,(x) = - ,C,(x) - 1 x va y*( x ) = - ** + 1 x a = * 3 

1 6 2 3 

Nghiem tong quat cua phitdng trinh dang xet la: 

y “ Ci + C 2 x 2 + ^ (C,, C 2 la h&ng so) 

IV. MOT SO PHl/ONG TRINH TUYEN TINH CAP n DANG 

dac biet 

Tron f mi > c ta se xem xet vhn tat mot so'ldp phudng trinh tuye'n 
tmh ma doi vd.chung, ta co tWl xay dung dUdc nghiem tong quat hoac 
xet ditOc mot so tmh chat cua nghiem. 

1. PHlfONG TRiNH TUYfN TINH THUAn NhAt VOI h£ SO HANG 

Dang tong quat: 


xem 


y (n) + a iy (nl) + ... + a n y = o 


(E38) 


trong do a„ a , a,, la cac hing so' thuc. Neu ta dung ky hreu cua toan t* vi 
pnan tuyen tmh 


L[y] = y (n) + a,y (nl > + ... + 


dang: 


L[y] = 0 


a n y , thi phudng trinh (E38) dude viet dudi 


(E39) 


Trade kh, d! xet ngh.em tong quat cua phudng trinh (E38) ta neu ra 
khang dinh sau day: 


1.1. Bo de: 


Neu phitdng trinh (E38) co nghiem phtfc y(x) = u(x) + iv(x) thi ph^n 
tic u(x) va ph&n ao v(x) la cac nghiem thuc cua phtfdng trinh (E38). 
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Luu y rang: Khang dinh cua bo &$ dung cho ca trifdng hdp khi cac he 
so cua phifdng trinh tuyen tfnh thu&n nhat la cac ham so" thuc. 

1.2. Phifdng phap xay dtfng nghiem tong quat cua phu’Ong trinh 
y (,1) + a 1 y <n * I> + ... + a n y = 0 

Ta tim nghiem cua (E38) dudi dang y = e Xx , trong do hang so X difdc 
xac dinh sao cho y la nghiem cua (E38). Muon vay ta thay bieu thcfc cua y 
vao (E38). Ta co; 

y’ = Xe k *, y" = xV\...,y (n > = xV x 

Dodo L[y] = L[e u J = (r+a 1 X n “ 1 +...+a n )e Xx (E40) 

Ta ky hieu: F(X) = X n + a^ U .... + a n (E41) 

(E41) dUdc goi la da thtic dac trufng cua phifdng trinh (E38). TO (E40) 

ta co: 

L[e Xx ] = e Xx F(l) (E42) 

Vi e AX *0 nen ham y = e* K la nghiem cua (38) khi va chi khi: 

F(A.) = 0 hay X n + a,}." 1 -*-.... + a n = 0 (E43) 

He thiic (E43) difdc goi la phifdng trinh dac trifng tifdng ting vdi (E38). 
Nhu vay de ham e Xx la nghiem cua (E38) thi X phai la nghidm cua phifdng 
trinh dac trUng va ngifdc lai. Ta se xet cac trutdng hdp rieng biet sau day: 

1.2.1. Phuong trinh dac triing \ n + a l X n1 + .... + a„ co n nghiem 
thiic khac nhau: 

X l} X 2 ,(X v Xj neu i * j) 

Khi do ta xay dting difdc n nghiem rieng cua phifdng trinh (E38) sau: 

y, -e k ’ K , y 2 = e 1 ’y„= e ‘-* 

He nay lap nen he nghiem cd ban cua phifdng trinh (E38). 

Trong trifdng hdp nay nghiem tong quat cua (E38) co dang: 

y = C,e XlX + C 2 e XjX + ... + C n e x " x , trong do C lt C 2 .C n la cac hkng 

so' bk't ky. 



TO! L/U HOA DONG TRONG PHAN TICH KINH TE 


347 


1.2.2. Phitting trinh dac tritng X n + 
khdc nhau: X lf A n nhung 


cijA n 1 + ... + a n co n nghiem 
co nghiem phiic 


Neu xay dung ngh.em cua (E38) nhu da lam 6 phdn 1 thi ta vSn dUdc 
he n nghiem doc lap tuyen tmh nhifng trong chiing co nghiem phiic. De' 
tranh d.e'u nay ta tifih hanh nhu sau: Gia sii a + ip la mot nghiem phdc 
cua phudng trinh dac trung (Ed 3). Khi do a - if} cung la mot nghiem phiic 

cua phudng trinh dac trung (E43). Dai vdi cap nghiem phiic lien hdp nay 
cua (E43) ta co hai nghiem phtic cua (E38) la e ( ° * j e ((1 * iP >* Then 
thiic Euler: ’ g 


e i« +1 = e «* COs p x + ie aK si n p x 

e («-iU)x =e ax cog p x ^ ie „ x ginpx 

Ap dung bo de tren ta suy ra rkng ph£n thuc: e^cospx, phin ao: e a * 
SmpX k hai nghijm thilc cua phuong trinh (E38). Hai nghiem nay doc lap 


Nhu vay ling vdi mSi cap nghiem phiic lien hup a + ip, a - ip cua 
phuong trinh (E43) ta xay dung dude hai nghiem thuc doc lap tuyen tmh 
cua phudng trinh (E38) 14 e“*cos P x, e“*sin P x. Ket hdp chung vdi nhUng 
nghiem thUc khac ta xay dung dUdc he nghiem cd ban cua (E38). 

i.2.3. Truong hop phuong trinh dac trUng X" + a ,X"' +.... + a co 
nghiem boi 

Neu mot nghiem nao do cua phudng trinh dac trung (E43) do boi > 2 
thi bang each xay dung nghiem nhu d phSn 1 hoac 2 ta khdng the xay dung 
u n nghiem doc lap tuyen tfnh cua phudng trinh (E38). Cu the’, chang han 
nghiem A, boi k, con cac nghiem con lai la ddn thi bang each xay dung nhu 
tren ta chi dude n - k + 1 nghiem dSc lap tuye'n tmh cua (E38) va nhu vay ta 

con thieu k-1 nghiem dpc lap tuyen tinh nfia. De’ lam duuc die'u do ta'dua 
vao bo d£ sau day: 

Bo de 

Vdi moi so nguyen m > 0 ta co: L[x m e >JC ] = ^C, v n F (v, (x) x m_r e Xx 

v = 0 

Vi k, la nghiem boi k cua phuong trinh dac trUng F(A) = 0 nen ta co: 
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W = P(A-i) = ... = = 0, F w ( XO * 0 

Trong cong thtic tren lan ltfdt cho m = 1,2,..., k - 1 ta suy ra rang 
cac ham 


xe 


\xV’’ 


x k_1 e 


la cac nghiem cua phUdng trinh (E38). Nhii 


ta da biet, he cac ham nay doc lap tuyen tmh va do do no bo sung vao k - 1 
nghiem doc lap tuyen tmh thieu b tren. 


2. PHl/ONG TRiNH TUYEN TINH KHONG THUAN NHAT VOI HE SO HANG 

Trong muc nay ta xet phudng trinh tuyen tinh khong thuan nhat co 
he so hang sau: 


y(n> + aiy (n.i) + ... + a n y = f( x ) (E44) 

Trong do a lf a 2 ,..., a n la cac hang so", f(x) lien tuc tren khoang (a, b). 
Neu dung ky hieu toan tut L[y] = y (n) + a 1 y tn - l) + ... + a^, thi (E44) dtfdc viet 
du6i dang: 


L(y] = f(x) (E45) 

NhU da biit, phtfdng trinh tuyen tmh thuin nhat tUdng ting cua no 
la L[y] = 0 co the giai dtidc, nghia la ta co the tim dude he nghiem cd ban 
cua no. Nhting khi do ap dung phtidng phap bi£n thien hang so' ta co the 
tim nghiem rieng y*(x) cua phtidng trinh khong thuin nhat (E44) va do do 
co th6 tim nghiem tong quat cua phtidng trinh (E44). Tuy nhien, khi ap 
dung phtidng phap bien thien h&ng so" de tim nghiem rieng cua phtidng 
trinh (E44) nhieu luc ta di den nhting tinh toan phtic tap. Trong trtidng hdp 
ham f(x) co nhting dang dac bi£t (kha thong dung) ta co the ap dung phtidng 
phap he so bat dinh dtidi day de tim nghiem rieng cua phtidng trinh (E44) 
mot each ddn gian hdn. 


2.1. Trufcfng hqfp 1 

Ham f(x) co dang mot da thtic cap m nhan vdi ham mu: 

f(x) = (b 0 x m + bjX 1 ”' 1 + ... + b m ) e ax , trong do b 0 , b„ ..., b m , a la cac 
hdng so". 

Ta ky hieu: P m (x) = b 0 x m + bjx”' 1 + ... + b m 

Khi do phtidng trinh (E44) dtidc viet dtidi dang L[y] = P m (x) e ax (E46) 
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Co hai trudng hdp co th# xay ra sau day: 

a) a khong phai la nghiem cua phittng trinh dac trtfng: 

F(X) = X" + ajV 11 + ... + a nl X + a n = 0 
tuc la F(a ) * 0. Khi do ta tim nghiem rieng cha (44) dudi dang: 

y*(x) - Q m (x) e « (E47) 

trong do Q„,(x) la mot da thfic cap m vdi cac he so' cln xac dinh: 

Qm(x) = d 0 X m + djX ml + + d 

^ De xac dinh cac he so d 0 , d,,..., d m ta thay (E47) vao (E46) va sau khi 

I'm S ° 6 7 ta d6nS C " C hf 86 ' C “ a Cac lu * th * a bac cua x 
d nai da thiic ve phai va ve trai. 

b) a la nghiem boi k (k > I) c «ia phiidng trinh dac tntng , khi do: 

F(ol) = F'(a) = ... = F ,k l >(a); FCct)® * 0. 

(V , T h<?P n3y ^ kh6n? th ® Hm ngh ^ m ri#ng y * (x) dlidi dan ? 
(E47) vi F(a)-0 khong cho phep ta xac dinh dupe cac h# so' d 0 ,d„ d Ta 

tim nghiem rieng y*(x) dudi dang: y*( x ) = x k Q m (k)e a,f 

He qua: Neu f(x) la da thde cap m: 

f(x) = b 0 x m +b,x m ' 1 +. +b 

thi ta di den quy tSc tim nghiem rieng nhu sau: 

(1) Neu moi nghiem cua phuong trinh dac trung khac khong thi ta 
tim nghiem rieng dutfi dang: 

y*(x) = d 0 x m + djx^.j + ... + d m (E48) 

... <U) NSU PhlI,0ng trinh d|C trUn ^ cfi nghigm bang 0 boi k thi ta tim 
nghiem rieng dutfi dang: 

y*(x) = x k (d 0 x" + d,x m -' +... + d m) (E49) 

2.2. Trifcfng hpfp 2 

Ham f(x) co dang: 

f(x) = e ax [pW(x)cospx + pf 2 ) ( x )sinpx] 


(E50) 
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trong do (x), P,^ (x) la cac da thiic cua x bac khong qua m va it nhat mot 
trong hai da thiic tren co bac bang m. Co th§ mot trong hai la hling so", th&m 
chi dong nhat b&ng 0. 

Ap dung phdp bien doi Euler: 

0 e ,px +e" ip!£ . . e ipx -e“ lPx 
cospx— ,sinpx= (E51) 

2 2i 


ta viet lai f(x) diidi dang sau: 

f(x) = P,^ (x)e 

= +Pi 2) (x)e ( “- lp): 


- eipx ; e " ,px +P jf)( X )e 


e ipx -e“ ipx 


2i 


(E52) 


trong do P^,P^(x) la cac da thiic bac m, tiic f(x) la tong cua hai ham dang 
da xet d trtfdng hop 1. Ap dung nguyen ly chong ch£'t nghigm va kSt qua d 
triidng hop 1 ta suy ra: 

a) Neu ct + ip khong phai la nghiem cua phiidng trinh dac triing thi 
nghiem rieng y*(x) diidc tim diidi dang: 

y *(x) = q^(x) e ^ + Q^(x)ef“- j ^ (E53) 


Trong do Q^(x),Q^(x) la cac da thiic c&'p m vdi cac he so' bsft dinh. 
b) Neu a + ip la nghiem boi k(k > 1) cua phiidng trinh dac triing thi 
nghiem rieng y‘(x) diidc tim diidi dang. 

y*(x) = x k [QSi>(x)e ( “ +lP)x + Q ( “>(x)e <a ] (E54) 


TO (E53), (E54) trd lai dang thiic ta di den quy tkc tim nghiem rieng 
cua phiidng trinh (E44) trong triidng hdp nay nhii sau: 

- Neu a + i p khong phai la nghiem cua phiidng trinh dac triing thi ta 
tim nghiem rieng y'(x) diidi dang: 

y*(x) = [Q^ (x)cosPx + Qjj (x)sinpx]e ax (E55) 

Trong do Qj^,Q^(x) la cac da thiic cap m vdi cac h§ so' ta ckn 
xac dinh. 

- Neu a + ip la nghiem boi k cua phiidng trinh dac triing (k > 1) thi 
ta tim nghiem rieng y*(x) diidi dang: 
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y*(x)-x k (Qii'lxjcospx +Q*^fx)sin fix] e“* (E56) 

De’ xac dinh cac he so' cua Q«(x),Q^(x) ta thay y*(x) vao phudng 
trinh (E44) nhu da tie'n hanh d tnidng hop 1. Ta cAn ehu y rfing ngay ea khi 
mot trong hai da thCtc P">(x) hoac P^'(x) dong nh&'t bang 0 thi vlin phai 
tim nghiem rieng y‘( x ) dudi dang (E55) hoac (E54). 

4. PHUONG TRiNH VI PHAN TUY£n TINH THUAN NHAT CAP HAI 

Trong muc nay ta se xet. mot so tinh chat nghiem cua phuctng trinh vi 
phan tuyen tinh thuan nh&'t c&p 2: 

y" + p(x) y 1 + q(x)y = 0 (E57) 

Trucfng hop p(x), q(x) la nhUng hkng so nhu da th£y, ta luon tim duoc 
nghiem tong quat cua phddng trinh (E57) va do do dl ding biet dupe cac 
tinh chat nghiem cua phUdng trinh. TrUdng hdp p(x), q(x) khong phai la 
hang so, thSm chi doi vdi phudng trinh dang ddn gidn hdn. 

y" + q(x)y-0 (E58) 

not chung, khong the tim dupe bi^u thiic cua nghiem tong quat. Tuy vdy, 
nhu sau day se thay, dUa vao cac tinh cha't eda hAm p(x), q(x) ta co thi bigt 
dude mot so tinh chA't cua nghigm phuong trinh (E57). 

1. DLTA PHUONG TRiNH Vf DANG KHOlTG CHUA DAO HAM CAP 1 

Gia thiet cac ham p(x), q(x) lien tuc tren khodng (a, b), ngiidi ta da chi 
ra rang ton tai phep bien doi: 


y = a (x) z (E59) 

vdi z la ham so mdi phai tim dua phuong trinh (E57) ve dang (E58). That 
vay, thay (E59) vao (E57) ta duoc: 


a"(x) z + 2a’(x) z’ + a(x) z" + p(x)[a’(x)z + a(x)z'] + q(x)a(x)z - 0 

hay: 


2a 1 (x) 
a(x) 


+ p(x) 


z' + 


a"(x) 

a(x) 


+ p( x )“/ X { l + q{x} 
a(x) 


z = 0 (E60) 


Ta chon a(x) sao cho: 



352 


Phu tuc E - Phuang trinh W ph£n 


2a f (x) 

a(x) 


+ p(x) =0 


T \i day suy ra: 


Khi do: 


-f^dx 
a(x) = e 2 


-d(x> -fEL x 2 dx 
a’(x) = -^e J 2 


(E61) 


a"(x) = 


-p'(x) , p 2 (x) 


-[^dx 

► J 2 


Do do phuang trinh co dang: 

p’(x) p 2 (x) p 2 (x) 


z" + 


2 


+ q(x) 


z = 0 


hay: z" + J(x)z - 0 (E62) 

trong do: 

J W= _E^_i*5> +q(x) (E63) 

Ham *J(x) dUdc goi la cai bat bien cua phUdng trinh (E57) (vi moi phep 
the dang (E59) dUa phUdng trinh (E57) ve dang (E62) cung chung J(x)). 

PhUdng trinh (E62) se tich phan dude neu J(x) la hhng so hoac co 

C V 

dang J(x) --— v6i a, c Ik hang so. 

(x-a r 

2 . DUA PHL/ONG TRiNH v£ DANG Ll£N HOP 

Dinh nghia: PhUdng trinh tuyen tmh thuSin nhat cap 2 ma h6 so'cua 
y' bang dao ham cua he so' y" dude goi la phuong trinh tu lien hop. 

NhU vay phUdng trinh tU lien hop c&p 2 co dang: 

p'(x) y" + p(x) y f + q(x) y = 0 


hay: 




Po(x) y" + Pi (x) y' + p 2 (x) y = 0 


(E65) 


vdi cae he b8 lien tuc tren khoang (a, b) 
dang ttr lien hop. 


Po ( x ) ^ 0 co th§ diia difdc v$ 


23- TUHO 
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